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ON STRONGLY NONLINEAR PARABOLIC FUNCTIONAL
DIFFERENTIAL EQUATIONS OF DIVERGENCE FORM

LASZLO SIMON

Abstract. We consider initial boundary value problems for second order
strongly nonlinear parabolic equations where also the main part contains

functional dependence on the unknown function.

Introduction

This investigation was motivated by works [4], [5] of M. Chipot on ”"nonlocal

evolution problems” for the equation

Dyu — Z Djlai;(l(u(-,t))Diu] + ag(l(u(-,t))u = f in @ x RT (0.1)

i,j=1
where 2 C R" is a bounded domain with sufficiently smooth boundary,

n

> ai(Q&&; = MeP forall € € R", (€ R

ij=1

with some constant A > 0,

l(u(',t)):/ﬂg(z)u(x,t)dx

with a given function g € L?(f2). Existence and asymptotic properties (as t — oo) of
solutions of initial-boundary value problems for (0.1) were proved. That problem was
motivated by diffusion process (for heat or population), where the diffusion coefficient

depends on a nonlocal quantity.
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LASZLO SIMON

Our aim is to consider similar problems for quasilinear parabolic functional
differential equations of the form
n
Dyu — Z Dila;(t, z,u(t, ), Du(t, z);u)] + ao(t, z, u(t,x), Du(t,x); u)+ (0.2)
i=1

b(t,z,u(t,z);u) = fin Qr, = (0,Tp) x Q

with homogeneous Dirichlet boundary and initial conditions, where the functions
a; : Q, x R"™ x LP(0,Ty; V) — R

(with V' = WyP(Q), 2 < p < o) satisfy conditions which are generalizations of
conditions for strongly nonlinear parabolic differential equations, considered in [3],
[7], [8] by using the theory of monotone type operators; a; have polynomial (p — 1
power) growth with respect to u(¢,z), Du(t,z) and b may be quickly increasing in

u(t, ).

1. Existence in [0, Tp)

Let Q C R™ be a bounded domain having the uniform C' regularity property
(see [1]) and V = Wy(Q2) the usual Sobolev space of real valued functions which is

the completion of C3°(£2) with respect to the norm

o l= [ [ (pur + |u|p>] "

Denote by LP(0,Tp; V) the Banach space of the set of measurable functions u :
(0,Typ) — V such that || u ||? is integrable and define the norm by

To
o o= [ ute) I .

The dual space of LP(0,Ty; V') is L9(0,Tp; V*) where 1/p+1/¢ =1 and V*
is the dual space of V' (see, e.g., [6], [11]).

Assume that

I. The functions a; : Qr x R"*1 x LP(0,Ty; V) — R satisfy the Carathéodory
conditions for arbitrary fixed v € L?(0,Ty; V) (i =0,1,...,n).
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ON STRONGLY NONLINEAR PARABOLIC FUNCTIONAL DIFFERENTIAL EQUATIONS

I1. There exist bounded (nonlinear) operators g; : L?(0,Tp; V) — RT = and
ki : LP(0,Ty; V) — L9(Qr,) such that

lai(t, 2, Co, G 0)| < g1(0)[IGoP ™! + [C1P7] + [ka (v)] (t, )

for a.e. (t,7) € Qr,, each ((p,¢) € R"™* and v € LP(0,Tp; V).

IIL Z;L:l[ai(t7l‘7 CO? C) U) - Cli(t,df, COv C*7 U)](CZ - C'L*) > 0 if C 7é C*'
IV. There exist bounded operators go : LP(0,75;V) — R, ko
LP(0,Ty; V) — LY (Qg,) such that

n

D ailt, 7,60, G )G = g2 (0)[1ol” + [CIP) = [Ra(v)] (¢, 2)

i=0
for a.e. (t,z) € Qr,, all ({,¢) € R"™, v € LP(0,Tp; V) and g2(v) > co with some
constant cg > 0,
H kQ(U) HLI(QTQ)
lollx—oo [l %
where we used the notation X = LP(0,Ty; V). Further, if the sequence (vg)is bounded

=0 (1.3)

in LP(0,Tp; V) and convergent in LP(Qr,) then the sequence [k2(vg)](t, x)is equiinte-
grable in Qr,.
V. If (ux) — u weakly in LP(0,Tp; V') and strongly in LP(Qr,) then

klim | @i(t, @, up(t, ), Dug(t, ©); uk) — ai(t, z, ur(t, ©), Dug(t, z);u) |La(@n,)= 0

VL b: Qr, x R x L?(0,Tp; V) satisfies the Carathéodory condition for each
fixed v € LT (0, Tp; V),

0 < b(t,x,Cosv)Co < ¥(Co)o < const[b(t,x, (o;v)Co + 1]

with some continuous nondecreasing function ¢ with ¢ (0) = 0.

VII. If (uy) — w in the norm of LP(Qr,) then for a suitable subsequence
b(t, x,uk(t, x);ur) — b(t, z,u(t, z);u) for a.e. (t,x) € Qr,.
Theorem 1.1. Assume I - VII. Then for any f € LI(0,Ty; V*) there exists
u € LP(0,To; V) N C([0, To); L2(Q)) such that u(0) = 0,

b(t,z,u(t,z);u), u(t,z)b(t,x,u(t,z);u) € LI(QTO),
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LASZLO SIMON
u 18 a distributional solution of (0.2). Further, for arbitrary T € [0, Tp],
v € LP(0,Tp; V) N CH([0, Tyl; LA(Q)) with v(0) =0, v € L>(Qr,)

we have

T
/0 (Dyo(t), u(t) — v(t))dt+ (1.4)

n
/ lz a;(t,x,u, Du;uw)(D;u — D;v) + ag(t, x, u, Du;u)(u — v) | dtdz+
7 Li=1

% | w(T) —o(T) H%Z(Q) +/QT b(t,x,u(t, x);u)(u — v)dtde =

/ "), ) — o0yt
Proof. Define
bo(t, z, Cosv) = b(t, z, Co: v) if b(t, z, Co3v) < K,
b(t, @, Cosv) = k if b(t, z, Co; v) > k,
bi(t,x, Co;v) = —k if b(t, z, (o;v) < —k,
[A(w), olr =

Z a;(t, z,u(t,x), Du(t,x); u)D;v + ao(t, z, u(t, x), Du(t,z); u)v | dtdz,

i=1

Je

[Bi(u),v]r = / bi(t, z,u(t, z); uw)vdtde, w,ve X = LP(0,To;V);
T

with a fixed ug € X

[Au, (u), v]r =

/ [Z a;(t,z,u(t,x), Du(t,x);up)D;jv + ao(t, z,u(t, ), Du(t, x); uo)v] dtdz.
T

i=1

It is not difficult to show that by I, IT, IV (for fixed k)
(A+ Bi) : LP(0,To; V) — L9(0,T0; V™)

is bounded (i.e. it maps bounded sets into bounded sets) and coercive, i.e.

[(A+ Bi)(v), v]z,

l[olx —o0 | vllx

= +o00.
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Further, it is well known (see, e.g., [2]) that /NluO : X — X* is demicontinuous (i.e. if
(uj) — u strongly in X then (A, (u;)) — Ay, (u) weakly in X*) and pseudomonotone
with respect to

D(L)={ve X :DweX* v(0)=0},

ie. if
(uj) — u weakly in X, (Du;) — Dyu weakly in X* and
lim sup[A,, (uj),u; —ulr, <0
j—o0
then

lim [A,, (u;), u; — ul, = 0 and (Ay, (u;)) — Ay, (u) weakly in X*.

Jj—oo
By using assumption V, it is easy to show that also A+ By : X — X* is demicontin-
uous and pseudomonotone with respect to D(L) (see [10]).

Consequently, for each k there exists ug € D(L) such that
Dyuy, + (A + Bg)(ug) = f in [0, To]. (1.5)

(See, e.g., [2].) Applying (1.5) to v = ug, we obtain by IV and Holder’s inequality for
any T € [0, Tp]

1
k) I2acay e Ik o vy /Q ko (gt (16)
T
[Bre(ur), ue]r <|| f llzao.rve)ll we e, vy -
According to VI [By(ug), uk]r > 0, thus (1.3), (1.6), II imply that
Il uk ([Leo,movys I ACur) 1500 mpve)s  [Br(ur), uklz, are bounded. (1.7)
Consequently, (1.6) and boundedness of ko imply that
| ke || o0, 10:02()) is bounded. (1.8)
By using VI, |bg| < |b] < ||, we find
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which implies by (1.7) that
/ |br. (t, , ug (¢, z); ug ) |dtdz is bounded. (1.9)
QT,
According to (1.5)
Dtuk = [f - A(uk)] - Bk(uk)) (110)

where the first term is bounded in L?(0,7;V*) and the second term is bounded in
LY(Q7,). Thus Proposition 1 of [3] implies that there is a subsequence of (uy) (for
simplicity denoted again by (ug)) such that

(ug) — u weakly in LP(0,Tp; V'), strongly in LP(Qr,) and a.e. in Qr,.  (1.11)
Further, by (1.7) there exists w € L%(0,Tp; V*) such that
(A(ug)) — w weakly in L0, Tp; V™). (1.12)
Since by IV ka(ux)(t, x) is equiintegrable in Qr,, we obtain from (1.6), (1.8), (1.11)
u e L=(0,Ty; L*(), Jim [ w [ Lo 0,70;22(02))= 0. (1.13)
We obtain from (1.11), assumption VII and the definition of by that
b (t, x, ug(t, x); ur) — b(t, z,u(t, z);u) a.e. in Qr,, so (1.14)
upbi (t, z, up(t, );ug) > 0, (1.15)
(1.7), Fatou’s lemma imply
ub(t, z,u(t,x);u) € L'(Qr,) and so by VI up(u) € LY (Qr,). (1.16)
From (1.14), (1.16), VI and Vitali’s theorem we obtain
bio(t, z, ui(t, @) ur) — b(t, @, u(t,2);u) in LNQr,), ¥(u) € L'(Qr,)  (1.17)
because for arbitrary ¢ > 0
|1 (¢, 2, Co ur )| < [b(E, 2, Co; un)| < [P(Co)| < €9(Co)Co +(1/€) + [9(=1/e)]

if |Co| > 1/e, so by (1.7) (by (¢, z, uk(t, x); ug)) is equiintegrable in Q.
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From (1.5), (1.11), (1.12), (1.17) we obtain as k — oo
Dyu+w+ b(t,x,u(t,z);u) = f (1.18)

in distributional sense.
In order to show w = A(u), we prove

lim sup[A(ug), ur — ulr, <O0. (1.19)

k—o0

Since by (1.11), V

khm [A(Uk;) - Au(uk})a Uk — u]TO = O’

(1.19) will imply

lim sup[/iu(uk), uy, — ult, <0,

k—o0
thus we obtain from (1.11), (1.12) w = A, (u) = A(u) (see, e.g., Remark 4 in [8]).
Applying (1.5) to ux — v with some

v € LP(0,Ty; V) N CH([0, Tol; L*(2)) N L>=(Qq,) with v(0) = 0,

we have for any T € [0, Tp]

T 1 , T
/0 (D, up, — v)dt + 3 | uk(T) = o(T) [|72(0) +/0 (A(ug), up, —v)dt+  (1.20)

T
/ bi(t, z, uk(t, z);ug) (ur — v)dtde = /0 (f(t),ur, — v)dt.
Since
[A(ug), ur — v]r = [A(ur), up — ulr + [Aug), v = v]r

and by Fatou’s lemma, (1.7), (1.14), (1.15)

k—o00

liminf/ bk(t,x,uk(t,x);uk)ukdtdxZ/ b(t, z, u(t, z); u)udtdz, (1.21)

T T

we obtain from (1.20) (by using (1.11), (1.12), (1.17))

T
lim sup[A(ug), ur — ulr < / (Do, v — u)dt+ (1.22)
0

k—oo

T
/ b(t, z,u(t, z);u)(v — u)dtdz + /0 (f(t) — w(t),u — v)dt.
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Consider the sequence (v,) of Theorem 3 in [3], approximating the function « which
satisfies all the conditions of that theorem by (1.13), (1.17), and apply (1.22) to

v = v,. Then Proposition 3 of [3] implies (as v — oo) (1.19). Thus we have also

lim [A(ug),ur —ulr =0, (A(ux)) — A(u) weakly in LY(0,Ty; V™) (1.23)

k=oo
(see, e.g., [8]). So, (1.18), w = A(u) imply that u satisfies (0.2) in distributional sense.
Finally, we show u € C([0,Tp]; L3(2)), u(0) = 0 and (1.4). From (1.11),
(1.17), (1.20), (1.23) one obtains as k — oo
T
lim sup/T bi(t, z, uk(t, z); ug)updtde §/0 (Dyv,v — u)dt+ (1.24)

k—o0

b(t, z,u(t, z);w)vdtde + [f — A(u), v — v]r.
QT
Applying (1.24) again to v = v, (approximating u), we find

limsup/ bk(t,x,uk(t,x);uk)ukdtdxS/ b(t, z,u(t, z); w)udtdx. (1.25)

k—o0 T T

Further, by (1.11) for a.e. T € [0, T

(us(T)) — u(T) ae. in Q,
so by (1.8) for a.e. T € [0, Ty

(u(T)) — u(T) in LX().

Consequently, from (1.20), (1.21), (1.25) one derives (1.4) for a.e. T € [0,Tp]. Since

all the terms in (1.4) are continuous in T, except possibly the term
| uw(T) = v(T) |20, (1.26)

the latter can be extended to a continuous function in 7" and (1.4) holds for all
T € [0,To).

For any smooth testing function w (defined in Q) (u(T'),w)2(q) is continuous
in T because (0.2) holds in distributional sense and the term in (1.26) is continuous
in T, thus u € C([0,Tp); L?(2)) and so by (1.13) the initial condition u(0) = 0 is
satisfied which completes the proof of Theorem 1.1.
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2. Boundedness and stabilization

Denote by L? (0,00;V) the set of functions v : (0,00) — V such that for

loc

each fixed finite Ty > 0, v, 1) € LP(0,To; V) and let Qoo = (0,00) X Q, L} (Qoo)
the set of functions v : Qo — R such that v|g, € L*(Qr,) for any finite Tp. By
using a ”diagonal process”, it is not difficult to prove (see, e.g., [9])

Theorem 2.1. Assume that we have functions a; : Qoo X R" ™ x LT (0,00;V) — R,

b: Qo x Rx LY (0,00;V) — R such that they satisfy I - VII for any finite Ty > 0
and a;(t,z,Co, C;v)| Qg » O(t, 2, Co5v)|Qr, depend only on |z, (Volterra property).
Then for any f € L} (0,00; V*) there exists u € L} (0,00; V) which is a solution for
any finite Ty (in the sense of Theorem 1.1).

Theorem 2.2. Let the assumptions of Theorem 2.1 be satisfied such that in IV we
have g2 : LY (0,00;V) — R* and ko : LY (0,00; V) — L}, .(Qs), satisfying for any

ve Ll (0,00;V), ga(v) > co >0 and

loc
[ hal)lde < o [suplyp 2+ o(t)sup /2 + 1
Q [0,¢] [0,¢]
with some constants cq, p1 < p, p > 2 and lim, ¢ = 0 where

y(t) = /Q oft, ) da

finally, || £(¢) ||v+ is bounded.
Then for the solutions u, formulated in Theorem 2.1, fQ u(t, z)?dz is bounded
fort € [0,00).
The idea of the proof. If u is a solution in (0, c0) then the assumptions of
the theorem imply that y(t) = [, u(t, z)?dx satisfies the inequality
T

y(To) — y(Th) + ¢ /T WP/ 2dt <

dt, 0<Ti<Ty <

T
06/ supy?/? + p(t) supy?/? + 1
T, |[0,t] [0,¢]

with some constants c5 > 0,cg. It is not difficult to show that this inequality and
p > 2, p1 < p imply the boundedness of y.
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3. Examples

1. The conditions of Theorem 1.1 are satisfied if
ai(t, x, o, G;v) = [H()](t, 2)aj (t, 2,0, ) + [G(0)](t,2)a (t,2,(0,¢), i=1,..,m,
aO(t7 xZ, §0a C? ’U) = [H(U)](t, z)aé(t, z, CO7 C) + [GO(U)](t7 I)CL%(L x, cOa C)

where H : LP(Qr,) — L*°(Qr,) is bounded and continuous operator with the prop-

erty: There exists a constant ¢y > 0 such that H(v) > ¢y for all v;
G,Go: LP(Qr,) — L= =5(Qp,), (0<p<p—1)

are bounded and continuous operators, G(v) > 0 for all v and

o Jop [Golv)|[7me
lim o =

llollx —o0 v %

Further, a}, a? satisfy the usual conditions: They are Carathéodory functions,

|a; (t, 2, Go, Ol < er(|GolP ™ + P71 + k(@)

with some constant ¢1, k1 € LI(2),i=0,1,...,n;

n

> lad (t, 2,60, ) — a} (£, 2, Co, (G — ¢F) > 0 if ¢ # (%

=1

> i (t,7,60,0)G > es(Gol” + [CIP) — ko ()
=0
with some constant c3 > 0, ko2 € L'(Q);

lai(t,2,Co, O < er(|Col” +1¢P), 0<p<p—1, i=0,1,.,m;

> a7 (t,x, o, Q) — af (t, 2, Go, CN(G — &) > 0

=1

S a2 (t 2,60, Q)G 2 0.
=1

By using Young’s and Hélder’s inequalities it is not difficult to show that the condi-
tions I - V are fulfilled.

. . 1.2
A simple special case for a,, a; are:

azl(twraCOaC) = Ci|<|p_2v 1=1,..,mn, CL(l)(t,.’IJ,Co,C) = C(J|C()|p_27az2 =0.
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The operator H may have e.g. one of the forms:
© (th bv) where ¢ : R — R is a continuous function, ¢ > ¢ > 0 (constant),
b e LYQr);
1/8
© <[th |v|5] ) with some 1 < 8 < p;

The operators G, Gy may have e.g. one of the forms:

o <]€ta<r,xymr,x)d7), " (Jétzﬁ,x)v@,x)dx>,
Yo ([ [ et olar] é) ,

where 19 : R — R is continuous, |1o(0)] < const|0|P~1=r0 with some py > p, 1 (#) > 0
for G, a € L™.

The operators G, Gy may have also the forms

/0 h(t, 7, z,v(T,z))dr or h(t,z,v(x(t),x))

where
|h(t, T, 2,0)|, |h(t,z,8)] < const|6?|p_1_"°7

0<x(t)<t,xe€C'and h >0 for G.

2. The conditions on a; of Theorem 1.1 are satisfied if
ai(t,z,Go, ¢ v) = [Hi(v)](t, 2)a; (¢, 2, Co, Gi) + [Gi(v)](¢t, 2)a3 (¢, , Co, Gi)
where (; — d%(t, x,Co, ;) is strictly increasing for i =1, ..., n;
i (t, 2, o, ¢ < er(IGolP™ " + 1GP~) + ka(2)
with some constant c¢q, k1 € L9(2), i =0,1,...,n;
al(t, 2, C0, )G > eGP — kolz), i=1,..,n

with some constant ca > 0, ko € L1(2); ¢; — a2(t, , (o, (;) is monotone nondecreasing

such that &?(t,x,(o,g) =0if Cz =0 (’L = 1, ...,TL);

|d?(t,x7<07@)| S cl(‘C0|p + |C’l|p) with 0 S p<p-— 1’ 1= 07 ]-7 ceey T0.
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Operators H; satisfy the same conditions as H in Example 1 and operators G; satisfy
the same conditions as G, Gy, respectively, in Example 1.
Example on b. b(t, z,(o;v) = 1(Co)G(v) where G : LP(Qr,) — L=(Qr,) is

a continuous operator with the property
0<61§é(v)§02<ooforanyv

with some constants ¢y, cs.

The conditions of Theorem 2.1 are fulfilled for the Examples 1,2 if

H H;: IP (Qw) = L¥(Qu), G,Gi: LY (Quo) — L7177 (Quo)

loc loc

satisfy the above conditions for any finite T and they have the Volterra property;

1 .2 ~1
i@ Qg

further, a a? satisfy the above conditions for any t.
The conditions of Theorem 2.2 are satisfied if the following additional

condition is fulfilled:

/ Go(v)|7==7dz < c4 [sup ly[P /2 + (t) sup |y[P/? + 1
Q [0,] [0,¢]

for any v € L}, (0,00; V) with y(t) = [, v(t,x)?dz and || f(t) |lv+ is bounded.

loc

The operator Gy may have e.g. one of the forms

o (La<t,x)v<t,x)dx>, o <UQ |a(t,x)||u<t,x)|ﬁdx]w>,
Po(t)xo ([ [t olote,0pds] W)

where 1 < 3 <2,a € L™, 1,0, X0 : R — R are continuous,

[40(0)| < const|@P~17P0 with some py > p,

Ix0(6)] < const|f[P~1=7,  lim ¢y = 0.
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