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ON SPECTRAL PROPERTIES OF SOME CHEBYSHEV-TYPE
METHODS DIMENSION VS. STRUCTURE

CALIN-IOAN GHEORGHIU

Abstract. The aim of the present paper is to analyze the non-normality
of the matrices (finite dimensional operators) which result when some
Chebyshev-type methods are used in order to solve second order differen-
tial two-point boundary value problems. We consider in turn the classical
Chebyshev-tau method as well as two variants of the Chebyshev-Galerkin
method. As measure of non-normality we use the non-normality ratio in-
troduced in a previous paper. The competition between the dimension of
matrices (the order of approximation) and their structure (the numerical
method itself) with respect to normality is the core of our study. It is ob-
served that for quasi normal matrices, i.e., non-normality ratio close to 0,
exhibiting pure real spectrum, this measure remains the unique indicator
of non-normality. In such cases the pseudospectrum tells nothing about

non-normality.

1. Introduction

With the scalar measure of non-normality introduced in our paper [1] we
try to quantify the non-normality of three Chebyshev-type methods corresponding
to differential operators involved in a second order two-point boundary value prob-
lem. To be more specific we work with Chebyshev-tau method (CT for short), a
Chebyshev-Galerkin method suggested by J. Shen (CGS for short) in his paper [7],
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and a Chebyshev-Galerkin method (CG for short) with different trial and test basis
functions analyzed in our previous papers [5], [4], [2] and [6].

In the most significant cases we also display the corresponding pseudospectra.
We want to point out the fact that, besides the pseudospectra, our scalar measure of
non-normality can be thought of as a fairly reasonable characteristic of non-normality
of square matrices. More, it has an important advantage. By use of this scalar measure

the matrices, and consequently the numerical methods, can be compared.

2. The non-normality of C T, C G S and C G methods

In order to quantify the non-normality of the first three differential opera-
tors when they are discretized using the above mentioned methods we consider the

following two-point boundary value problem:

u' +pu —Xu=f(z), u(-1)=u(l)=0. (1)

It is well known that a matrix is non-normal if it does not commute with its conjugate
transpose, i.e., A*A— AA* # 0 - the null matrix. We recall that for a square (non null)
matrix A of dimension N with complex entries, its non-normality ratio, introduced

in [1], reads as follows
e(A*A— AA*)
e(4) ’

where * stands for the conjugate transpose of A and e (A) means the Frobenius norm

H(A) :=

of A. This is indeed a scalar measure (see [1]) and it satisfies the sharp inequality
0< H(4) < 3

For the classical CT method we refer to the well known monograph Gottlieb
and Orszag [3], pp. 119-120.

For the CGS method we found out the matrices from the paper [7] P. 4.

Eventually, all the technicalities implied by CG method are available in the
report of I. S. Pop [4]. For various values of parameters p and A the non-normality
ratios are displayed in the following three tables.
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N=8 | N=64 | N=128 | N=512 | The variation
CT | 1.0254 | 0.9852 | 0.9847 | 0.9845 —
CG | 0.3958 | 0.2220 | 0.1616 | 0.0825 Ny
CGS | 0.2926 | 0.1238 | 0.0891 | 0.0452 AV

Table 1: The non-normality ratios for mu=0. and lambda=0.1 in (1).

N=8 | N=64 | N=128 | N=512 | The variation
CT | 0.0510 | 0.9713 | 0.9845 | 0.9845 —
CG |0.3584 | 0.1359 | 0.0986 | 0.0728 Ny
CGS | 0.0076 | 0.0121 | 0.0200 | 0.0538 N

Table 2: The non-normality ratios for mu=0. and lambda=256"2 in (1).

N=8 | N=64 | N=128 | N=512 | The variation
CG | 0.4759 | 0.1972 | 0.1435 | 0.0796 Ny
CGS | 0.1979 | 0.0628 | 0.0538 | 0.0414 Ny

Table 3: The non-normality ratios for mu=256. and lambda=0.1 in (1).

It is well known that the non-normality of matrices is also investigated using
the notion of pseudospectrum i.e., the spectrum of the randomly perturbed matrix
with an arbitrary small quantity. Up to our knowledge a direct connection between
scalar measures of non-normality and pseudospectra does not exist.

For example, the pseudospectra reported in Figures 1 and 2 look very different
even if they correspond to matrices with close values of non-normality ratios.

While for the CG method the spectrum contains complex eigenvalues, and
the pseudospectrum underlines the spectral instability, in case of CGS method all
eigenvalues are pure real and the spectral instability is almost absent. Thus, in spite
of the fact that a matrix is non-normal, its pseudospectrum does not perceive this
anomaly. In this situation we must resort to a scalar measure in order to observe the
non-normality. We also observe that the complex part of the spectrum is much more
instable than the real counterpart.
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FiGURE 1. The pseudospectrum corresponding to position 2, 4 in
Table 2

Remark 1. A Matlab code was used in order to work out the entries of Tables 1,2
and 3. The pseudospectra were depicted using a slightly modified code from the paper
of L. N. Trefethen [8].
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x 10° Pseudospectum — A-CGS method
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Rez x 10°

FiGURE 2. The pseudospectrum corresponding to position 3, 4 in

Table 2

3. Concluding remarks

First of all, it is very clear from Tables 1 and 2 that the CT method is worse
with respect to normality and its non-normality does not vary with the dimension N
of the approximation.

The most normal method seems to be CGS. Anyway, for large N the CG and
CGS methods become closer and closer. At the same time, it is quite surprising that
in the absence of the first order term (see Table 3) these methods seem to converge to
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the same value of non-normality, CG decreasing and CGS increasing for large values

of cutoff parameter N.

Finally, we have to remark that in spite of the fact that in cases considered in

Figures 1 and 2 the non-normality ratios are quite closed, the pseudospectra are in-

comparable. It seems that in such cases the information furnished by pseudospectrum

could be misleading.
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