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HOLDER ESTIMATES OF HIGHER ORDER DERIVATIVES
FOR EVOLUTIONARY MONGE-AMPERE EQUATION
ON A RIEMANNIAN MANIFOLD

N. RATINER

Abstract. Let (V,g) be a compact Riemannian manifold. For u € C?(V)
we consider the form g;; + V;;ju. If the form is positive definite, it gives
a new metric on V. The Monge-Ampére operator on V is the quotient of
determinants: M (u) = |gi; + Vijul/|gi;|. The paper deals with the Cauchy
problem for the evolutionary Monge-Ampére type equation:

—% +1In M(u) = f(t,z,u), (t,x)€[0,T]xV,

u(0, ) = uo(x).
Holder estimates for higher order derivatives u; and V;;u of a solution u

are proved.

1. Introduction

The paper deals with the apriory estimates of solutions of the Cauchy prob-
lem for the evolutionary Monge-Ampére type equation on Riemannian manifolds and
continues [1],[2].

Let (V,g) be a smooth compact Riemannian manifold, dimV = m. We
consider the Levi-Civita connection on V', it defines the covariant differentiation on
V. The Levi-Civita connection is the unique symmetric connection with vanishing
torsion tensor, for which the covariant derivative of the metric tensor is zero. Let

z',...,2™ be a local coordinate system on V, and 0y, ...,0,,, where 0 = %, be
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N. RATINER

the corresponding basic vector fields. Suppose u(z) is a function on V at least twice
continuously differentiable. By V,u = Vg, u we denote the covariant derivative, and
Viju = V;(V;u) second order covariant derivative. Let (g;;(x)) be the matrix of the
metric g in a local coordinates. We consider the form g, with matrix g;;(x) + V;ju(x)
in the local coordinate system. A function u(x) is said to be admissible provided
the form g,, is positive definite. An admissible function gives a new metric on V.

By |g:5| and |g;| we denote determinants of metrics. The quotient M (u)(z) =
l93(x)|/|9:j(x)| is a positive function on V. We call u — M (u) the Monge-Ampere
type operator by analogy with the classical Monge-Ampére operator. The distinc-
tion between M (u) and the classical operator is the following. The classical operator
is the Hesse matrix of a function u, but M (u) contains sum of the matrix (g;;) and
Hesse matrix. The classical operator is defined on the convex set of symmetric positive
definite matrix, for M (u) we shall consider a bundle with convex fibres.

We consider the product [0, 7] x V with the same metric g and connection V
for each ¢ € [0,t]. Let u(¢,x) be at least twice continuously differentiable function on
[0, T] x V with respect to spatial variables. The function u(t, z) is said to be admissible
provided the form gi%(t) = gi; + Viju(t,-) is positive definite for all ¢ € [0,1]. An
admissible function u(t, ) defines the family of metrics g*(¢), ¢ € [0,1] on V. Applying
M to u(t,z), we obtain the function M (u)(t,z) depending on two variables.

We consider the evolutionary equation

_% +InM(u) = f(t,z,u), (t,z) €[0,T] x V, (1)

with initial condition:
u(0,x) = up(x). (2)
The stationary equation with M (u) arises in some geometrical problem. For
example, the condition that describes Einstein-Kéhler manifolds is proportionality of
the Ricci tensor and the metric tensor, it was first proposed by Einstein as the equation
of the gravity field in vacuum. The question of existence of Einstein-Kahler metric
leads to the stationary Monge-Ampére type equation. The proof of the famous Calabi
conjecture, which asserts that every form representing the first Chern class is the Ricci
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form of some Kéhler metric, proved in 1976 by S.T.Yau and T.Aubin independently,
is based on the existence theorem for stationary Monge-Ampére equation (see [3], [4],
[5],[6] for more details).

Evolutionary equations with classical Monge-Ampére operator on a bounded
domain in the n-dimensional space arise in the problem of deformation of a hyper-
surface with rapid controlled by the mean curvature. Papers of many authors are de-
voted to the last problem, e.g. papers of N.Uraltseva, V.Oliker, N.Ivochkina, K.Tso,
G.Huisken and others.

The aim of the paper is the Holder constant estimates for the higher order
derivatives for solutions of (1-2). In the proof we use the following estimates obtained
in [1],[2].

Theorem 1. ([1], th.1) Let u(t,z) be an admissible function and belong to
C ([0,T],C?*(V)). By D denote the diameter of V. Then we have

max |Vyu| <2D.
[0,t]xV

Theorem 2. ([1], th.2) Suppose u(t,x) is an admissible solution of (1)-(2) and be-
longs C ([0,T],C*(V))NC* ([0, T],C*(V)) N C?([0,T),C(V)). Let the right hand
side f(t,x,u)of equation (1) be bounded and have bounded first order partial deriva-
tives, fu(t,x,u) >8>0 on[0,T] x V x RL. Then

lug(x,t)| < My,

where My depends on the diameter D, metric g, ||uollcr vy, | fllcr vy, and .

As usual we denote by (g;;) elements of matrix g in a local coordinates, (g*/)
elements of inverse matrix, also we denote by (g;4) elements of matrix g, and (gi/)
elements of corresponding inverse matrix.

Theorem 3. Let u(t,z) be an admissible solution of (1)-(2) and belong

C ([0, T],c*(V))NC* ([0,T],C*(V)) N C%([0,T],C(V)). Suppose the right

hand side f(t,z,u) is bounded and has bounded partial derivatives up to the second
order, fu(t,m,u) > &6 > 0 on [0,T] x V x R'. Then all metrics generated by the
solution u(t,x) of (1)-(2) are uniformly equivalent, i.e. there are positive constants
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c1, ca, depending on the diameter D, metric tensor g, curvature tensor of V, || f|lc2(v),

3, lluollc2(vy, and independent on (t,x) such that

19556 < g€’ < g6 (3)
1/e298i8; < 9] i€ < 1/e1g7 &8 (4)

for all £ = (&1,...,&n) € R™.
Theorem 4. Let u(t,x) be a solution of (1-2) and belong to C ([0,T],C*(V)) N
C' ([0, T],C*(V)) N C?([0,T],C(V)). Under the assumptions of theorem 3 we have

0<m—-—Au<K,
where K depends on the same values as c1,cy in theorem 3.

2. Some properties of the operator M (u)

Let us consider the set of all square matrix of order m, we identify it with
R™. Denote by S € R™ the subset of symmetric positive definite matrix. S is open
and convex. Write a = (a;;) for elements of S.

Let us cover V' by finite number of local charts (Q, ¢x)7_; and choose open
sets ., Q) C Qy, such that ¢ (Q)) convex in R™ and kLijl Q) = V. Fix an index k,
we shall proceed throughout ), in the local coordinates of chart (Qx, ¢r).

Fix x € Qf, then g(z) € S. Denote by S, the following subset in R™:
Se={a € R™ | g(x) +a = (g;(z) +ai;) € S}.

We consider the fibre bundle 7: S — Q} with fibre 77!(2) = S, and total space
S= U S

zeQ)
Fibres of the bundle 7w are open convex subset in R™ and every fibre is

homeomorphic to S. The bundle 7 is trivializable, i.e. there is a homeomorphism

©: S — Q} x S such that the following diagram is commutative:
S = Q. xS
T N\ S P )
2
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where p;: Q) x S — Q) is the projection on the first factor, p;(r,a) = z.

Indeed, we put ¢(z,a) = (x,a + g(z)). The map ¢ is one-to-one:

1. if (z1,a1 + g(z1)) = (22,02 + g(x2)), then z1 = x5 and a1 + g(z1) =
ag +g(x1) = a1 =as.

2. if (x,0) € ), x S, then p(z,b— g(x)) = (z,b — g(x) + g(x)) = (z,b).
The map ¢ is continuous due to continuity of g, the inverse map ¢~(z,b) = (z,b —
g(z)) is also continuous .

Together with 7: S — Q}, we consider the bundle 7: [0,7] x S — [0,T] x Q}
whose fibre over (¢, z) coincides with the fibre S, of m over z: 7~ 1(¢,2) = 7= 1(x) = S,.
By S = [0,7] x S we denote the total space of the bundle 7.

On the bundle S we consider the following function F': S — R!:

lg(z) + a

lg(x)|

We extend F identically to S: F(t,z,a) = F(x,a). It is easily seen that the restric-

F(z,a) =In

tion F to a fibre S, of the bundles S and S is a convex function of m? variables.

Indeed, % = ¢ where g% is an element of the inverse matrix (g(x)+a)~!. Then
2 ; . 2 ; . . .
m = —gi*g ([1], lemma 1). Thus %gij&cl = —gikgligij€ s a negative

definite form, i.e. the function F|g, is a convex function of m? variables.
Let A: [0,T] x Q) — S, A(t,z) = (t,z,\(t,z)), AM(t,z) € Sq, be a continuous
section of the bundle 7. Assume that there are exist positive constants ¢y, co such

that
c1l€]? < (gij(x) + Aij (1, 2))6°¢7 < eal€]? (5)
for all (t,x) € [0,T] x Q.
We consider the superposition

l9(a) + A(t,2)]

F(z,\(t,z)) =1n el

Denote by
p(z1,22) = |t = 7["% + |z — y| (6)

the parabolic distance between points z1 = (¢,z), 22 = (1,y) € [0,T] x Q.
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Lemma 1. Suppose the metric g and section A;j are C*T. Let Mg be the mazimal

Holder constant for \;j. Then
[F (2, A(21)) = F(y, A(22))| < N1p®(21, 22) + Na|z — |,

for all z1 = (t,x),z2 = (r,y) € [0,T] x Q) with constant N; depending on
c1,m, ||gllcz+a, MY and constant Ny depending on m, ||g||cz+a.
Proof.

F(z,A(t,z)) — F(y, A(7,9)) = In lg(@)+ A2 3y 9@+ TY)] _

l9()] 9] )
= [Infg(z) + A(t, 2)| — In|g(y) + A7, y)[] + [0 [g(y)| — In|g(z)[].

We start with the first term. For all § € [0,1] the form gg = 0[g(z) + A(t,z)] + (1 —

N]g(y) + A(7,y)] is positive definite. Let us consider the function () = In|gg|. We
have

1

ij d ij
=94 190l =7 (90)i5 = 9¢ [9:5 () — 95 (y) + Nij (£, 2) — i (7, 9)],
g0 do

©'(0) =

where (gg);; are elements of matrix gg, géj are elements of the inverse matrix. Then

1

Infg(z) + A(t, 2)| —Infg(y) + AT, y)| = (1) {s& .
- Zdij[gij(x) = 9i;(y) + Xij (@) — Aij (7, 9)],
where
d7 = [ g7 ae. (9)
O/ ;

Since matrices g(z) + A(t, z) satisfy condition (5), then the matrix gy satisfies (5) as

well, and for elements of the inverse matrix we have
2 Lo
*|£‘ <9 515] < *|£| .
¢
Integrating the above inequality with respect to 8 from 0 to 1 we get

1 . 1
a|§|2 <dY¢ < ?|§|2 (10)
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Then
Infg(z) + A(t, )| — In[g(y) + A(7,y)| <
< 2 1dY[(19i5(x) = gij ()] + [Nij (t, 2) — N (7, 9)]) < (11)

2
< & (Mg a = yl® + MR p(ar, 22)%) < (Mg + MR)p (21, 22),

)

where M is the maximal Holder constant for g;;.
To obtain estimate for the second term we denote for a while g(z) = a,

g(y) = b and consider In |s| as a function of m? variables s = (s;;) € S.

[Ina| — 1n|b||<z (ta+ (1 —t)b)|bi; — asjl.
01] 0sij

. . Oln | i
Since for any matrix s = (s;;) we have T;‘?' = 5%, then
ij

|n |a| — 1n|b|\<z sup (ta + (1 —t)b)7|bi; — ag].
t€[0,1]
ij

Put G = {g(z),z € O} and let c6 G be its convex hull. Let M, be the bound for

elements of matrices that are inverse to matrices from ¢o G. Then
|In[g(x)] —In|g(y)|| < MyMgm?|z —y|*. (12)
Combining (11) - (12) we obtain the estimate that we need. O

We shall use equality (8) ones more to obtain the following:

Lemma 2. Under the assumptions of lemma 1 we have

DAYt 7) = Ay (r9)] = Fa Mt,2)) = F(y, M7 ) + Fi(,y),

j
where d¥ are given by (9) and Fy(x,y) satisfies Holder condition

|Fy(z,y)| < Mglz —y|*

with My = Mg (1/er + My)m?
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Proof. From (8) and(7) we have:
%: d7[Nij(t,2) = Aij (T, y)] =
In [g(x) + A(t, )| — In|g(y) + A(7,9)| + ZJ d]gi; (y) — gi(x)] =
F(z,A(t,z)) — F(y, M7,y)) + [In|g(z)| — In|g(y)|] +
Ej: d7[gi; (y) — gi(x)]-
Consider Fi(z,y) = [ln|g(@)] ~1nlg(v)]]+ 3 di9(gi;(y) — gi;(x)]. Tnequalities (10) and
(12) give

(13)

|Fu(w,y)] < Mg (1)1 + Mg)m?|z — y|* (14)

3. Holder Estimate for u;

Theorem 5. Let u(t,x) be a solution of (1-2) from the space C ([0,T],C*(V))N
C' ([0,7],C*(V))NC*([0,T),C(V)). Assume that the right hand side f(t,z,u)
bounded and has bounded derivatives up to the second order, f,(t,z,u) > § > 0
on [0,T] x V x RL. Let ug be an admissible function from C***(V). Then

us(21) = wi(22)] < NpP(21, 22) (15)

with some power B € (0,a] depending on dimension m and constants ci, co from

theorem 3. The constant N depends on 3, m, ¢1 ca, D, g, ||uo|cz+a, || fllcz, and on

d.

Proof. Fix a number pg, 0 < pg < 1/2, we begin with estimate for u; on the cylinder
[po, T] x V.

Suppose that the manifold V' is covered by charts (€, ¢x) whose images coin-
cide with B;(0), where B,.(0) is the ball in the Euclidean space R™ of radius r centered
at the origin, and preimages € of balls B; /5(0) cover V as well. Differentiating (1)
in ¢t within local coordinates of chart €2, we have:

ou
_677; + ggﬁvaﬁut = ft + fuut
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Write v = u;. We have got a linear equation with respect to v:
Lv = ft7 (16)

where
L=-0/0t+ g*Vup — fu

is a uniformly parabolic operator due to theorem 3.

By @ and @, we denote cylinders Q = (0,T") x B1(0), Q, = (p,T) x By,2(0)
in R™*!. By 0'Q denote the parabolic boundary of the cylinder Q: 0'Q =
({0} x B1(0)) U ((0,T) x dB1(0)). Let p(z,2") be the parabolic distance (6) between

points z = (t,x), 2’ = (t/,2'), for a point 2z € Q we write
p(z) =inf{p(z,2"),2" = (t',2') € 0Q,t' < t}, (17)

p(z) is said to be the parabolic distance from z to the boundary of Q.

Note that inf{p(z),z € Q,,} = po.

For a solution v = wu; of uniformly parabolic equation (16) there is the fol-
lowing Holder estimate ([7],theorem IV.2.7, p.120): for z; = (z1,t1), 22 = (x2,t2),

21,22 € ona
|ue(21) — we(22)| < N(Slclgp ue] + 1 Luill L, 0 @))P7 (21, 22)

with some power v € (0,1), depending on m and constants ¢1, ¢z from theorem 3.
The constant N depends on m, ¢; ¢o as well, and extra on sup |f,| and distance pg
from the parabolic boundary.

Using the estimate of |u;| (theorem 2) and the equality Lu; = f, we get
lug(21) — ui(22)| < Nip¥(21, 22) (18)

with N7 depending on m, ¢y, ¢, 9, pg, D, metric tensor g, initial function wug, right
hand side f, and their derivatives up to the second order.

Before getting an estimate of v = u; for small ¢ € (0, po), let us consider the
case t = 0.
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If t = 0, then from equation (1) and initial condition (2) we have
ue(0,2) = In M(u)(0,2) — £(0, 2, ). (19)

The initial function ug € C?T*(V) defines the continuous section Ag: Q) — S
of the bundle 7: S — ) as follows: A¢(z) = (2, Vijug(z)). For the section Ay we
have constants ¢; and ¢y in (5) are equal to the minimal and maximal eigenvalues
of matrices (g;;(x) + Vijuo(x)) and depend on the initial metric g and second order
derivatives of the initial function.

Application of lemma 1 gives
| In M (uo)(z) — In M (uo)(y)| < (N1 + Na)lw —y[*,

where N = N7 + Ny depends on m, ||g||c2+a, ||uo]| c2+a-

On the other hand,

|f(07xau0($)) - f(07y7u0(y))| =
|7 250,00+ (1= 0)y, Bu(w) + (1 = B)uo(y)) (' — y')+

fu(0,0z1 + (1 = 0)z2, Oug (1) + (1 — O)ug(w2))(uo(21) — uo(2))| <

of
Ox?

dug

sup |z — y| +sup | fu| sup | gez| |z — y].

Thus from (19) we have
|ut (0, 2) — ue (0, 9)| < Nolz —y|,

where a is the Holder power of ug and Ny depends on m, ||g||c2+e, ||uo|| g2+, and first
order derivatives of f.

To estimate u; on the cylinder (0,p9) x V we use another theorem ([7],th.
1V.4.5, p.142). Choose a covering (Q, @) of V such that images of € in the space
R™ coincide with balls of radius = 3v/2 centered at (3,0,...,0) € R™ and preimages
QO of sets {(21,...,2m) 1 1/2 <21 <2,|2;) <1,i=2,--- ,m} cover V as well. Then
we apply the theorem mentioned above to uniformly parabolic equation (16). It claims
existence of a constant 4o € (0, 1), 0 < «, depending on m, ¢; ¢ such that for every

7 € (0,40] we have the following estimate

u(z1) — w(z2)| < p7 (21, 22) (M5 + My + Myg~ )N (20)
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with constant N depending on «, m, ¢1, c2, sup | f,|, where Mj is the Holder constant
for u:(0,2) on the lower base ¢ = 0, which corresponds to the power 4, My is the
bound for the right hand side f; of equation (16), M; is a constant from theorem 2,
and ¢ = 1/2 due to the choice of charts.

Then inequalities (18) and (20) give the estimate that we need on the hole
cylinder [0,T] x V with power § = min{~,7}. O

4. Holder Estimates for V;;u

Theorem 6. Let u(t,z) be a solution of (1-2) from the space C ([0,T],C*(V))
N C* ([0, T],C*V))NC?([0,T],C(V)). Assume that the right hand side
f(t,xz,u) is bounded and has bounded derivatives up to the second order, f,(t,xz,u) >

>0 on[0,T] x V x R. Suppose that ug is an admissible function and belongs to
C?*T(V). Then

[Viju(z1) = Viju(za)| < Np (21, 2) (21)
with some power B € (0, a] depending on m and constants c1, co from theorem 3. The

constant N depends on (3, m, ¢ ca, diameter D, metric g, ||uol|cz+e, ||fllcz, and §.

Proof. Suppose that V is covered by local charts in the same way as in the proof of
theorem 5. Let z = (¢,2) be a fixed point in (0,7] x ¢r(Q). Let v be an arbitrary

direction in the model space. Differentiating (1) with respect to v, we have:

0
—avvu + gffﬁvw,gu = fy+ fuVyu.

Differentiating once more, we get

_%VWU +v7(936)vvaﬂu + ggﬁvwaﬂu =
= v"/(f’Y) + vﬁ(fu)vvu + fuv'y'yu-

Write w = V,,u, then

—w; — g2* gV uV apu + 9PV apw + E
= foy + 2fury Vou + fuu(Vyu)? + fuw,
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where E = ¢2%(Vya5t — Vagyyu). Commutation formulas for forth order covari-
ant derivatives, which contain coefficients of the curvature tensor and second order

covariant derivatives, imply the following estimate ([5], lemma 2):
|E| < [a(m — Au) + blga" gau + ¢, (23)

where a, b, ¢ are positive constants, depending on diameter and curvature tensor of
V. Using the estimate of (m — Au) (theorem 2) and uniformly equivalence of metrics
gu (theorem 3), we obtain
|E| < ;llw( +0)gM gau + e = lewK +oym+ ¢ M.

Let u(t,z) be a solution of (1-2). Denote by L the linear differential operator Lw =
—w; + g2B Vasw — fyw. Coefficients g%% at higher order derivatives continuous if the
solution u(t, z) has continuous derivatives with respect to spatial variables up to the
second order. The second term in (22) nonnegative since F is convex. Therefore we

get the following linear differential inequality :
Lw > —E + foy + 2fury Vot + fuu(Vau)?.

Second order derivatives of the right hand side f are bounded, and we have

the estimate |V,u| < 2D, thus we obtain the inequality
Lw > — Ky, (24)

with a constant K; > 0 depends on diameter and curvature tensor of V, and on
1 le-

We are going to use Holder estimates for solutions of a system of uniformly
parabolic inequalities ([7]), but we need one more inequality. It will be obtained
separately for interior points and for points near the base {0} x V of cylinder. Fix a
number pg, 0 < po < 1/2, and choose cylinders @ and @, as in theorem 5.

Each solution u(t, z) of (1) is an admissible function and determine the con-

tinuous solution A, of the bundle S:

Ayt ) = (2, Au(t,2)) = (¢, 2, Viju(t, x)).
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The above section satisfies condition (5) (theorem 3) with ¢y, ¢2 depending on diameter

of V, metric g, curvature tensor, ||f|lcz2, d, and ||ug||c2. Lemma 2 implies

> d9[Viult, ) = Viju(r,y)] = F(@, \u(t,2)) = F(y, \u(7,9)) + Fi(@,y),  (25)
ij
where Fi(z,y) satisfies Holder’s condition with power o and Hélder’s constant M, g =
Mg (1/ey + Mg)m?. In (25) we have
F(z, A\y(t,2)) = F(z, Viu(t,z)) = In M(u)(t, x), (26)
Let us write equation (1) at points z = (¢, ), 2 = (T,y) € Qp,:

—ue(t, ) + In M (u)(t,x) = f(t, 2, u(t, z)),

—Ut (T7 y) + In M(U’) (T’ y) = f(T7 Y, U(T7 y))
Subtracting yields:

In M(u)(tv {E) —In M(u) (7—7 y) =
[ut(t’ ‘T) - ut(Tv y)] + [f<t7 Z, ’U/(t7 .’IJ)) - f(Ta Y, U(T, y)]
Then using the Holder estimate for u; (theorem 5), mean value theorem for f(¢,z,u)

regarded as a function of three variables, and estimates from theorems 1, 2, we get

[ In M (u)(t,z) — In M (u)(7,y)| < |ue(t, z) — ue(7, y)|+
[f(t, 2, u(t, x) = f(r,y,u(r,y)| < NpP(21, 22)+

sup [ fe|[t — 7| +sup [Vo fllz — y| + sup | ful [u(t, z) — u(r, y)| <
Nip(z1,22),

(27)

with 3 is Holder’s power for us; Ny depends on 3, m, ¢ ca, D, g, ||uollcz+e, || fllc2,
and J.
Therefore from (25), (26), and (27) we have
> d7(Viju(t,z) — Viu(r,y)) <
i ) (28)
Nip®(z1,22) + M|z — y|* < Nop® (21, 22).
where N depends on the same values as N7 and Holder’s constant of coefficients of
g.
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Now we use lemma from [7]( p.212, lemma V.5.4)(see also [8], lemma 5.2, for
another wording). It claims that for all positive definite matrices (a;;) satisfying the
condition

dilé]? < ai;&85 < dol€f?, (29)
there exists a natural number n, unit vectors v1,- -+ , v, and d € (0,1), depending on
m, dy, do, such that the following inequality holds

n n
aijuiy > d Y () = 3da Y (tyy,) -, (30)
i=1 i=1
where u., denotes the derivative in the direction of vector 7; and ¢; = max{0,c},
c— = max{0, —c}.

The above claim contains partial derivatives, but it is true for covariant
derivatives due to linearity of the covariant derivative with respect to subscript vec-
tor field. Indeed, inequality (30) is based on presentation of a matrix A = (a;;)

n
in the foom A = Y 3;(A)y; ® 7, which implies presentation of a linear oper-
i=1

n

ator: Lu = tr(A - D?u) = Y B;(A)F Viu. Here vf4/Viyu = V,,,u. In-
i=1

deed, let v be a direction, v = =0k, where 7, are constant coefficients. Then

Viu = Vi oitodymontt = > Vet and Vy,u = V(O yeur) = D 7%V, (Vi) =
% k %
> 1 Vi(View) = > e Viu = 3 v Viu.
kol kol Kl
Applying (28) to d¥V,;u(t,z) and d¥V,;;(—u(r,y)), and note that (—c); =

c—, (=)= = ¢y we get:
> d9(Viju(t,z) — Viju(r,y)) >
d ;((v’vi%u(tv :L') - v’ﬁ%‘u(’rv y)))+ - % Z;:Ll((v’ﬁ’ﬁu(tv :L') - v'}’i’Yiu(T) y)))*'

Write w; = V.,~,u. The above inequality together with (28) imply:

22400 (21, 29) >
dc = n (31)
Tl ;(wz(tax) - wz(T> y))+ - ;(wz(t7x) - wl(T) y))*

Therefore, for every point z = (¢, x) in the fixed local chart we have uniformly
parabolic inequality (24) and for all z = (t,z),2’ = (7,y) € Q,, inequality (31). Put

104



HOLDER ESTIMATES FOR MONGE-AMPERE EQUATION

Ky = max{Kj, Nac1/3}, then we shall consider the same constant K5 in the right
hand sides of both inequalities (24), (31).

Now we are ready to use theorem [7](. IV.3.1, .122), which gives Hélder
estimates for solutions of system of linear parabolic inequalities. In this theorem we
take fi(r) = r and v = a = 3, where § is the Hélder power for u; (theorem 5).
The theorem mentioned above claims existence of power 5y € (0,1), depending on
n,d,m,c1, ¢z, such that for all &/ < min{fy, S} and all 21,22 € Q,, the following

inequality holds

D _lwiler) —wilea) < 577 (1, 20)N (Kb + 3 _suplwd), - (32)
i=1 1=1
where p = min{p(z1), p(22),1} and p(z) is the parabolic distance from z to the bound-
ary Qp, (evidently p > pg). The constant N depends on the same values as [y and
extra on sup | fyl, 5.

Thus substituting pg for g in denominator and 1 for p in numerator we get

the estimate on [pg,T] x V:
D wilz1) = wilza) < po % (21, 22) V1, (33)
i=1

with N7 depending on diameter, ||g||co+a, curvature tensor, || f||cz, J, ||uol|cz+« and
0B, where 3 is the Holder power for uy.

To obtain the estimate on [0,p9) x V' we use ([7], theorem IV.5.1, p.147).
Proceeding in the same way as in theorem 5 we cover V with charts (£, px) such
that images of € in the space R™ coincide with balls of radius r = 3v/2 centered
at (3,0,...,0) € R™ and preimages Q}, of sets {(1,...,2m) : 1/2 < 21 < 2,|54] <
1,4 = 2,--- ,m} cover V as well. Then the theorem mentioned above claims that
inequalities (24) and (31) imply existence of a constant 4y € (0,1), depending on
n,m, c1, ca,d, such that for every 4 € (0, min{4o, 5}] the following inequality holds

n

Z lwi(21) — wi(22)] < p7 (21, 22) (M5 + Ko + Mg~ )N (34)
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with N depending on n, m, ¢, ca, sup|ful, v, B, where Mj is the largest Holder

constant of V,,,,uo with power 4, M = sup V,,,,u, and ¢ = 1/2 due to the choice of

charts. O
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