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MIXED FUNCTIONAL DIFFERENTIAL EQUATION
WITH PARAMETER

VERONICA ANA DÂRZU ILEA

Abstract. In this paper we study some special functional differential

equation of mixed type. First we take an equation with some initial con-

dition:

−λx′(t, λ) = f(t, x(t, λ), x(t− h1, λ), x(t + h2, λ)), t ∈ R (1)

x(t, λ) = ϕ(t, λ), t ∈ [t0 − h1, t0 + h2], (2)

where h1, h2 > 0, ϕ ∈ C1[t0 − h1, t0 + h2], λ ∈ R parameter.

The problem that we are interested in is the convergence of the

solution of the problem (1)+(2) in the case λ 6= 0 to the solution of the

same problem in case λ = 0. As an example of this problem we give the

linear case of functional differential equation of mixed type. At the end of

the article we discuss some inequalities between the solution of equation

(1), inequalities that depend on λ.

1. Introduction

In this section we’ll discuss the linear case of the mixed functional differential

equation (MFDE) with parameter .

Let us consider the problem:

−λx′(t, λ) = αx(t, λ) + βx(t− h1, λ) + γx(t + h2, λ), t ∈ R (3)

x(t, λ) = ϕ(t, λ), t ∈ [t0 − h1, t0 + h2], ϕ ∈ C1[t0 − h1, t0 + h2] (4)
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where h1 6= h2, β, γ 6= 0, λ ∈ R.

By a solution of equation (3) we mean a function x ∈ C1(R2) which satisfy

the relation (4) for any t ∈ R, λ ∈ R.

Remark. If λ = 0, the equation becomes a difference equation. Both the

differential equation case λ 6= 0 and the difference equation case λ = 0, will be of

interest.

In the first part of this section we assume that λ 6= 0. By the method of steps

we’ll find the solution for problem (3) + (4).

Let t ∈ [t0, t0 + h2]. We have

−λϕ′(t, λ) = αϕ(t, λ) + βϕ(t− h1, λ) + γx(t + h2, λ) (5)

It follows that

x(t) := x1(t) = − 1
γ

[αϕ(t− h2, λ) + βϕ(t− h1 − h2, λ) + λϕ′(t− h2, λ)], (6)

t ∈ [t0 + h2, t0 + 2h2].

Let t ∈ [t0 + h2, t0 + 2h2]. We have

−λx′1(t, λ) = αx1(t, λ) + βy1(t− h1, λ) + γx(t + h2, λ) (7)

where

y1(t− h1, λ) :=


ϕ(t− h1, λ), h1 > h2

ϕ(t− h1, λ), h1 < h2, t ∈ [t0 + h2, t0 + h1 + h2]

x1(t− h1, λ), h1 < h2, t ∈ [t0 + h1 + h2, t0 + 2h2]

(8)

It follows that

x(t) := x2(t) = − 1
γ

[αx1(t− h2, λ) + βy1(t− h1 − h2, λ) + λx′1(t− h2, λ)], (9)

t ∈ [t0 + 2h2, t0 + 3h2].

The same way, it follows that

xn(t) = − 1
γ

[αxn−1(t− h2, λ) + βyn−1(t− h1 − h2, λ) + λx′n−1(t− h2, λ)], (10)
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t ∈ [t0 + nh2, t0 + (n + 1)h2], where

yn−1(t− h1 − h2, λ) :=

ϕ(t− h1 − h2, λ), h1 > (n− 1)h2

x1(t− h1 − h2, λ), (n− 1)h2 > h1 > (n− 2)h2,

· · ·

xn−2(t− h1 − h2, λ), 2h2 > h1 > h2,

xn−2(t− h1 − h2, λ), h1 < h2, t ∈ [t0 + nh2, t0 + nh2 + h1),

xn−1(t− h1 − h2, λ), h1 < h2, t ∈ [t0 + nh2 + h1, t0 + (n + 1)h2]

(11)

We apply the same method on the left of t0 and it follows

x−n(t) = − 1
β

[αx−(n−1)(t+h1, λ)+γy−(n−1)(t+h1+h2, λ)+λx′−(n−1)(t+h1, λ)], (12)

t ∈ [t0 − (n + 1)h1, t0 − nh1], where

y−(n−1)(t + h1 + h2, λ) :=

ϕ(t + h1 + h2, λ), h2 > (n− 1)h1

x−1(t + h1 + h2, λ), (n− 1)h1 > h2 > (n− 2)h1

· · ·

x−(n−2)(t + h1 + h2, λ), 2h1 > h2 > h1

x−(n−2)(t + h1 + h2, λ), h2 < h1, t ∈ [t0 − nh1, t0 − nh1 + h2)

x−(n−1)(t + h1 + h2, λ), h2 < h1, t ∈ [t0 − nh1 + h2, t0 + (n− 1)h1]

(13)

Next we have to find a condition for unique of the solution.

Let ϕ ∈ C∞[t0 − h1, t0 + h2].

Let x ∈ C∞(R) a solution of the problem (3)+(4).

We have

−λx(k+1)(t, λ) = αx(k)(t, λ)+βx(k)(t−h1, λ)+γx(k)(t+h2, λ), k ∈ 0, 1, · · · , n. (14)

For t = t0 we have

−λϕ(k+1)(t, λ) = αϕ(k)(t0, λ) + βϕ(k)(t0 − h1, λ) + γϕ(k)(t + h2, λ), k ∈ 0, 1, · · · , n.

(15)
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Theorem 1.1. The problem (3)+(4) have a unique solution if the relation (15) is

done and the solution have the form

x(t, λ) =


x−k(t, λ), t ∈ [t0 − (k + 1)h1, t0 − kh1], k = 1, 2, · · · , n, n →∞

ϕ(t, λ), t ∈ [t0 − h1, t0 + h2]

xk(t, λ), t ∈ [t0 + kh2, t0 + (k + 1)h2]
(16)

where

xk(t, λ) = − 1
γ

[αxk−1(t− h2, λ) + βyk−1(t− h1 − h2, λ) + λx′k−1(t− h2, λ)], (17)

t ∈ [t0 + kh2, t0 + (k + 1)h2]

yk−1(t− h1 − h2, λ) :=

ϕ(t− h1 − h2, λ), h1 > (k − 1)h2

x1(t− h1 − h2, λ), (k − 1)h2 > h1 > (k − 2)h2,

· · ·

xk−2(t− h1 − h2, λ), 2h2 > h1 > h2,

xk−2(t− h1 − h2, λ), h1 < h2, t ∈ [t0 + kh2, t0 + kh2 + h1),

xk−1(t− h1 − h2, λ), h1 < h2, t ∈ [t0 + kh2 + h1, t0 + (k + 1)h2]

(18)

x−k(t, λ) = − 1
β

[αx−(k−1)(t + h1, λ) + γy−(k−1)(t + h1 + h2, λ) + λx′−(k−1)(t + h1, λ)],

(19)

t ∈ [t0 − (k + 1)h1, t0 − kh1],

y−(k−1)(t + h1 + h2, λ) :=

ϕ(t + h1 + h2, λ), h2 > (k − 1)h1

x−1(t + h1 + h2, λ), (n− 1)h1 > h2 > (n− 2)h1

· · ·

x−(k−2)(t + h1 + h2, λ), 2h1 > h2 > h1

x−(k−2)(t + h1 + h2, λ), h2 < h1, t ∈ [t0 − kh1, t0 − kh1 + h2)

x−(k−1)(t + h1 + h2, λ), h2 < h1, t ∈ [t0 − kh1 + h2, t0 + (k − 1)h1]

(20)
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Let now λ = 0. The problem becomes:

0 = αx(t, 0) + βx(t− h1, 0) + γx(t + h2, 0), t ∈ R (21)

x(t, 0) = ϕ(t, 0), t ∈ [t0 − h1, t0 + h2] (22)

If we apply in the same way the method of steps it follows

x−k(t, 0) = − 1
β

[αx−(k−1)(t + h1, 0) + γy−(k−1)(t + h1 + h2, 0)], (23)

t ∈ [t0 − (k + 1)h1, t0 − kh1],

y−(k−1)(t + h1 + h2, 0) :=

ϕ(t + h1 + h2, 0), h2 > (k − 1)h1

x−1(t + h1 + h2, 0), (n− 1)h1 > h2 > (n− 2)h1

· · ·

x−(k−2)(t + h1 + h2, 0), 2h1 > h2 > h1

x−(k−2)(t + h1 + h2, 0), h2 < h1, t ∈ [t0 − kh1, t0 − kh1 + h2)

x−(k−1)(t + h1 + h2, 0), h2 < h1, t ∈ [t0 − kh1 + h2, t0 + (k − 1)h1]

(24)

xk(t, 0) = − 1
γ

[αxk−1(t−h2, 0)+βyk−1(t−h1−h2, 0)], t ∈ [t0+kh2, t0+(k+1)h2] (25)

yk−1(t− h1 − h2, 0) :=

ϕ(t− h1 − h2, 0), h1 > (k − 1)h2

x1(t− h1 − h2, 0), (k − 1)h2 > h1 > (k − 2)h2,

· · ·

xk−2(t− h1 − h2, 0), 2h2 > h1 > h2,

xk−2(t− h1 − h2, 0), h1 < h2, t ∈ [t0 + kh2, t0 + kh2 + h1),

xk−1(t− h1 − h2, 0), h1 < h2, t ∈ [t0 + kh2 + h1, t0 + (k + 1)h2]

(26)

and

x(t, 0) =


x−k(t, 0), t ∈ [t0 − (k + 1)h1, t0 − kh1], k = 1, 2, · · · , n, n →∞

ϕ(t, 0), t ∈ [t0 − h1, t0 + h2]

xk(t, 0), t ∈ [t0 + kh2, t0 + (k + 1)h2]
(27)
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Theorem 1.2. The problem (21) + (22) has a unique solution if and only if we have

0 = αϕ(k)(t0, 0) + βϕ(k)(t0 − h1, 0) + γϕ(k)(t0 + h2, 0), k ∈ 0, 1, · · · , n. (28)

We can give the following theorem

Theorem 1.3. Let the problem (3) + (4) with the solution given by (16). If we put

a limit on (16) when λ → 0 we obtain the relation (27), which is the unique solution

of the problem (21) + (22).

2. Main results

In this section we consider the problem

−λx′(t, λ) = f(t, x(t, λ), x(t− h1, λ), x(t + h2, λ)), t ∈ R (29)

x(t, λ) = ϕ(t, λ), t ∈ [t0 − h1, t0 + h2], ϕ ∈ C1[t0 − h1, t0 + h2] (30)

where

∂f(t, u)
∂uj

6= 0, j = 2, 3, u = (u1, u2, u3), f ∈ C∞(R4). (31)

We first suppose that λ 6= 0.

Let the following conditions:

(C1) For any u1, u2, u4, u5 ∈ R, there exist a unique u3 ∈ R,

u3 = f1(u1, u2, u4, u5), f1 ∈ C∞(R4), so that u5 = f(u1, u2, u3, u4).

(C2) For any u1, u2, u3, u5 ∈ R, there exist a unique u4 ∈ R,

u4 = f2(u1, u2, u3, u5), f2 ∈ C∞(R4), so that u5 = f(u1, u2, u3, u4).

Remark. If f ∈ C∞(R4) and x ∈ C1(R2) is a solution of the equation (29),

then x ∈ C∞(R2).

Theorem 2.1. Let f ∈ C∞(R4) satisfy the conditions (C1), (C2).

If ϕ ∈ C∞[t0−h1, t0+h2] then the problem (29) + (30) has a unique solution

if and only if the following relation takes place:

−λϕ(k+1)(t0, λ) = [f(t, ϕ(t, λ), ϕ(t− h1, λ), ϕ(t + h2, λ))](k)
t=t0 , k = 0, 1, · · · , n. (32)
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Proof. By the method of steps we built the solution of the problem (29) +

(30) as follows:

Let t ∈ [t0, t0 + h2],

−λϕ′(t, λ) = f(t, φ(t, λ), φ(t− h1, λ), x(t + h2, λ)). (33)

From (C2) we have

x(t, λ) := x1(t, λ) = f2(t− h2, ϕ(t− h2, λ), ϕ(t− h1 − h2, λ), λϕ′(t− h2, λ)), (34)

t ∈ [t0 + h2, t0 + 2h2].

By the same way we have:

xk(t, λ) = f2(t− h2, xk−1(t− h2, λ), yk−1(t− h1 − h2, λ), λx′k−1(t− h2, λ)), (35)

t ∈ [t0 + kh2, t0 + (k + 1)h2], where

yk−1(t− h1 − h2, λ) :=



ϕ(t− h1 − h2, λ), h1 > (k − 1)h2

x1(t− h1 − h2, λ), (k − 1)h2 > h1 > (k − 2)h2,

· · ·

xk−2(t− h1 − h2, λ), 2h2 > h1 > h2,

xk−2(t− h1 − h2, λ), h1 < h2, t ∈ [t0 + kh2, t0 + kh2 + h1),

xk−1(t− h1 − h2, λ), h1 < h2, t ∈ [t0 + kh2 + h1, t0 + (k + 1)h2]

(36)

On the left of t0 we obtain:

x−k(t, λ) = f1(t + h1, x−(k−1)(t + h1, λ), y−(k−1)(t + h1 + h2, λ), λx′−(k−1)(t + h1, λ)),

(37)

t ∈ [t0 − (k + 1)h1, t0 − kh1], where

y−(k−1)(t + h1 + h2, λ) :=
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ϕ(t + h1 + h2, λ), h2 > (k − 1)h1

x−1(t + h1 + h2, λ), (n− 1)h1 > h2 > (n− 2)h1

· · ·

x−(k−2)(t + h1 + h2, λ), 2h1 > h2 > h1

x−(k−2)(t + h1 + h2, λ), h2 < h1, t ∈ [t0 − kh1, t0 − kh1 + h2)

x−(k−1)(t + h1 + h2, λ), h2 < h1, t ∈ [t0 − kh1 + h2, t0 + (k − 1)h1]

(38)

For the regularity of the solution we have the conditions:

ϕ(t0 + h2, λ) = x1(t0 + h2, λ)

xp(t0 + (p + 1)h2, λ) = xp+1(t0 + (p + 1)h2, λ), p ≥ 1

ϕ(t0 − h1, λ) = x−1(t0 − h1, λ)

x−p(t0 − (p + 1)h1, λ) = x−(p+1)(t0 − (p + 1)h1, λ), p ≥ 1

(39)

So the solution is

x(t, λ) =


x−k(t, λ), t ∈ [t0 − (k + 1)h1, t0 − kh1], k = 1, 2, · · · , n, n →∞

ϕ(t, λ), t ∈ [t0 − h1, t0 + h2]

xk(t, λ), t ∈ [t0 + kh2, t0 + (k + 1)h2]
(40)

We have to prove the necessity of the (42). Let x ∈ C1(R) solution of the

problem (29)+(30). Then x ∈ C∞(R) is a solution. We have

−λx(k+1)(t, λ) = [f(t, x(t, λ), x(t−h1, λ), x(t+h2, λ))](k), t ∈ R, k = 0, 1, · · · , n (41)

For t = t0 it follows

−λϕ(k+1)(t0, λ) = [f(t, ϕ(t, λ), ϕ(t− h1, λ), ϕ(t + h2, λ))](k)
t=t0 , k = 0, 1, · · · , n. (42)

Let now λ = 0

The problem becomes

0 = f(t, x(t, 0), x(t− h1, 0), x(t + h2, 0)), t ∈ R (43)

x(t, 0) = ϕ(t, 0), t ∈ [t0 − h1, t0 + h2], ϕ ∈ C1[t0 − h1, t0 + h2] (44)
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Theorem 2.2. Let f ∈ C∞(R4) satisfy the conditions (C1), (C2).

If ϕ ∈ C∞[t0−h1, t0+h2] then the problem (43) + (44) has a unique solution

if and only if the following relation takes place:

−λϕ(k+1)(t0, 0) = [f(t, ϕ(t, 0), ϕ(t− h1, 0), ϕ(t + h2, 0))](k)
t=t0 , k = 0, 1, · · · , n. (45)

Proof. The proof is similar with the proof of the last theorem. We find by

the method of steps that the unique solution of the problem (43) + (44) has the form

x(t, 0) =


x−k(t, 0), t ∈ [t0 − (k + 1)h1, t0 − kh1], k = 1, 2, · · · , n, n →∞

ϕ(t, 0), t ∈ [t0 − h1, t0 + h2]

xk(t, 0), t ∈ [t0 + kh2, t0 + (k + 1)h2]
(46)

where

xk(t, 0) = f2(t−h2, xk−1(t−h2, 0), yk−1(t−h1−h2, 0)), t ∈ [t0 + kh2, t0 + (k + 1)h2],

(47)

yk−1(t− h1 − h2, 0) :=



ϕ(t− h1 − h2, 0), h1 > (k − 1)h2

x1(t− h1 − h2, 0), (k − 1)h2 > h1 > (k − 2)h2,

· · ·

xk−2(t− h1 − h2, 0), 2h2 > h1 > h2,

xk−2(t− h1 − h2, 0), h1 < h2, t ∈ [t0 + kh2, t0 + kh2 + h1),

xk−1(t− h1 − h2, 0), h1 < h2, t ∈ [t0 + kh2 + h1, t0 + (k + 1)h2]

(48)

x−k(t, 0) = f1(t + h1, x−(k−1)(t + h1, 0), y−(k−1)(t + h1 + h2, 0)), (49)

t ∈ [t0 − (k + 1)h1, t0 − kh1],

y−(k−1)(t + h1 + h2, 0) :=
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ϕ(t + h1 + h2, 0), h2 > (k − 1)h1

x−1(t + h1 + h2, 0), (n− 1)h1 > h2 > (n− 2)h1

· · ·

x−(k−2)(t + h1 + h2, 0), 2h1 > h2 > h1

x−(k−2)(t + h1 + h2, 0), h2 < h1, t ∈ [t0 − kh1, t0 − kh1 + h2)

x−(k−1)(t + h1 + h2, 0), h2 < h1, t ∈ [t0 − kh1 + h2, t0 + (k − 1)h1]

(50)

It is natural that the solution of problem (29) + (30) converge, when λ → 0,

to the solution of the problem (43) + (44).

So we can give the following theorem:

Theorem 2.3. Let f ∈ C(R4), λ parameter. Let x(t, λ) given by (40) the solution

of the problem (29) + (30). If we put λ → 0 then x(t, λ) given by (40) converge

punctually to x(t, 0) given by (46).

3. The comparing of the solutions

Let the equation

−λx′(t, λ) = f(t, x(t, λ), x(t− h1, λ), x(t + h2, λ)), t ∈ R (51)

where

(i) h1 6= h2;

(ii) f : R4 → R, f(t, u) - continuous, local Lipschitz on u, u = (u1, u2, u3);

(iii) for any t ∈ R: ∂f(t,u)
∂uj

≥ 0, u ∈ R3, j = 2, 3, u = (u1, u2, u3).

Lemma 3.1. Assume that (ii) and (iii) above hold. Let xj : R → R, for j = 1, 2, be

two solutions of equation (51) at some nonzero parameter value λ ∈ R∗. Assume that

x1(t, λ) ≥ x2(t, λ), t ∈ R. (52)

Then if x1(τ, λ) = x2(τ, λ) at some τ ∈ R, we have that

x1(ξ, λ) = x2(ξ, λ) for all ξ ≥ τ , in case λ > 0, and that

x1(ξ, λ) = x2(ξ, λ) for all ξ ≤ τ , in case λ < 0.
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Proof. Let y(t, λ) := x1(t, λ)−x2(t, λ) ≥ 0, and we assume that the inequal-

ity (52) is an equality at some τ ∈ R.

It means that y(τ, λ) = 0, so that x1(τ, λ) = x2(τ, λ).

We prove for c > 0; the proof when c < 0 being similar.

Let the function

H(ξ, u) := −λ−1[G(ξ, u + x2(ξ, λ), x1(ξ − h1, λ), x1(ξ + h2, λ))

−G(ξ, x2(ξ, λ), x2(ξ − h1, λ), x2(ξ + h2, λ)]. (53)

We observe that u = y(ξ, λ) satisfies u′ = H(ξ, u).

From (52) and (iii) we have that H(ξ, 0) ≤ 0, for every ξ ∈ R.

It follows that y(ξ, λ) ≤ 0 for all ξ ≥ τ by a standard differential inequality.

So that y(ξ, λ) = 0 for all ξ ≥ τ .

Thus x1(ξ, λ) = x2(ξ, λ) for all ξ ≥ τ , in case λ > 0 and x1(ξ, λ) = x2(ξ, λ)

for all ξ ≤ τ , in case λ < 0.

Lemma 3.2. Assume that the conditions of lemma (3.1) hold, except that solutions

x1, x2 satisfy equation (51) at different values of λ, with λ1 > λ2, and where either

λ1 = 0 or λ2 = 0 are permitted. Suppose that x1(τ, λ1) = x2(τ, λ2) at some τ ∈ R.

Then if

x2(ξ, λ2) is monotone increasing in ξ ∈ R

and λ1 > 0 we have that x1(ξ, λ1) = x2(ξ, λ2) is constant for all ξ ≥ τ + h1; while if

x1(ξ, λ1) is monotone increasing in ξ ∈ R

and λ2 > 0 we have that x1(ξ, λ1) = x2(ξ, λ2) is constant for all ξ ≤ τ − h2;

Proof. The proof is very similar to that of Lemma (3.1) except for the choice

of the function H. Several cases must be considered, based on the signs of λ1 and λ2.

First, we suppose that (3.2) holds and λ2 6= 0.

Let

H(ξ, u) := −λ−1
1 G(ξ, u + x2(ξ, λ), x1(ξ − h1, λ), x1(ξ + h2, λ))

+λ−1
2 G(ξ, x2(ξλ), x2(ξ − h1, λ), x2(ξ + h2, λ). (54)

39



VERONICA ANA DÂRZU ILEA

Then u = x1(ξ, λ1)− x2(ξ, λ1) satisfy u′ = H(ξ, u).

By replacing x1 with x2 in the formula of H and using the inequality (52)

and (iii), form (3.2) follows that

H(ξ, 0) ≤ (λ2λ
−1
1 − 1)x′2(ξ, λ2) ≤ 0.

Thus x1(ξ, λ1)− x2(ξ, λ2) ≤ 0 for all ξ ≥ τ .

So that x1(ξ, λ1) = x2(ξ, λ2), ξ ≥ τ .

From (51) we have

λ1x
′
1(ξ, λ1) = λ2x

′
2(ξ, λ2) for all ξ ≥ τ + h1.

If λ1 6= λ2 we have x′1(ξ, λ1) = x′2(ξ, λ2) = 0 , ξ ≥ τ + h1;

so x1(ξ, λ1) = x2(ξ, λ2) = const, ξ ≥ τ + h1.

Now suppose that (3.2) holds and λ2 = 0.

Let

H(ξ, u) := −λ−1
1 G(ξ, u, x1(ξ − h1, λ1), x1(ξ + h2, λ1))

H̃(ξ, u) =

 H(ξ, x2(ξ, λ2)), u ≥ x2(ξ, λ2)

H(ξ, u), u ≤ x2(ξ, λ2)
(55)

H can be easily checks that H(ξ, x2(ξ, λ2)) ≤ 0, so that H̃(ξ, u) ≤ 0. From

inequality, form the fact that x2 is monotone increasing and that H̃ satisfies the

standard Caratheodory and Lipschitz conditions, we have that the unique solution

u = x3(ξ, λ2) satisfies u′ = H(ξ, u), for any ξ ≥ τ .

But u = x1(ξ, λ1) satisfies u′ = H(ξ, u) and x3(τ) = x2(τ) = x1(τ).

So that x1(ξ, λ1) ≤ x2(ξ, λ2) for any ξ ≥ τ .

Thus x1(ξ, λ1) = x2(ξ, λ2) for any ξ ≥ τ .

So x′1(ξ) = x′2(ξ) = 0 for any ξ ≥ τ + h1.

It follows that x1(ξ, λ1) = x2(ξ, λ2) = const for any ξ ≥ τ + h1.
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Str. M. Kogălniceanu 1, Cluj-Napoca, Romania

E-mail address: vdarzu@math.ubbcluj.ro

41


