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ON THE INVARIANCE PROPERTY
OF THE FISHER INFORMATION (II)

CRISTINA-IOANA FATU

Abstract. The objective of this paper is to give some properties for the
Fisher’s information measure when X,.., represents a bilateral truncated
random variable that corresponds to a normal random variable X with the

probability density function f(x;8), where § = (m,d?), 0 € Dy, Dy C R?,

m € R, m—known parameter, o2 € RT, o2

—unknown parameter.
1. Bilateral truncation effect of a normal distribution on Fisher’s

information

The Fisher’s invariance property will be studied in the case of a truncated
normal distribution.

Let X be a normal distribution with probability density function

f(x;m,(f?):\/;?gexp{—; <m_am)2},:c€R, (1)

where the parameters m and o have their usual significance, namely: m = E(X),

o2 =Var(X),meR, o> 0.

Definition 1. [2] We say that the random variable X has a normal distribution
truncated to the left at X = a,a € R and to the right at X = b,b € R, denoted by

Xaws, if its probability density function, denoted by fo_p(x;m,0?), has the form

ka,b) X 1<$m)2 ifa<x<b
faHb(x;m,0'2) = \/%0' ¢ p{ 2 o fa<z<b, (2)

0 if x<aorx>b,
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where

and

B(2) = Jlﬂ / exp <—t;) dt, (4)

is the standard normal distribution function.

Theorem 1. If the random variable X, has a bilateral truncated normal distribu-
tion, that is its probability distribution has the form (2), then the Fisher’s information
measure about the unknown parameter o2,then the parameter m is known, has the fol-

lowing form

(a — m)gf(a; m, 02) — (b — m)Bf(bv m, 0—2) o

Txas (7)== 4004
3 { (6= m)f i, o%) = (a = )i %) = A} .
-5 { (6 = )b m. ) (0 = ) f(asm, o) = A}Q, )
where
flasm,o®), f(bm,o%) € RY, (6)

Proof. We have

) 2
50 ) foo(xym, 0)dx.

Il
s . ®

<81n foo(x;m, 0
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Using (2) and (3), we obtain

Inf,_,(#;mo?) = —Iny2r—3lno2—InA—1(z=m)® =
b—m a
= —lnﬁ—llnﬁ—ln[CI)()_@(
2 NG
1@=m? _
2 6 -

= Inf _, (x;m,0)

and, it follows

7))

s et 12 ()] -5 2 (F)] | o-m?

=—— - +

00 20 A

Using the relations

b—m

-
0 b—m 78 1 15 B
7 2 ()] =3 |7 [ ootz -
b-m1 1 1(b—m)2
= —— — ——— X _— —_—
2 B T 2\ v
_b—ml

ﬂ\;%n
0 a—m 0 1 1 4 B
3 " (")) = 0 s [ owtge| =

a—m 1

= _Tﬁf(a'vmaa)a

it results

Olnf,_,(x;m,0) Oln I, (xsm, o) 1 (x —m)?
0 = 002 s { 2
[(b—m)f(b;m,0%) = (a —m)f(a;m, 0?)]
+ A

g
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and Fisher’s information will be written

b

ol . o2 2
IXaHb(O'z) = / ( nfaHéngamv )> fa«—w(x;ma 0_2)dx _ 40%14 {I1+
+gﬂ@—mﬁ&mm%;m—mﬁwmn%qzﬁ
+202 {(b —m)f(bm, o) ;(a —m)f(a;m,0%) 1} 13} 7

where

1 1 ?
Is = 7/@ —m)?exp{ —= (x m> dz,
2mo 2 o

a

1
I = /(x—m)4exp
2mo

{
oo

By making the change of variables

and, if we consider the formula for integration by parts

B B

/udv:uv | —/vdu,

[e3 [0

Ig:A:(I)(b_m>—<I><a_m>7
o o

Iy = —o® {[(b = m) [(b;m,0®) — (a —m)f(a;m,0®)] — A},

it results

I == [(b—m)®f(b;m,0°) — (a — m)*f(a;m,0%)] —

— 30* [(b —m)f(b;m,o?) — (a —m)f(a;m, 02)} + 30t A.

Using the final values of the integrals I, I3 and I, we obtain (8).
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ON THE INVARIANCE PROPERTY OF THE FISHER INFORMATION (II)
2. Invariance of the Fisher information
Corollary 1. Ifa=m — o, b=m + o, then
C(m—o,m+ o) 1(m—m>2
expi ——
2mo 2 o

2
m—oe—m+o L, M,0" ) = . 7
f +al ) ifm—o<e<mio (7)

Oif c<m—oorz>m+o,

where

Cim—o,m+o) = ~ 2,93 (8)

20(1) — 1

and the Fisher’s information measure, relative to the unknown parameter o2, has the

value

Ix, i (0%) = 0,031x(0?). (9)
Proof. Using (8), we obtain
-2
I 0'2 = —
Xuncoemse (7)) = G e (1) 1]
_3{ 2 _%_
4ot | V2me[29(1) — 1]

_4;4{%[2;1)—11 _1}2:

1
A V2me[®(1) — 0,5

N ( 27Te[<I>(11) ~0,5 1)2} -

0,03
204"

}-i-

1
=~ {~3+2.86+0,08} =
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Corollary 2. (Invariance of the Fisher information - the first form) If a = m,
b=m+o0 orifa=m—o, b=m, then
C(m,m+ o) 1(:v—m>2
S T expd —=
V2mo 2 o

2
momdio(T;m,o”) = ) 10
f +ol ) ifm<z<mio (10)

0if x <morax>m+o,

and
C(m —o,m) 1(1:m>2
S expl —=
) V2mo 2 o
m—o«m s 5 - . 11
f (z;3m,07) ifm—o<e<m, (11)
0Oif x<m-—oorz>m,
where
Clmmto)=——  — —Cm—oym)= 1 _x203 (12
T = m —a) TP TR0 —e(-) 7

and the Fisher’s information measures relative to the unknown parameter o has the

same value, namely

Iqu—»m+rf (02) = IXm—o‘f—»nL (02) = o = IXm—zﬂ—»m+a (02) (13)

Remark 1. If we consider the normal variable
Y=X-—-m, (14)

then E(Y) =0, Var(Y) = Var(X) = 0% and the probability density function has the
form

! 67211722 yeR (15)
V2ro o ‘

In this case, the random variable Y, has a bilateral truncated normal distribution:

fY(%Uz) =

Colad) —2% .
e 2.7 jfa<y<b

fa<—>b(y;02) = mo (16)
0 ify<aory>b,

where
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Using (8), the Fisher’s information measure, Iy,_,(c?) relative to the unknown pa-

rameter a2, can be written like

_ adfy (a;02) — b3 fy (b; 02)

I %) = —
YaHb(U ) 40600
3 [biv(Bo?) —afv(wo® ]
40 CO
1 [bfy(b;0?) — afy(a;0? 2
- —1] . 1
40’4 |: Co ( 8)
Corollary 3. (Invariance of the Fisher information - the second form)
Ix o (0%) = Ixp i (0°) = Ixp o (0%) = I, (07) &
0,03
~ 2 = 0,03Ix(c?). (19)
20

Theorem 2. (Invariance of the Fisher information - the third form) If a = m — ko,
b=m+ ko, or a = —ko, b = ko, then the probability density function, denoted by
facv(x;m, 0?), in(2), has the form
C(m — ko,m + ko) 1 (z—m\>
e (50
St omko (2, 0%) = if m—ko <z <m+ko, (20)

0if x <m—ko orxz>m+ ko,

or the form
—ko,k 1 2
Mexp{ (§> } if —ko<ux<ko,
fkooko(T3m,0%) = V2o 2 \o
0if v < —ko or x> ko,

(21)

where

C(m — ko,m + ko) = C(—ko, ko) = 1,k‘€N*. (22)

1
20(k) —
The Fisher’s information measures, relative to the unknown parameter o2, have the

same values

1 (k3 + 3k)
IXm—kaH"H»kU (02) = IX*k”HkG (0-2) - _@ {_3 + 2 E[Q(k) O 5]
e 2 - Y

2
+ ( k2 i 1) ke N*. (23)
2re’s [®(k) — 0, 5]
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Proof. Indeed, using the relations (2), (3) as well as the Theorem 1 and the Corollary

3, we obtain just the above value. O

Corollary 4. (Invariance of the Fisher information - extended form)

IX'mA—»m+ko (02) = I—mekcw—»m (02) = Imeleerkg (02) = Ikam—um (02) =

2
1 k3 + 3k k
=2y 3t (kz 3% + 2 —1] ¢ keN.
4o ome’s [O(k) — 0, 5] ome's [(k) — 0, 5]

(24)
Remark 2. Using Theorem 2 we obtain :
a) for k=1, from (23) it results (19).
b) for k =2, from (23) it results
IX7n720<—>7n+20 (02) = Iszquu (02) =
- {9+ - "
4ot V2me2[®(2) — 0, 5)
3 2
+ -1 ~ 25
<\/27762[q>(2) —0,5] ) } (25)
~ fi(73+1 6+ 0,60) =
~ 40_4 ) ) -
0,40
=57 = 0,407x (o). (26)
¢) for k =3 we obtain
IXm73a<—»m+3a (02) =1Ix 5,05, (02) =
e {3 % ¥
40 V2meet[®(3) — 0, 5]
9 2
+ -1 R 27
<\/27T€€4[(I)(3) —0,5] > } 27)
1 0,86
~——(=34+0,33+0,95) = —— =0,86Ix(c?). (28)
40t 204
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Conclusion 1. The invariance properties of the Fisher information, relative to the
unknown parameter o2, take place then when the normal variable X is truncated on

intervals of the forms:
[m — ko, m + ko|, [m,m + ko|, [m — ko, m], [—ko, ko], k € N*. (29)
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