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NOTE ON A TWO-POINT BOUNDARY VALUE PROBLEM
UNDER NONRESONANCE CONDITION

DEZIDERIU MUZSI

Abstract. The nonresonance method of Mawhin and Ward Jr. is used to
discuss the existence of solutions to two point boundary value problems

for second order functional-differential equations.

1. Introduction

In this paper we present existence results for the two point boundary value
problem
—u(t) = cu(t) + F(u)(t), te(0,1)
u(0) =u(l) =0

(1)

under the assumption that the constant c is not an eigenvalue of the operator —u”
(nonresonance condition) and the growth of F'(u) on u is at most linear. More exactly,
we will apply the fixed point theorems of Banach, Schauder and the Leray-Schauder

principle in order to obtain weak solutions to (1), that is a function u € H}(0, 1) with

/1 o () (t)dt = /l(cu(t) + F(u)(t)v(t)dt, for all v € Hy(0,1).
0 0

The method we use was introduced by J. Mawhin and J. Ward Jr. in [2]. See
also [3], [4], [5] for its applications to differential equations. This paper was inspired
by [7] and [6], chapter 6. The novelty in this note is that the term F(u) is given
by a general operator F' from L2(0,1) to L?(0,1). In particular, F can be the usual
superposition operator f(t,u(t)) as in[6] and [7], or a delay operator f(t,u(t — 7)).

Received by the editors: 10.05.2005.

2000 Mathematics Subject Classification. 34L30.

Key words and phrases. Boundary value problems, functional-differential equations, nonresonance.

63



DEZIDERIU MUZSI
1.1. Fixed point formulation of problem (1). We consider F : L?*(0,1) —
L?(0,1) to be a continuous operator and we define

L:H?*0,1)NH}(0,1) — L*(0,1), Lu= —u"—cu

Let L= : L?(0,1) — H?(0,1) C L?(0,1) be the inverse of L. If we look a priori for
a solution u of the form u = L~1v with v € L%(0, 1), then we have to solve the fixed

point problem on L?(0,1) :
(FoL )(w)=v )

Throughout this paper we denote:

1 1 1
mwm/mmawy</ﬁM) JMWQ/@YM)
0 0 0 0

1.2. An auxiliarly result. We present first an auxiliarly result given in [7]. Let

1/2 1/2

(Ak)k>1 be the sequence of all eigenvalues of —u” with respect to the boundary con-
dition u(0) = u(1) = 0, and let (¢x)xr>1 be the corresponding eigenfunctions, with
[frll > = 1.

Lemma 1. Let ¢ be any constant with ¢ # A\, for k = 1,2,.... For each v € L*(0,1),

there exists a unique weak solution u € H}(0,1) to the problem

—u" —cu=wv, on(0,1)

u(0) =u(l) =0

denoted by L™ v, and the following eigenfunction expansion holds

L= Z()\k —c) o, k)2 (3)

k=1

where the series converges in H}(0,1). In addition,
HL_111HL2 < pic||v]| 2 for all v € L*(0,1) (4)

where

e = max{\)\k —0\71 k= 1,27...}.
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2. Existence results

We first show how the fixed point theorems of Banach and Schauder can be

used to obtain existence results for problem (1).

Theorem 2. Suppose
Aj <c<Ajg1 forsomejeN,j>1,0r0<c< ) (5)
Also assume that
[1F(01) = F(v2)l 2 < allor = vall 2 (6)
for all vi,ve € L*(0,1), where a is a nonnegative constant such that
ape < 1. (7)
Then (1) has a unique solution u € H}(0,1) N H?(0,1). In addition
(F oL Y (vg) — v in L*(0,1) as n — oo

for any vy € L?(0,1), where v = Lu.

Proof. We will show that F'o L~! is a contraction on L?(0,1). For this, let
v1,v2 € L%(0,1). Using (6) and (4) we have

| F(L7 (v1)) = F(L7 (v2))]] o < af|[L71 (1 = v2)]] o < apte [Jor = val 12 -

This together with (7) shows that F o L™! is a contraction. The conclusion follows

from Banach’s fixed point theorem.[]
Theorem 3. Suppose that (5) holds, F' is continuous and satisfies the growth condi-
tion

[E @)l < allullpz + A (8)
for allu € L*(0,1), where h € Ry and a € Ry is as in (7). Then (1) has at least one

solution u € H?(0,1) N H}(0,1).
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Proof. We have FoL™' = FoJo L' where

Lyt : L2(0,1) — H?(0,1), Ly'u = L™ 'u and

J:HY0,1) — L*(0,1), Ju=u.

Recall that F' is continuous and by (8) is bounded. Next, by Rellich-Kondrachov
theorem (see [1]), the imbedding of H{(0,1) into L?(0,1) is completely continuous.
Thus, F o L™! is a completely continuous operator. On the other hand, from (8) and

(4) we have
|F@L )] . € a|| L7 W)]| . +h < ape o] 2 + he

Now (7) guarantees that F o L™! is a self-map of a sufficiently large closed ball of
L?(0,1). Thus we may apply Schauder’s fixed point theorem.(]

Better results can be obtained if we use the Leray-Schauder principle (see
[6]).

Theorem 4. Suppose that F is continuous and has the decomposition
F(u) = Gluw)u + Fy(u) + Fi(u)

Also assume that

[Fo(u)ll 2 < allullpz + ho (9)
[F(u)ll 2 < bllull 2 + ha (10)
(u, Fi(u))p2 <0 (11)

~M <Gt +e<B <N (12)

for all u € L?(0,1), where a, b, hg, h1, M, 3 € Ry. In addition assume that 0 < ¢ < 8

and
a/)\1<1—5/)\1. (13)

Then (1) has at least one solution v € H2(0,1) N H{ (0,1).
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Proof. We look for a fixed point v € L?(0,1) of F o L™!. As above, F o L™}

is a completely continuous operator. We will show that the set of all solutions to
v=A(F oL )(v) (14)

when A € [0,1] is bounded in L?(0,1). Let v € L?(0,1) be any solution of (14). Let

w= L~ 1v. It is clear that u solves

—u(t) — cult) = \F(u)(t), te (0,1)

(15)
u(0) =u(l) =0.
Since u is a weak solution of (15), we have
lullzry = (eu+ AF(u),u) e
It is easy to check that
(cu+ AG(u)u,u) 2 < B lull3 (16)
We define
R(u) = ull%y — 6l (a7
and using (11), (16) and ¢ < 3, we obtain
R(u) < ||ullfgs = (cu + AG(w)u,u) 2 < [(Fo(u),u) 2]
On the other hand, if we denote ¢, = (u, ¢r) 2 = (u, ¢k>H5 / Ak, we see that
R(u) =3 (A= B)ci = 3 Al = B/M)eq,
1 k=1 (18)

k=
> (1= /M) lullf
Recall that
A= inf {[lullfy / lull3 3w € H3(0,1)\{0}}

and using (18), (17), (9) and Holder’s inequality we obtain

(1= 8/2) lullzy < KFo(w),w) 2] < 1Fo(w)ll 2 Null 2 < @ llullZe + ho llull 2

a 2
< 3l + C lul,
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for some constant C' > 0. Thus (13) guarantees that there is a constant r > 0 inde-
pendent of A with ||ull g < - Finally, a bound for [|v]| 2 can be immediately derived

from u = L~!v. The colnclusion now follows from the Leray-Schauder principle. O]

3. Particular cases

Particular case 1. Let F(u) be the usual superposition operator, F(u)(t) =
f(t,u(t)). Then for the problem
—u”(t) = cu(t) + f(t,u(t)), t € (0,1)
u(0) =u(l) =0

(19)

we have the following existence result given in [7]:

Theorem 5. Assume that [ : (0,1) x R — R is a Caratheodory function, f(-,0) €
L?(0,1) and that f satisfies the Lipschitz condition

|f(t,v1) = f(t,v2)] < afvr — vgf (20)

for every vi,ve € R, t € (0,1) and some a > 0. Also assume that the conditions (5)
and (7) from Thorem 2 are satisfied.

Then (19) has a unique solution u € Hg(0,1) N H?(0,1).

Proof. Using (20) we deduce

[t u)] < |f(Eu) = f(&0)+[FE0)] < alul +[f(2,0)]

for every u € R and t € (0,1). Moreover, f beeing a Caratheodory function, we have

that the Nemitskii operator

wr— f(,u(-))
is well defined, bounded and continuous from L?(0,1) into L?(0,1). Using again (20)
we obtain
! 2 ! 2
[ 15t ) = st < a® [ (o) - eato)ae
0 0
S0

[1F(v1) = F(v2)ll 2 < allor — vzl 2 -
The conclusion follows now by applying Theorem 2. [J
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Particular case 2. Let 0 < 7 < 1 and let F' be defined by

Flu)(t) = fut—1)), T<t<l1 (21)
g(t), O<t<T.

Theorem 6. Assume that [ : (1,1) x R — R is a Caratheodory function, f(-,0) €
L2(1,1) and that f satisfies the Lipschitz condition

|f(t,01) = f(t,v2)] < afvr — vg (22)
for all vi,vo € R, t € (1,1) and some a > 0. Also assume that g € L?(0,7) and that
the conditions (5) and (7) from Theorem 2 are satisfied.

Then (1) with F defined by (21) has a unique solution u € H}(0,1)NH?(0,1).

Proof. Let u € L?(0,1). Then u(- — 7) € L?(r,1). Hence, f(-,u(- — 7)) €
L?(1,1). Moreover, since g € L?(0,7) we have F(u) € L?(0,1) is well defined as
operator from L?(0,1) into L?(0,1).

Let (ux) be a sequence wich converges to u in L?(0,1). Let vg(t) = ug(t — 7)

and v(t) = u(t — 7). Then

[Hon) —v@)2dt = [ (ug(t —7) —ul(t — 7))3dt

= fol_T(uk(t) - u(t))th — 0, as k — o0,
so vy — v in L%(7,1) as k — oo. Consequently, f(-,vi(-)) — f(-,v(:)) in L?(7,1)
and by the definition of F it follows that F(ux) — F(u) in L?(0,1). Using (22) we
deduce

Jo (F)(#) = F(ua)()2dt - < [F(f(t, 01t = 7)) = f(tva(t — 7)))2dt
< a® [Hoi(t — 1) — va(t — 7))2dt
<a? fol_T(vl(s) — va(s))?ds

<a? fol (v1(s) — va(s))?ds
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and finally

[1F(v1) = F(v2)ll 2 < alflor —vaf 2 -

The conclusion follows now by applying Theorem 2. [J
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