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MIXED FUNCTIONAL DIFFERENTIAL EQUATION
WITH PARAMETER

VERONICA ANA DARZU ILEA

Abstract. In this paper we study some special functional differential
equation of mixed type. First we take an equation with some initial con-
dition:

Azl (t,A) = f(t,z(t,A),z(t — hi,N),z(t+ h2,\)),t € R (1)

z(t,\) = o(t, A), t € [to— hi,to+ ha], (2)
where hyi, he >0, @ € C[to — hi,to + hz], A € R parameter.

The problem that we are interested in is the convergence of the
solution of the problem (1)+(2) in the case A # 0 to the solution of the
same problem in case A = 0. As an example of this problem we give the
linear case of functional differential equation of mixed type. At the end of
the article we discuss some inequalities between the solution of equation

(1), inequalities that depend on .

1. Introduction

In this section we’ll discuss the linear case of the mixed functional differential

equation (MFDE) with parameter .

Let us consider the problem:
=Axt(t, \) = ax(t,\) + fx(t — h1,\) +va(t + ha, A), tER (3)
z(t, ) = @(t, ), t€ [to—hi,to+ ha], ¢ € CMto — ha,to + ha) (4)
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VERONICA ANA DARZU ILEA

where hy # ho, B,7v# 0, A € R.

By a solution of equation (3) we mean a function z € C'(R?) which satisfy
the relation (4) for any t € R, A € R.

Remark. If A = 0, the equation becomes a difference equation. Both the
differential equation case A # 0 and the difference equation case A = 0, will be of
interest.

In the first part of this section we assume that A # 0. By the method of steps
we'll find the solution for problem (3) + (4).

Let t € [to, to + ha]. We have

=X (8, A) = ap(t, ) + Bo(t — hi, X) +ya(t + ha, A) (5)
It follows that
x(t) = a1 (t) = —%[ag@(t — ha, A) + Bp(t — hy — ha, N) + Aot (t — ha, N)],  (6)

t € [to+ ha,to + 2ha].
Let t € [to + ha,to + 2ha]. We have

=Mz (t,A) = oz (t,N) + Byr(t — hi, ) + vzt + ha, A) (7)
where
@(t—hl,)\), hi1 > ho
yl(t—hl,/\) = ot —h1,N), hy<hg, te [to+h2,t0+h1+h2] (8)

(El(tfhl,)\), h1<h2, tE[t0+h1+h2,t0+2h2]
It follows that
1
x(t) = SUQ(t) = —5[0[1'1(15 — hg, )\) + ﬁyl(t — h1 - hg, )\) + )\x’l(t — hQ, )\)], (9)

t e [to + 2hg, to + 3h2]

The same way, it follows that

1
zn(t) = —;[axn—l(t —ho, A) + Byn—1(t — hy — ho, A) + Azj,_, (t — ho, N)],  (10)
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t € [to + nha,to + (n + 1)hs], where

yn—l(t - hl - h27 )\) =

(,D(t—hl—hg,)\), hi > (’I’L—l)hg
.131(t—h1—h2,/\), (n—l)hg > hy > (n—2)h2,
(11)
ZL’n,Q(t—hl—hQ,)\), 2ho > hy > hg,
.%‘nfz(t —hy — hg,/\), hi < ho, t€ [to + nha, tg + nhe + h1>7
l‘n_l(t — hy — ho, /\), hi < hg, t€ [to + nho + hy,to + (TL + 1)h2]
We apply the same method on the left of ¢g and it follows
1
$_n(t) = 7@[0&50_(”_1) (t+h1, )\)+’yy_(n_1)(t+h1+h2, )\)+>\Il_(n_1) (t+h1, )\)], (12)
t € [to — (n+ 1)hy,to — nhq], where
Yo(n-1)(t +h1+ b, A) =
(p(t+h1+h2,/\), h2 > (’I’L—l)hl
.T,l(t+h1+h2,)\), (n—l)h1 > ho > (n—2)h1
(13)
T_(n_2)(t +h1 + ha, A), 2h1 > ha > Iy
l’_(n_g)(t +h1 + hg,)\), hy < hl, te [to — nhhto —nhy + hg)
T_(n—1) (t + h1 + hg, )\), h2 < hlv t e [t() — nh1 + hg,t() + (TL — 1)h1]

Next we have to find a condition for unique of the solution.
Let ¢ € C*®[tg — hi,to + ha).

Let € C*°(R) a solution of the problem (3)+(4).

We have

AeFHD (1 A) = ax® (8, A) 4+ B2 (t —hy, \) +y2 B (4 ho, N), k€0,1,--- ,n. (14)
For t =ty we have

7)‘$0(k+1) (ta A) = a(p(k) (t07 >‘) + ﬂgo(k) (tO - hla )‘) + 7‘)006) (t + hQ’ A)a ke 07 13 e, N
(15)
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Theorem 1.1. The problem (3)+(4) have a unique solution if the relation (15) is

done and the solution have the form

T k(t,N), tefto— (k+1Dhy,to—kh], k=1,2,---,n, n— o0
T(t,A) = o(t, N, t € [to — hi,to + hol
.’L‘k(t, )\)7 te [to+kh2,t0+(k’+1)h2]

where
1
mk@,k)::‘—;[a$k—1(t—-h2yk)+-ﬂyk—1(t—-h1—-h27A)+‘A$Z—1(t—-h27A)L (17)
te [to + k‘hg,to + (k’ + l)hg]

yk_1(t — hl — hg, )\) =

ot — h1 — ha, \), h1 > (k—1)hs
x1(t —hy — ha, A), (k—1)hg > hy > (k — 2)ha,
(18)
ZTp—2(t — h1 — ha, N), 2hg > hy > hao,
:L‘k,Q(t —hy — hg,)\), h1 < ho, t € [to + kho,to + kho + hl),
l‘k_l(t —hy — hg,/\), hi1 < ho,t € [to + kho + hy,to + (k? + 1)]12]

1
x_k(t, )\) = —— [Oé.’l?,(kfl) (t + hq, )\) + VY—(k—1) (t + hy + ho, )\) + )\x/_(k_l) (t + hq, /\)}7

B
(19)
te [to — (k + 1)h1,t0 — khl],
Y—(h—1)(t + h1 + ho, X) =
(p(t+h1 +h2,)\)7 hy > (k‘—l)hl
m_l(t-i-hl—f—hg,)\), (’I’L—l)hl > hg > (n—2)h1
(20)
T (k—2) (t + h1 + h2,>\)7 2h1 > ho > hy
m,(k,g)(t + hy1 + ha, A), he < hy, t € [to — khi,to — khy + ha)
x,(k,l)(t + hy + hg,)\), ho < hy, t€ [to — khy + ho,to + (k — l)hl]
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Let now A = 0. The problem becomes:
0 = ax(t,0) + Bx(t — h1,0) + va(t + h2,0), t € R (21)
z(t,0) = ¢(t,0), t € [to — h1,to + he] (22)
If we apply in the same way the method of steps it follows

1
z_p(t,0) = —B[wa(kq)(t + h1,0) +yy—_—1)(t + b1 + ho,0)], (23)

te [to — (k+ 1)h1,t0 — kh1]7

Y—(k—1)(t + h1 + h2,0) :=

(p(t+h1+h2,0), ho > (k‘—l)hl
x_1(t + h1 + ha,0), (n—=1)hy > ha > (n—2)hy
(24)
T_(p—2)(t + h1 + h2,0), 2h1 > ho > My
x,(k,g)(t + hy + hQ,O), ho < hy, t€ [to — khy,to — khy + hg)
:L'_(k_l)(t+h1+h2,0), ho < hy, t€ [tofkh1+h2,t0+(k*1)h1]

1
Jfk(t,O) = —;[Otl‘k_l(t—hg,0)+ﬁyk_1(t—h1—h2,0)], te [to—‘rkhg,to—f—(k‘—‘rl)hg} (25)

Yp—1(t — h1 — ho,0) :=

o(t — h1 — ha,0), h1 > (k—1)hs
z1(t — hy — hy,0), (k—1)hg > hy > (k — 2)ha,
(26)
Zp—2(t — hy — ha,0), 2hy > h1 > ha,
Tp—o(t — hy — ho,0), hi < ha, t € [tg + kha,to + kha + h1),
Zp—1(t — h1 — h2,0), hy < hg, t € [to+ kha + h1,t0 + (k + 1)hs]

and
x,k(t,()), te [to — (k + 1)h17t0 — khl], k=1,2,---,n, n — o0
z(t,0) = ©(t,0), t € [to— hi,to + hol

z1(,0), t € [to + kha,to + (k + 1)hs]
(27)
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Theorem 1.2. The problem (21) + (22) has a unique solution if and only if we have
0= ap®(to,0) + Bp™ (to — h1,0) + 7™ (to + h2,0), k€0,1,--- ,n.  (28)

We can give the following theorem
Theorem 1.3. Let the problem (3) + (4) with the solution given by (16). If we put
a limit on (16) when A — 0 we obtain the relation (27), which is the unique solution
of the problem (21) + (22).
2. Main results

In this section we consider the problem

=t N) = f(t,x(t,N),z(t — hi, A),x(t+ ha, A)), tER (29)
z(t,\) = o(t,\), t € [to — hi,to + ha], v € Cltg — hy,to + ho] (30)
where
%7&0, J=2,3, u=(uy,ug,us), feC’DO(R4). (31)
J

We first suppose that A # 0.
Let the following conditions:
(C1) For any w1, ug, ug4, us € R, there exist a unique us € R,
uz = fi(ur,uz, us,us), fr € C%(RY), so that us = f(ur, uz, us, ua).
(C2) For any uy, ua, us, us € R, there exist a unique uy € R,
ug = folur, us, us,us), fo € C°(R*Y), so that us = f(uy, us, us, us).
Remark. If f € C®°(R*) and = € C(R?) is a solution of the equation (29),
then x € C*(R?).
Theorem 2.1. Let f € C*°(R*) satisfy the conditions (C1), (C2).
If o € C*®[tg—h1,to+hs] then the problem (29) + (30) has a unique solution
if and only if the following relation takes place:

XD (10, A) = [£(£, 08, A), o(t — ha, A), @t + ha, W, k=0,1,-+- ,n. (32)
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Proof. By the method of steps we built the solution of the problem (29) +
(30) as follows:
Let t € [to,to + hg],

=A@l (t, A) = f(t, d(t, N), d(t — hy, N), z(t + ha, N)). (33)
From (C2) we have
z(t,\) == x1(t, \) = fa(t = ha, o(t — ha, A), @(t — hy — ho, \), M@ (t — ha, N)),  (34)

t € [to + ha,to + 2hs].

By the same way we have:
Tp(t, N) = fa(t — ho, wp_1(t — ho, ), yp—1(t — h1 — ha, A), Axj_ 1 (t — ho, N)),  (35)
te [to + kho,tg + (k} + l)hg], where

yk_1(7f - h1 — hg, )\) =

o(t —h1 — ha, \), hi > (k — 1)hy
x1(t — hy — ha, A), (k—1)hg > hy > (k — 2)ha,
(36)
ZTp—2(t — h1 — ha, N), 2hg > hy > hao,
mk,g(t —hy — hg,)\), hi < ho, t€ [t() + kho,ty + kho + hl),
xk_l(t —hy — hg,/\), hi < hg, t€ [to + kho + hy,to + (k + 1)h2]

On the left of ty we obtain:

Tk (t,\) = fi(t + hq, z_(k_l)(t + hyq, )\),y_(k_l)(t + h1 + ha, M), /\xl—(k—l)(t + hi1, ),
(37)
te [to - (k + 1)h1,t0 - khl], where

Y—(k—1)(t +h1 + ha, A) ==
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@(t+h1+h27A)a h‘2 > (k_l)hl
I_l(t+h1+h2,A), (Tlfl)hl > hg > (7’L72)h1
(38)
T_(g—2)(t + h1 + ha, A), 2h1 > ha > I
I,(k,g)(t + hy + ha, ), he < hy, t € [to — kh1,to — khy + h2)
iL’_(k_l)(t + hy + hQ,)\), hy < hl, te [to — khy + hQ,to + (k‘ — ].)hl]
For the regularity of the solution we have the conditions:
@(to + ha, A) = z1(to + ha, A)
zp(to + (p+ Dha, A) = 2pa(to + (p+ Dha, A), p> 1 (39)

p(to — h1, A) = x_1(to — h1, N
T_p(to = (P+ Dh1,\) =21y (to — (p+1Dh1,A), p>1

So the solution is

l'_k(t, )\), te [to — (k+ 1)h1,t0 — khl], k= 1,2,---n, n— o0
z(t,\) = @(t,A), t € [to — ha,to + ho]

l‘k(t,/\), te [to—Fkhg,to-‘r(k‘—Fl)hg]
(40)

We have to prove the necessity of the (42). Let z € C'(R) solution of the
problem (29)4(30). Then z € C*°(R) is a solution. We have

AzFHD (@ N) = [f(t,z(t, N), 2(t—h1, \), z(t+he, )P t € R k=0,1,--- ,n (41)
For t =t it follows
_)\W(k+1)<t07 )\) = [f(ta ‘P(ty )\)a (P(t — hy, )‘>7 Lp(t + ha, A))]gi)toﬁ k=0,1,---,n. (42)

Let now A =0

The problem becomes

0= f(t,2(t,0),z(t — h1,0),2(t + hs,0)), t € R (43)

x(t,0) = ¢(t,0), t € [to — h1,to + ha], ¢ € Cl[to — hy,to + ha] (44)
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Theorem 2.2. Let f € C(R*) satisfy the conditions (C1), (C2).
If o € C*°[tg— hq,to+ha] then the problem (43) + (44) has a unique solution

if and only if the following relation takes place:
—)\@(k+1)(t07 0) = [f(ta (p<ta 0)7 @(t - h17 0>7 L)D(t + h27 0))]1(521607 k= Oa 17 e, M. (45)

Proof. The proof is similar with the proof of the last theorem. We find by
the method of steps that the unique solution of the problem (43) + (44) has the form

x_k(t,O), te [to - (ki + 1)h1,t0 — khl], k=1,2,---,n, n > o
2(t,0) = o(t,0), t € [to — h1,to + ha
l'k(t,0)7 t e [to + kho,tg + (k + ].)hg]

where

(Ek(t,O) = fg(t— h27$k,1(t— h270),yk71(t_h1 —hQ,O)),t € [to +/€h27t0 + (k+ ].)hg}7

(47)
Yr—1(t — h1 — h2,0) :=
(p(tfhlfhg,()), hy > (k*l)hg
1’1(t—h1—h2,0), (k—].)hg > hy > (k—2)h2,
(48)
Z‘k_g(t—hl—hz,O), 2ho > hy >hz7
Tp—2(t —h1 — ha,0), hy < hg, t € [to+ kha,to + kha + hq),
;Ck;,l(t —hy — hQ,O), hi < ho, t€ [to + kho 4+ hi,to + (k + 1)h2]
T x(t,0) = fi(t + h1,2_—1)(t + h1,0), y_—1)(t + h1 + h2,0)), (49)

t € [to— (k4 1)h1,to — khi],

Y—(k—1)(t + h1 + ho,0) :=
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@(t + h1 + ha,0), hy > (k—1)hy
r_1(t+ h1 + ho,0), (n—=1)hy > ha > (n—2)hy
(50)
T_(p—2)(t + h1 + h2,0), 2hy > ha > Iy
T_(p—2)(t + h1 + h2,0), he < hy, t € [tg — kh1,to — khy + ha)
T_(p_1y(t + h1 4+ h2,0), ho < hy, t € [tg — kh1 + ha,to + (k — 1)h4]

It is natural that the solution of problem (29) 4+ (30) converge, when A — 0,
to the solution of the problem (43) + (44).

So we can give the following theorem:
Theorem 2.3. Let f € C(R*),\ parameter. Let z(t,)\) given by (40) the solution
of the problem (29) + (50). If we put A — 0 then z(t,\) given by (40) converge
punctually to x(t,0) given by (46).

3. The comparing of the solutions
Let the equation
_/\x,(ta A) = f(t,I(t, )\),l’(t - hla )\),I(t + h27 A))) teR (51)

where
(i) ha # ha;
(ii) f : R* = R, f(t,u) - continuous, local Lipschitz on u, u = (uy,us, u3);
(#i7) for any t € R: % >0,u€ R j=23 u=(u1,us, u3).

Lemma 3.1. Assume that (i) and (iii) above hold. Let x; : R — R, for j = 1,2, be

two solutions of equation (51) at some nonzero parameter value X € R*. Assume that
x1(t, A) > x2(t, A), t € R. (52)

Then if x1(7,\) = x2(7, ) at some T € R, we have that
x1(&,N) = 22(&,A) for all € > 7, in case A > 0, and that
z1(§,A) = 22(&,A) for all £ < 7, in case A < 0.
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Proof. Let y(t, \) := z1(t, \) —22(t, A) > 0, and we assume that the inequal-
ity (52) is an equality at some T € R.

It means that y(7,\) = 0, so that 1 (7, \) = z2(7, A).

We prove for ¢ > 0; the proof when ¢ < 0 being similar.

Let the function

H(fvu) = _A_l[G(gvu + .132(6,)\),.1?1(5 - hl’)‘)’xl(f + h27 /\))

—G(& (8, A), 22(€ — by A), 22(€ 4 ha, A)]- (53)

We observe that u = y(£, A) satisfies v’ = H(, u).

From (52) and (4i¢) we have that H(&,0) <0, for every € € R.

It follows that y(£,A) < 0 for all £ > 7 by a standard differential inequality.
So that y(&,\) =0 for all £ > .

Thus z1(&,A) = 22(§,A) for all € > 7, in case A > 0 and z1(§,\) = z2(&, \)
for all £ < 7, in case A < 0.
Lemma 3.2. Assume that the conditions of lemma (3.1) hold, except that solutions
x1, To satisfy equation (51) at different values of A, with A1 > A\a, and where either
A1 = 0 or As = 0 are permitted. Suppose that x1(7, A1) = x2(7, A2) at some 7 € R.
Then if

x2(&, A2) is monotone increasing in £ € R

and Ay > 0 we have that x1(§, A1) = 22(&, A2) is constant for all € > 7 + hq; while if
x1(&, \1) is monotone increasing in £ € R

and Ay > 0 we have that £1(§, A1) = 22(§, A2) is constant for all € < T — hy;

Proof. The proof is very similar to that of Lemma (3.1) except for the choice
of the function H. Several cases must be considered, based on the signs of A; and As.

First, we suppose that (3.2) holds and As # 0.

Let

H(gvu) = —AIIG(S,U + $2(§7 )‘)7*%.1(5 - h17 A)uxl(g + h27 )\))

FATG(E, w2 (EN), 29 (€ — hi, N), 2(€ + ha, N). (54)
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Then u = x1(&, A1) — 22(§, A1) satisfy v’ = H(&, u).

By replacing x; with x5 in the formula of H and using the inequality (52)
and (i), form (3.2) follows that

H(E,0) < (MaA! = 1)ah(E, M) < 0.

Thus z1(&, A1) — x2(§,A2) <0 for all £ > 7.

So that x1(&, A1) = z2(&, \a), € > 7.

From (51) we have

Mai (&, 1) = Aaah (&, Xg) for all € > 7+ hy.

If Ay # Ao we have @ (&, M) = x5(§,X2) =0, & > 7+ hy;
50 21(§,\1) = x2(&, A2) = const, € > 7+ hy.

Now suppose that (3.2) holds and Ay = 0.

Let

H(Eu) = =M G (& u,x1(€ — hi, A ), 21 (€ + hay A1)

(e, u) = H(E 22(85A2)), w2 x2(8, A2) (55)
H(&u), u<xzo(E, o)

H can be easily checks that H(&,z5(£,A\2)) < 0, so that H(¢,u) < 0. From
inequality, form the fact that zs is monotone increasing and that H satisfies the
standard Caratheodory and Lipschitz conditions, we have that the unique solution
u = x3(§, \a) satisfies u' = H(&, u), for any & > 7.

But u = x1(&, A1) satisfies v/ = H(&,u) and z3(7) = 22(7) = x1(7).

So that 21(&, A1) < x2(&, A2) for any £ > 7.

Thus z1(&, A1) = 22(&, \2) for any £ > 7.

So z7 (&) = x4(¢) =0 for any € > 7 + hy.

It follows that x1(&, A1) = z2(&, A2) = const for any £ > 7 + hy.
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