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A NUMERICAL METHOD FOR APPROXIMATING THE SOLUTION
OF A LOTKA-VOLTERRA SYSTEM WITH TWO DELAYS

DIANA OTROCOL

Abstract. In this paper, using the step method, we established the exis-
tence and uniqueness of solution for the system (1.2) with initial condition
(1.3). The aim of this paper is to present a numerical method for this

system.

1. The statement of the problem

Consider the following Lotka-Volterra type delay differential system:

3

2() = 2 (D)ra(t) {ci —agri(t) — é

.Z‘l(t) = (bi(t) >0, t <tgand ¢i(t0) >0,1<i1<n

Oafjxj(Tf»(t))}, t>1tp, 1<i<n

(1)

k

There have been many studies on this subject (see [2], [5], [7]). In particular, for
n=2 ri(t) =1, a; = 0 and Tfj(t) :t—Tikj, 1<i4,57 <2, 0<k<m, the fact
that time delays are harmless for the uniform persistence of solutions, is established
by Wang and Ma for a predator-prey system, by Lu and Takeuchi and Takeuchi for
competitive systems.

Recently, Saito, Hara and Ma [7] have derived necessary and sufficient condi-
tions for the permanence (uniform persistence) and global stability of a symmetrical
Lotka-Volterra-type predator-prey system with a; > 0, ¢ = 1,2 and two delays.

For a nonautonomous competitive Lotka-Volterra system with no delays, re-

cently Ahmad and Lazer have established the average conditions for the persistence,
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which are weaker than those of Gopalsamy and Tineo and Alvarez for periodic or
almost-periodic cases.
In this paper, using the step method [6], we established the existence and

uniqueness of solution for the following system

a'(t) = fut x(t), y(t), 2(t — 1), y(t — 12))
y'(t) = falt,=(t

with initial condition
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z(t) = ¢(t), t € [to — 71, 0]
y(t) = ¥(t), t € [to — 72, t0]
Here 71 and 75 are constants with 7y > 0, 79 > 0, 73 < 75 and ¢, are continuous
functions.
On the basis of these results, the aim of this paper is to present a numerical

method for obtaining the solutions of system (2) with initial condition (3).

2. The existence and uniqueness of solution

We consider the system (2) with initial condition (3) and we established the
existence and uniqueness of the solution for the problem (2) + (3).
We have
xr € O[to*’rl,b]mcl[to,b]
Yy < C[to — T2, b] N Cl[to, b]
If we suppose that
(i) fi € C([to, b] x R), i =1,2

(ii)‘fi(t,ul,’l)l,u, U) - fi(t,UQ,'Ug,U,’U)| S Ll |ul - U2| +L2 |vl — V2],
Yuq, ug,v1,v2,u,v € RVt € [to, b]

(ii’)|fi(t,U1,U2,U3,U4)*fi(t,vl,’l)g,vg,l)zlﬂ < L(|u1701‘ + |7.L27’02| +
ug — v3| + |ug — val)

Yu;,v; € Rji = ﬁ,Vt S [t07b]

then the following result is given.

100



A NUMERICAL METHOD

Theorem 1. We consider the system (2) with initial condition (3). If the conditions
(i) and (ii) are satisfied, then the problem (2)+(3) has a unique solution.

Proof. We use the step method.
t € [to, to + 71

2'(t) = fult,x(t), y(1), p(t — 1), ¥ (t — 72))

y'(t) = fa(t, 2(t),y(t), o(t — 1), (t — 72))
z(to) = ¢(to)
y(to) = ¥(to)
So we have the Cauchy problem with f; continuous functions, ¢ = 1,2. But

fi(t,-,,u,v) : R = R are Lipschitz. Then it results from the Cauchy theorem that:
Na € Cl[to,t0+7'1]
ANy € C'to,to+ 1)

solution of the problem (2) + (3).
t € [to+ 11,t0 + 27

a'(t) = fi(t, z(t),y(t), x1(t — 11),y1(t — 72))
y'(t) = falt,(t),y(t), 21 (t — 1), 41 (t — 72))
z(to +71) = z1(to + 71)

y(to +71) = y1(to +71)

= 3!&3260[t0+7’1,t0+27’1]
= HlyQEC[to-i-Thto—l—?Tﬂ
solution of the problem (2) + (3).

te [to + n1,to +7'2]

a'(t) = fu(t, z(t), y(t), 2o (t = 71), yn(t — 72))
y'(t) = fa(t, x(t), y(t), 2n(t — 71), yn(t — 72))
z(to +nm) = zp(to + nm1)
y(to + nr1) = yn(to + nr1)
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= 3Ala,q € Cltg + nr, to + 72

= y,41 € Clto + nri,to + 7o

So we obtained:

(z1(t),11()), tE€ [to,to + 7]
(z2(t),y2(t)), t € [to+T1,t0 + 271]

(x(t),y(t)) =
(@nt1(8), ynt1 (1)), t € [to + n71,t0 + 7]

solution of the problem (2) + (3). O

Remark 1. We consider the system (2) with initial condition (3). If the conditions

(1) si (ii’) are satisfied, then the problem (2)+(3) has a unique solution which can be

obtained by the method of successive approxrimations.

3. The approximation of the solution

We consider the system (2) with initial condition (3)

This problem is equivalent with the delayed integral Volterra equations:

:I;(t) _ (p(t), te [to — Tl,to]
@(tO) + ftt) fl(s,m(s),y(s),x(s - Tl)’y(s - 7—2))d87 te [th b]
y(t) _ w(t), te [tO—TQ,tO]

w(t0> + fttOfQ(S,ZE(S),y(S),$(S - Tl)vy(s - 72))d8’ te [thb]

where f; € C([to,b] x R*), i =1,2.
We suppose that the hypotheses of Remark 1 are satisfied. Then the problem
(2) + (3) has a unique solution

xr € C[to —Tl,to] ﬁCl[to,b}

Yy € C[to - Tz,to] n Cl[tmb}.
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Let (a, 8) be the solution, which, by virtue of Remark 1, can be obtained by successive

approximation method. So, we have
alt) = ¢(t), t € [to — 71,10

B(t) = (), t € [to— 72,10

{ old) = #lt) (4)
(t) = (t)

(s,

(s.0

For ¢ € [to, b] we have:

a1 (t) = ¢(to +ft0f1
(t) =(to +ft0f2

Y

am(t) = o(to) + ftto fi(s, am,l(s),ﬁm,l(s),am,l(s —71), Bm—1(s — 72))ds
B (t) = 1(to) + fti fa(s, m—1(8), Bn—1(5), tm—1(s = 71), Bn—1(s — 72))ds
To obtain the sequence of successive approximations (4), it is necessary to
calculate the integrals which appear in the right-hand side. In general, this problem
is difficult. We shall use the trapezoidal rule.
Let an interval [a,b] C R be given, and the function f € C?[a,b].

Divide the interval [a, b] by points

a=rg< 1 <To<...<xTp=0">

—a

into n equal parts of length Ax =

Then we have the trapezoidal formula:

/ ' fa)de =

where 7, (f) is the remainder of the formula.

£(@) + 1) +2 3 f@)| +7alf) ®)

To evaluate the approximation error of the trapezoidal formula there exists

the following result.

Theorem 2. For every function f € C?[a,b], the remainder v,(f) from the trape-
zoidal formula (5), satisfies the ineguality:
(b—a)®

(Pl < Cpg = max [77() (6)
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3.1. The calculation of the integrals which appear in the successive approx-
imations methods. Now we suppose that f; € C([tg,b] x R*), i = 1,2, and in order
to calculate the integral «,, and f,, from (4), we apply the formula (5). Then we

divide the interval [to,b] by the points:

O=tg<t1 <...<t, =0 (7)
t—to : b -
where: t; = t,_1 +h, h = 5 U= 0,1,2,..., i = 1,n, n = 7 (['] is integer
part). Thus we have
tr
am(tk) = fl(s»amfl(s)aﬁmfl(s)v amfl(s - Tl)aﬁmfl(s - 7—2))ds =
to

t—to
2n
fi(t, m—1(tk), Brm—1(tr)s tm—1(tx — 71), Bm—1(tx — T2))+

[f1(to, am—1(to), Bm-1(to), am—1(to — 1), Bm—1(to — 72))+

n—1
23 filtiy omo1(t:), Bm1(ti), am—1(ti = 71), B (t — 72))]+
i=1

¢(to) + rmk(f1) (8)

where, for the remainder r,, »(f1), we have the estimation:

_ 3
(Ol < S max (116 am-1(5); Om-1(8)sam-1(s = 1), Bma(s = )]
sclto,

k=0nmeN

We denote by a,,—1(8) = u, Brm—1(8) =0, am-1(s—71) = w, Bm-1(s—12) =

z. Taking into account the fact that:

[f1(5, Qm=1(5), Brn-1(8), tm—1(s — 1), Bm—1(s — 72))], =

82]1'1 82f1 ’LLI a2]01 1)/ 82f1 U}I + a2]81 Z/+
0s2  0sOu 0s0v 0sOw 050z
82fl ’ 82fl( /)2 + a2fl ulvl+ agfl u/w/+ anl u/z/+

osou oz Dudv dudw Oudz

R L
o S P SRy S
T T et et bt 4 G
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% " % " 8f1 " % "o

auu+8vv+8ww+822 N
62f1 anl ’ 82fl ! 82f1 ! 62fl /
0s? +2858uu +2333’uv +2838ww +28sazz+

2 2 2 2
W+ Zhwy e iy Chine Py

anl 1o 62fl 1! 62fl /A 82f1 ’1
28u8wuw +28uazuz +28v8wvw + aua,z“+

82](.1 /! afl " 8fl " afl " 8fl "
2wo:"" T a0t Tow™ T a:”

9% f1
ou?

am—1(t) = o)+ [ fi(s,am—2(5), Bm—2(5), tm—2(s — T1), Bm—2(s — 72))ds

to

Oé;n—l(t) = /t afl(s7am72(s)’6m*2(s)a am72(5 — 71)76m72(8 — TQ))dS

0 Js
o (t) _ /tafl(S,Oém—Q(S),ﬂm_Q(S),ozm_z(g_Tl)’ﬁm_2(5_7_2))

m—1 . 882

ds

and denoting by

8|a‘f1(s,u,v,w,z)

My = max
0 0521 Qu2 Qus Qe 0z%s |’

la| <2
s € [t()ab]

ul s [0l |w], |2 < R

we obtain
|m—1(8)] < (t = to)Mo; |e,_ ()] < (t = to)Mo; |e,_y ()] < (t = to) Mo.
Again from here we have:
[f1(8, Qm—1(5), Bm=1(8), tm—1(s — 71), Bm—1(s — 72))] < My

where My = My + 12(t — to) Mg + 16(t — to) M3 and Mjdoes not depend on m and k.

For the remainder ry, (f1), from the formula (8) we have:

t—tg)3
[Pk (f1)] < %Ml, m=20,1,2,..., k=0,n. (9)

In this way we have obtained a formula for the approximative calculation of the

integrals from (4).
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3.2. The approximate calculation of the terms of the successive approxima-
tions sequence. Using the approximation (4) and the formula (8) with the remain-

der estimation (9), we shall present further down an algorithm for the approximate
solution of system (2) with initial condition (3).

So, we have:

o (t) = [ ' fi(s,a0(8), Bo(8), an(s — 71), Bo(s — 72))ds =

t ;nto [f1(to, ao(to), Bo(to), ao(to — 71), Bol(to — 72))+

n—1
2 Z fi(ts, o(ts), Bo(ti), co(ts — 1), Bo(ti — 12))+
i—1

Ji(te, ao(te), Bo(te), ao(te — 71), Bo(tk — 72))]+
p(to) +rik(fi) =
k=

aq (te) +r16(f1),

0,n
tr

OLQ(tk) =

fi(s,a1(s), Bi(s), 1(s — 71), Bi(s — 72))ds

to
t ;nto [f1(to, @1 (to) + r1.0(f1), Bi(to) +r10(f1),

ai(to — 1) +7‘1,0(f1),51(t0 —72) +r1,0(f1)+

n—1
23" filti @ty +r1i(f1): Bi(t) +r1a(fr),
i=1

it — 1) +ria(fr), Bt — 72) +ra(f)+
Fi(te, @1 (t) + 110 (1), Br () + 110 (F1),
&1 (tk — 1) + 71a(f1), Bi(te — 72) + 11 (1)) +
o(to) +rok(f1) =

¢ ;nto [f1(to, @1 (to), Bi (o), a1 (to — 1), Bu (to — 72))+

n—1
23 fults, @ (ts), Bi(t), da (t: — 1), Ba(t: — m2))+
i—1

Fi(te, @1 (th), B (), @ (b — 1), B (b, — 7))+
p(to) +726(f1) =

ao(ty) + r2.k6(f1)
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Observe that

r1.6(f1) = a1 (ty) — a1 (ty) and 72 (f1) = aao(tr) — A2(tk).

and we pass from

fiti, aa(t:) + Tl,i(fl)a/gl(ti) +r1(f1),@i(ti — ) + rl,i(fl)agl(ti —72) +711,(f1))

to
fits, @ (t;), Bi(ti), @i (t; — 1), Br(t; — 72)) + same remainder

so that the remainders cumulated after i it gives us 72 1 (f1)-
We use the Taylor formula with respect to the last four variables from f;
around a (¢;).

n—1

rro(f] + D s (F)l + 10 (f1)]

i=1

- t—1t
|T2,k(f1)| < TOL + |7"2,k(f1>| <

t_tOL<(t_t0)3M1+(n1)(t_t0)3M1+(t_;°)3M1>+

2n 12n2 12n2 12n2
“1‘2;;’)3% <! ;nto (tl_zig)ng (14+n—1+1)+ 7“1_2;3)3% <
We continue in this manner, for m = 3,4, ..., by induction, and obtain:
am(ty) = Lo [f1(t0, @m—1(to) + Frm—1,0(f1): Br—1(to) + Fm—1,0(f1),

2n

Qm—1(to — 1) + 77m—1,0(f1)75m—1(t0 —72) + Tm—1,0(f1))+
n—1

2 Z Fi(tiy @1 (t) + Frne1,0(F1), Bt (t) + P14 (f1),
i=1

Qm—1(t; — 1) + mel,i(fl)ygmfl(ti —72) + Tm—1,i(f1))+
F1(ths @1 (t) + T 1.0 (F1), Bt (t) + T 1. (f1),
Gm1(tr = 71) + Frme1.0(f1); Brno1 (tx — T2) + Tm—1,n(f1))]+

o(to) + rmk(f1) =
t—1to
2n

[1(t0; @m—1(t0)s Bm—1(t0); @m—1(to — 1) Bm—1(to — )+
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n—1 N _

2 Z Ji(tis @m—1(t:), Bn—1(t:), Am—1(ti — 71), Bm—1(t; — 72))+
i=1

F1 (b, @1 (t)s Brne1 (t)s @1 (b — T1)s B (b1, — 72))]+

SD(tO) + Fm,k(fl) = a1’:’L(tk) + Tm,k(fl)a k= 0,71.

where

Fous ()] = o)~ Gontt)] < C 00 [0 -ty 1Lt 44 1] k=
or

()l s CL g LoD (—PMh 5o ey

12n2 1—(t—to)L — 12n2[1 — (t — to)L]

In this way we got the sequence

(&m(tk))mel\h k= 07’)7,

which approximates the sequence of successive approximation (4) on the knots (7),

with the error

~ (t —to)* M,
m(tk) — am(tr)| < 10
lovm (t4) = @m (8] 12021 — (t — to)L] (10)
By Picard’s theorem [1], we have the following estimation
(t —to)™L™
a(t) = ()] < 10275 oo = ol - )

Analogously we calculate for (3,,.

In this way there was obtained the main result of our paper:

Theorem 3. Consider the system (2) with initial condition (3) under the condi-
tions of Remark 1. If the exact solution (o, ) is approzimated by the sequence
((&m(tk)), (Bm(tk))>m€N, k =0,n, m < n on the knots (7), by the successive ap-
prozimations method (4) combined with the trapezoidal rule (5), then the following

error estimation holds:
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5 (t —to)? 3 Mo
tg) = Bm(te)| < ————=—= |t —to)" °L™ — —= |,
Blt) = Bm(t)] < 1—(t—to)L (t —10) lloo = atllepee ) + 15,2 (13)
m=12..,k=0,n
Proof. We have
laty) —am(tr)] = |o(te) — am(te) + cm(tr) — am ()] <

< a(ty) — am(te)] + |am () — &m (tx)]

which, by virtue of formula (10) and (11), can also be written

(t —to)’M; (t — to)™ L™
< _
| = 1212 [1 _ (t . to)L} 1 — (t _ to)L HOZO alHC[tmb]

lou(tr) — am (tr)

and, from here, it results immediately (12) and analogue (13). The theorem is proved.

O

1
Remark 2. For L < ; the errors from Theorem 3 converges.

—to
4. Example

Consider the following Lotka-Volterra-type predator-prey system with two

delays 71 and 7o:

,t>0
y'(t) =y(t) +x(t —2) —y(t = 5)
with initial condition
xz(t) =1, t € [-2,0]
y(t) = 07 te [_570}
We apply the step method for this system:
te[0,2]
") =x(t)+1
SOREICRS R
z(0)=1
y(t)=yt)+1
=0T
y(0)=0
t € [2,4]
(@) =x(t) +x1(t —2
O=2+n-2

2(2) = 21(2)
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y'(t) = y(t) + 21t - 2)

y(@) = 1) el
t € [4,5]
O =a0) b=
2(4) = 2s(4)
V(1) = y(t) + 2t~ 2)
E— )
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