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ON REVERSE HILBERT TYPE INEQUALITIES

ZHAO CHANGIJIAN, WING-SUM CHEUNG, AND MIHALY BENCZE

Abstract. In this paper we establish a new inverse inequality of Hilbert
type for a finite number of positive sequences of real numbers. The integral
analogue of the inequality are also proved. The results of this paper reduce

to that of B. G. Pachpatte.

1. Introduction

In recent years several authors(see [1], [2], [3], [4], [5], [6], [7], [8]) have given
considerable attention to Hilbert’s inequalities and Hilbert type inequalities and their
various generalizations. In particular, in 1988, B. G. Pachpatte) proved two new

(9.P-226]  These two new results can be stated

inequalities similar to Hilbert’s inequality
as follows, respectively:

Theorem A. Let {a,,} and {b,} be two nonnegative sequences of real num-
bers defined for m = 1,2,....k and n = 1,2,...,r with ag = by = 0 and let
{pm} and {g.} be two positive sequences of real numbers defined for m = 1,2,...,k
and n = 1,2,...,r, where k,r are natural numbers and define P,, = Z:n:1 ps and

Qn =11 q. Let ¢ and 1 be two real-valued nonnegative, conver and submultiplica-

tive functions defined on Ry = [0,00). Then

k r k 2 1/2
> 37 A0l < ) (32 (k1) el Toz))

m=1n=1 m
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x(i(r—n+1> (qnw(v(bn)))z)l/z, (1)

q’rl

where

=3 (£ 6 ) (BC8Y)”

= n=1

and V(am) = am — am-1, V(bp) = by — bp_1.

Theorem B. Let f € C'[[0,z),R.],g € C[[0,%), Ry] with f(0) = g(0) =0
and let p(o) and q(7) be two positive functions defined for o € [0,z) and 7 € [0,y),
and P(s) = fos p(o)do and Q(t) = fot q(T)dr for s € [0,z) and t € [0,y), where z,y

are positive real numbers. Let ¢ and 1 be as in Theorem A. Then
- </<y “ofan(55))
v 9 Ps) V20w (@) i
L(x’y):;</0 ( (P<s>)>2d8> </ ( <Q(t§>>2dt> |

and ~ denotes the derivative of a function.

1/2

=

()9 (
>1/2

where

The main purpose of this paper is to establish reverse forms of the above two

inequalities.

2. Main results

Theorem 1. Let {a;m,}(i = 1,2,...,n) be n positive sequences of real
numbers defined for m; = 1,2,...,k; with a;o = 006 = 1,2,...,n), where k;(i =
1,...,n) are the natural numbers. Let {p; m,} be n positive sequences of real numbers
defined for mi = 1,2,... k(i = 1,2,...,n). Set P, = 30" pis, (i = 1,2,...,n).
Let ¢;(i = 1,2,...,n) be n real-valued nonnegative concave, supermultiplicative and
non-decreasing functions defined on Ry = [0,400). Let ai + i =10< G <1
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and Y L o = o Sut A; pl = V(aim,) - a’ where the operator V is defined by

zm’

V(@im,) = Gim; — a@mi_l(z =1,2,...,n) and 0 < p; < 1 are real numbers. Then

agln
GRS s Ny
)REDD e
mi=l ma=1 (a >ic1 o%mz)

where

Proof. By using the following inequality(see Hardy et al. [9,P.39])

hi—1 hi hi 1
hixi,;ni (xiﬂ”i - y7’7m1) < Lim: — Yimg, < hzyz ;n (‘T%mq - yiﬂni)a

s 1T

where @ m; > 0 and y;m, > 0and 0 < h; <1(i=1,2,...,n), we obtain that

Pi

@i mi+1 affmi = pi(aivmi+1)pi_1(ai,mi+1 — Qi) = pi(a’iﬂniJrl)pi_l : v(a@mﬁrl)'

Consequently

ki—1 ki—1

pi pi —
§ : ai,lmi+1 _ai,lm k —p’L E : V a’lmri‘l zm1+1 = Di E : Azm1

m;=0 m;=0 mi;=1

Hence

Giams Z AP, (4)

s;=1

On the other hand, from the following theorem of the Arithmetic and Geo-

[9,p.17]
ﬁ pli < <Z?1 qibi ) R
- b Z?:l q; ’

where g; > 0,b; > 0, we easy get the following result

metric means

where «; < 0.
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From (4), (5) and in view of Jensen’s inequality and inverse Hoélder’s
inequality!%, we obtain that

(p

A k2

m; i,s
e (P S (55

- ¢z m,;
— Zel—l Pis;

AP
n anl_l Pis; < p::L >
Z H ¢1(Pz,m1) . ¢l Zml

i=1 sy Dis,
e ()
i=1 ios=1 i
T B M
- ﬁlwml/a i‘l <p¢ (;}m))ﬁ

i=1 a;

1/«
Dividing both sides of (6) by (a Sorod ml) and then taking the sum over m;

from 1 to k;(i =1,2,...,n) and in view of inverse Holder’s inequality, we have

bn z ld)l( )

mg:l m;l ( ZZ 1 O} mi)l/a

(P [ A\
i=1 \ m;=1 e s;=1 »Si
n k; ) . a; 1/a; ki (pz Bi 1/B:
SIS (9=)") (33 (e (52
i=1 \m;=1 L mi=1s;=1 Di,s;
n ks APi) 1/5:
:M(k1,k2,...,kn)H Z Z(Z)“Ld%( %%))
i=1 \m;=1s;=1 Di,s;
1/B:

n ki AWPi) Bi
= M(ky ko, k) [T DS (ki = mi+ 1) (pi,miqm (p”‘))
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The proof is complete.

Remark 1. Taking for 8; = ~1(i = 1,...,n) in (3), (3) changes to

S Y
(ml +...+mn) n/(n—1)

my1=1 mn,=1
n ki A(pl) (n—1)/n n/(n—1)
i=1 \m;=1 Piym;
(7)
where
B n ) —(n-1) —1/(n-1)
M(ky, ko, ... k) =n™/ (= 1H< ?i(Pim, ) > -
=1 i=1 1 ;M
Taking for n = 2 and p; = 1( = 1,2) in (7), (7) becomes
i Z (bl(al m1)¢2(a2 mg) >
mi=1mao=1 (ml + m2) 2 o
k1 V(al ) 1/2 2
= M(k17k2)< > (kl —mq + 1) <p17m1¢1(7’m)> )
my=1 1,my
L V(an.m,) ) 1/2\ 2
X (m22_1 (k’2 —ma + 1) (Pz,m2¢2(?)> > , (8)
where
Mk ko) — 4 N (¢ (Prmy )\ 2 U ¢2(Pamy)\ 1 '
( 1 2) - Zl ( P17m1 ) Zl ( P2,7n2 ) 5
m1= mo=
and

V(ai,my) = @1,my — Aimy—1, V(62,my) = G2.my — G2,mp—1-
Inequality (8) is just an reverse form of inequality (1) which was stated in
the introduction.
Theorem 2. Let fi(0;) € CY[0,x;),[0,00)],i = 1,...,n, with f;(0) = 0,
Let p;(0;) be n positive functions defined for o; € [0,2;)(i = 1,2,--- ,n) and define
Pi(s;) = fos pi(0;)do;, for s; € [0,x;), where x; are positive real numbers and set
FZ(I:;L = fi’(a,;)ffi*l(oi), where p; are real numbers. Let ¢;(i = 1,2,...,n) be n
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real-valued nonnegative concave and supermultiplicative functions defined on Ry =

[0,4+00). Let o, B; and « be as in Theorem 1. Then

f i(si
/ / [T o '1/)& P
die 1a5i)

n F'(Pi) Bi 1/Bs
> La,- [ @ (miec ) as) oo
i1 ( pi(s:)
where
n 7} 1/a;
s
L(-Tla"' 7-Tn H </ ( P(S(Z)Z))) d5i> .
=1
Proof. From the hypotheses, we have
fp1 i / 1’7‘1(715;1)d0'z7 S; € [0, {EZ)
By using Jensen integral inequality and inverse Holder integral inequality
and notice that ¢;(i = 1,2,--- ,n) are n real-valued supermultiplicative functions, it

is easy to observe that

(pi)
n n Pz(sz) Slpz(o'z) 4o do;
fi (sz)> _ _ 0 ICH)
angm( =) =1l T

- &i (Pi(s:)) Si F(pi) Bi 1/Bi
Pi\alSi)) | (1/a . o1 0,05 . '
i [[1< Pi(s;) ) ' /0 ( i(03) ¢ (pi(0¢)>> do; (10)

In view of inequality (5) and integrating two sides of (10) over s; from 0 to z;(i =

1,2,...,n) and noticing reverse Holder integral inequality, we observe that

[ B,
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1/8i

no o (Pos 85 FPi) Bi
= }:[1/0 (gbz](giéj;))) (/0 ( i(0i) i (pj(ri))) dai) ds;
e g (Ps, e @)\ \ *
L (S0 ([ (e (25)) o)

n T F(p@) Bi 1/Bs
= L(a:l, e ,.Z'n) H (/0 (.Z’z — Si) ( l(sz)qjl(pzz(?;z) )) dSz)

i=1

1/Bi

This completes the proof of Theorem 2.
Remark 2. Taking for 8; = (i = 1,...,n) in (9), (9) changes to

/ / 11@( ) dsy - ds.
(51 + - ) ")
n/(n—1)

o F(p‘) (n—1)/n
(/ (@ -><-< ) -<p;(>;;)>> d) o

v
wll
—~
8
oy
8
2
)[ 3
|
>
»
&

Taking n = 2 and p; = 1 to (11), (11) changes to

/ /I2 . fl v <f2(82)) dsidsy >
1052 —Z

81 +82) 2

> L(z1,22) </0w1(551 —s1) <P1(51)¢1<m>)1/2d81>

X </0'T2 (w2 — 52) (p2(82)<l52 (gﬁg:;)) 1/2(182) ; (12)
where

e = [ (oY) (AR )

Inequality (12) is just an reverse form of inequality (2) which was stated in

the introduction.
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