STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume XLIX, Number 4, December 2004

A NEW DIFFERENTIAL INEQUALITY II

GHEORGHE OROS, GEORGIA IRINA OROS, ADRIANA CATAS

Abstract. We find conditions on the complex-valued functions A and B,
in the unit disc U such that the differential inequality

Re[A(2)p*(2) + B(2)p(2) — a2 (2))™" + B(zp/ (2)*F ' =

(20 (2))** 7% + 8(2p' (2))* 72 4] > 0

2%k
implies Rep(z) > 0, where o, 8,7,5 > 0, n < og;k +
5n2k73

W,peH[l,n] and ke Nk > 2

2k—1 2k—2
n n
S + D +

1. Introduction and preliminaries

We let H[U] denote the class of holomorphic functions in the unit disc

U={zeC: |z|<1}.

For a € C and n € N* we let

Hla,n] = {f € H[U], f(2)=a+a2" + an—i—lzn+1 + ..., z €U}

and

with A4; = A.

flz) =2+ an+12n+1 + an+22"+2 +..,2€U}

In order to prove the new results we shall use the following lemma, which is
a particular form of Theorem 2.3.i[1,p.35].

Lemma A. [1,p.35] Let 1 : C*> x U — C a function which satisfies

Re (pi, 0;2) <0,
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where p,o € R, ag—%(l—i—pQ) zeU and n>1.
If p € H[1,n] and

Re ¢ (p(2),2p'(2);2) >0

then
Rep(z) > 0.
2. Main results
2k 2k—1 2k—2 2%k—3
Theorem 1. Let o, 3,7v,0 >0, n < O‘ng + %’;k_l + 727516_2 + 527ék_3 and

let n, k be positive integers, k > 2. Suppose that the functions A, B : U — C satisfy

) 2k 2k—1
(i)Re A(z) > —2Bok — D (o — 1)

n2k—2 2k—3
~ L (2k—2) — U 2k - 3)

(i) (tmB())” < 4 (2w + O 2k - 1)+ )

2k—2 2k—3
+ Lar (2k - 2) + %(Qk —3)+ ReA(z)> :

2% n2k—1 nk=2 52k
'(Ogék +ﬁ22k71 +722k72 + 2”21@73 -

If pe H[1,n] and
Re [A(2)p?(2) + B(2)p(2) — al(zp(2))"" + B(zp/ (2))2F 71—

—y(2p/(2))** 72+ 6(2p' (2))** 2 + ] > 0 (2)
then
Rep(z) > 0.

Proof. We let ¢ : C2 x U — C be defined by
W(p(2), 20 (2); 2) = A(2)p?(2) + B(2)p(2) — alep (2)) " +

HB(2p (2)2 71 = (20 (2))*F 7% + 8 (2 (2))* 7+ (3)
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From (2) we have
Re(p(2),2p'(2);2) > 0 for z € U.

For p,o € R satisfying o < —%(1 + p?), hence

2% n?k M2k, 2k—1 n? 1 2\2k—1
—0 S_ﬁ(l‘Fp) ;0 S—W(l-‘v—p)

2k—2 n*k 2 21N2%k—2. 2k—3 n?k—3 2\2k—3
-0 <—W(1+P) ;o <—W(1+P)

and z € U, by using (1) we obtain
Re(pi,o;z) = Re [A(2)(pi)* + B(2)pi — ac®* +

S I Pl S

= —p?Re A(2) — pIm B(2) — ao®* + Bo?* 71 — yo?* =2 1 50273 49 <

om% nZkfl
< ~PPReA() ~ pIm B(z) — S (1 ) = e (1L 2
2k—2 2k—3
yn _ on _
_22]€7_2(1+p2)2k 2 W(1+p2)2k 3 +n —

an? k-1 Bn?h=l o _
= —27(02)% ( 92k C 2%1C2k—1> (P2)2k -

2k2 5” 2k—2 2k—2 k—
(22kc 22k102k 1+22k202k 2>(2)2 BT

an2k ,377,2]671 ,yn2k72
- [( 5oF 2k + T (2k—1)+ Ey=n (2k —2)+
Sn2k—3

+ 2%7_3(% -3)+ ReA(z)) 0>+ pImB(2)+

<0.

+

an?t  fn2h-l p2ke2 gp2kes
+ + + -
o2k 92Zh—1 o2F—2 ozk—3

By using Lemma A we have that Rep(z) > 0. O

If « =0 and 8 =0, then Theorem 1 can be rewritten as follows:
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Corollary 1. Let v,6 > 0,n < 72% 5 —|— (ng + and let n, k be positive

integers, k > 2. Suppose that the functions A, B : U — C satisfy

) 2k 2k—3
()R A(z) > 10 2k~ 2) — S0 01— 3)

(i) (ImB(2))? <4< ; —(2k—2) + %(% 3)+R6A()) (5)

n2 Sn2k—3
'(7221@ 7t 2“21@ 3 =7

If pe H[1,n] and

Re [A(2)p?(2) + B(2)p(2) = 7(2p'(2))* 7% + 6(2p'(2))* 7% 4+ ) > 0 (6)
then
Rep(z) > 0.
Remarks. 1. This result from Corollary 1 was obtained in Theorem 1 from
[2].

2. For a« =0, k =2 we obtain Theorem 1 from [3].

If @« =0, then Theorem 1 can be rewritten as follows:

2k—1 2k—2 2k—3
Corollary 2. Let 8,7v,0 > 0,n < 527;,671 + ’72%,672 + 6271%73 and let n, k

be positive integers, k > 2. Suppose that the functions A, B : U — C satisfy

2k—1 2k
()Re A(z) > ~ 20 2k — 1) - Y (2 — 2)

2k—3
%(% 3)

(i) (rmB()? < 4 (O (2= 1)+ + iy 2k - 2)

5 p2k—1 n2k=2  5.2k-3
"‘%(% 3)+ReA(z ))(52219—1 + 722/c—2 + 2”2/@—3 -
If pe H[1,n] and

Re [A(2)p*(2) + B(2)p(2) + B(2p'(2))* "~
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—y(2p'(2))* 72+ 6(zp' (2)** P + 1] > 0 (8)
then
Rep(z) > 0.

If 8 =0, then Theorem 1 can be rewritten as follows.
2k—2 5 2k —

3
Corollary 3. Let a,v,6 > 0,7 < 22k —|—727;k 5 + 2%1%3 and letn, k be

positive integers, k > 2. Suppose that the functions A, B : U — C satisfy

, 2k 2k—
(i)Re A(z) > ~ S8 ok — T ok — 2) - S8 2 0k — 3)

(i) (ImB())? < 4 (Yr2h + Yo 2k - 2+ 0

2 2%k—3
+52n2k 3 (2k—3) + Re A(z ))(Ogék +’y22k ) +62nzk 3 _77)

If pe H[1,n] and

Re[A()p*(2) + B(2)p(2) — olp/ (2))" -
== (2))%7% + 82 (2))*" 7% + ] > 0 (10)
then
Rep(z) > 0.
If v+ = 0, then Theorem 1 can be rewritten as follows.

5n2k 1 Sn2k—3
Corollary 4. Leta, 3,6 >0, n < 2% + 57F=T + 57F =3 and letn, k be

positive integers, k > 2. Suppose that the functions A, B : U — C satisfy

) 2k 2k—1
(i) Re A(z) > ~ 8ok — Dok — 1) - 82 (2% - 3)

(i) (ImB())” < 4 G2+ S 20— 1)+ (1)

2k n2k—1 2k—3
+62@k 5 (2k—3) + ReA(z ))(ngk + ﬂ22k71 + 627121@—3 - 77)
If pe H[1,n] and

Re [A(2)p*(2) + B(2)p(2) — a(zp'(2))™* + B(zp'(2)) 1~
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+6(2p'(2))** 2 4] > 0 (12)
then
Rep(z) > 0.
If § = 0, then Theorem 1 can be rewritten as follows:

2k 2k—1 2k—2
Corollary 5. Let a, 8,7 > 0, n < 0427;]6 + 621;,6,1 + 727121@72 and let n, k

be positive integers, k > 2. Suppose that the functions A, B : U — C satisfy

) 2k 2k—1 2k—2
()Re A(z) > —8 ok — D o1 — 1) - W (20— 2)

. 2k 2k—1
(i4)(ImB(z))? < 4 <0¢2gk 2k + ﬁng_l (2k — 1)+ (13)
2k—2 2% 2k—1 2k—2
+ 27121@7*2 (2k—2) + ReA(Z)XOg;k + ﬁ;kq + 7221%2 - 77)

If pe H[1,n] and

Re[A(2)p*(2) + B(2)p(2) — a(=p/(2))™ + B(zp/ ()1 =

(20 (2))* 72 4+ 1] > 0 (14)
then
Rep(z) > 0.
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