STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume XLIX, Number 2, June 2004

THE BETA APPROXIMATING OPERATORS OF SECOND KIND

VASILE MIHESAN

Abstract. We shall define a general linear transform from which we obtain

as particular case the beta second kind transform:

1 oo up—l "
Toof = Gy J, T 00 )

We consider here only the particular case a = 1.

We obtain several positive linear operators as a particular case of this beta
second kind transform. We apply the transform (*) to Baskakov’s operator
and Bleimann, Butzer and Hahn operator respectively and we obtain new

generalization of these operators.

1. Introduction

Many authors introduced and studied positive linear operators, using Euler’s
beta function of second kind: [1], [2], [5], [6], [7], [9].
Euler’s beta function of second kind is defined for p > 0, ¢ > 0 by the

following formula

o0 ’U,p71
B(p,q) :/O uidu (1.1)

+ u)pta
The beta transform of the function f is defined by the following formula

1 e8] up—l
Byl = 50 /0 (e =IO

We shall define a more general linear transform from which we obtain as

particular case the beta second-kind transform.

For a,b € R we define the (a, b)-beta transform of a function f

@p) 1 o ypl u®
i’ = By /0 At apre! ((1 +u)a+b> du (12)
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where B(-,-) is the beta function (1.1) and f is any real measurable function defined

on (0,00) such that BS%”|f] < oo.

2. The beta second-kind transform. Case a =1

Let us denote by M|0,00) the linear space of functions defined for t > 0,
bounded and Lebesgue measurable in each interval [c, d], where 0 < ¢ < d < oc.
If we consider in (1.2) a + b = 0 we obtain the second-kind transform of

function f € M0, c0)

(a) (a,—a) 1 ©_w! a
T f = Bl f = B(M)/O (1+u>p+qf(u )du (2.1)

such that T,g,aq)| f] < c0. Clearly ngflq) is a positive linear functional.

We shall consider here only the particular case a = 1 (see also [9])

B ( ) B 1 (o) upfl
Toaf =T = 5oy J) e (00 @2

for f € M[0,00) such that T}, 4| f| < 0.

Remark. If a = —1 we obtain

(np_ L[ w! 1
Tra fB(p,q)/o (1+U)p+qf(U> du

1

Denoting u = v™" we can write

1 (o]
7D f /
v Bl Jy (1)
+

]' > Up+q
= B(p7q)A Up+1(1+v)p+qf(v)dv =

1 oo pi—1
~ B(p.q) /0 (ot el Wdv = 750 f.

That is Tyg" f = T34 f = Tp.of-
Lemma 2.1. [9] The moment of order k (1 < k < q) of the functional T), ,

has the following value

T ek:p(p+l)...(p—|—k—1)
e (@=1)...(¢—k) ~

1<k<gq (2.3)
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We impose that T, se1 = ey, that is p = (¢ — 1)z, ¢ > 1 and we obtain

1 e u(q—l)a:—l
TN = 5r—Tes ) TrgeEEd @4

Lemma 2.2. One has

(Tpea)a) =+ HEED g
Tq((t—x)Q;x)zw, q>2. (2.5)

Proof. It is obtained from Lemma 2.1 for p = (¢ — 1)z. O
Particular cases
a) If in (2.4) we choose ¢ =1+ é, a € (0,1), then we give the positive linear
operator L, defined for a € (0,1) and x > 0:
1 o wa 1
(Laf)(x) = S | ==y (0L (26)

i |
o o

considered in [9] (see also [1], [2], [7]).

Lemma 2.3. One has

(Loes)(z) = 2° + 1 @

z(1 4+ z).

La((t— o)) = - i‘ax(1 + ).

Proof. We take ¢ = (a+ 1)/ in (2.5). O

For @« = 1/n, n € N, we obtain

z(l+2x
Lyjn((t —2)%2) = %
b) Tf we choose in (2.4) L i ac@i),ze (01
1n . = —— — —
we choose q S , ), @ - , we
obtain the beta type operator H,, given by
H 1 * urE d 2.7
(Ho o) = ——— | G @ e
; +1
a(l+2z) a(l +x)
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where f € M0, 00) such that H,|f| < oo, considered by J. Adell [2].

Lemma 2.4. One has

ar(l+x)?
H =24
(Hoen)a) = a* + 2
ar(l+x)?
Ho((t—2)%) =
1 .
Proof. We take g = —— + 1 in Lemma 2.2. [J
alz+1)
For @« = 1/n, n € N, we obtain
(1 +2)?
Hypn((t —2)%2) = ——.
(e = 2 2) = TLFD

1 1
c) If we put in (2.4) ¢ =1+ o @ € (0,1), xz € (O’a>’ we obtain the

positive linear operator M,, given by

1 & ua 1
(Mo f)(a) = / — F(u)du (2.8)
L1 14 u)as 1
— —41)7Y0 (
B (a’ ox + )
where f € M(0,00) such that M,|f] < co.
Lemma 2.5. One has
az?(z+1
(Maea)e) =a* + L0
2
+1)
Mo (- 2)? _ax (z
((t — )50y = 2

Proof. The above identities are implied by Lemma 2.2. [J

For « = 1/n, n € N, we obtain

.'172 X
Myjn((t - 2)2) = 20D,

n—=x
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3. Generalized Baskakov operator

Let be B,, the Baskakov operator [3]
— (n+k—1 ok k
B, = —0f = 3.1
B =3 (" () (3.1)
Now let us apply the transform T, ; (2.2) to Baskakov’s operator (3.1) and
we obtain (see [9])

Theorem 3.1. The T}, , transform of B, f can be expressed by the following

form

100 =1, =3 (") g ()

=0 P+ Dotk n
where (a)m :=ala+1)...(a+m —1).
Proof. TV f =T, (Bnf) =

1 oo gupt > /n+k—-1 uk k
~Seg ) T 2( e (4 4=
o) k oo up-',—k—l
k / v =

(n) 0 (1 + u)p+q+n+k

“max( k)
() e () :g(m:l) i ()0

~

k=0
=0 D+ Q)kJrn
Theorem 3.2. One has
TV ey = Ty y(Buer) = sl (3.3)

T, o oy PO 1 pp+q—1)
oo =Toalhes) = D T nle-Dla— 1)

==(P,q) 1 < !
P f. T = d
roo n €1 B(p, q) /0 (1 n u)P+q uay

1 > uP Blp+1,q-—1) D
q)/o (

du = .
T+ upra ™ B(p,q) q—1

7 (p,a) 1 I o u(u+1)
T = — ) du=
" 27 Bk /0 (1 + u)pta (u T ’

]. o up+1 d ]_ ° up d
_B(p,q)</o m“ﬁ/o <1+u>p+q—1“>—
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1 1
_Blp+2,49-2) 1Bp+1l¢—-2)  pp+1) 1 plp+g-—1)
B(p,q) n  B(p,q) (¢q—2)(g—1) n(g—2)(g—1)

We impose that T;p’q)

e; = ey, that is p = (¢ — 1)z, x > 0, ¢ > 2. We obtain
from Theorem 3.1 and Theorem 3.2
Corollary 3.3. One has

=)y s oy N (R =1 (= Da)(@)n (K
nr=nmn =3 (" S () e

Corollary 3.4. One has

TPe)e) =2, TP e)a) =a?+ LD (1 * q?)

T (¢ - i) = S0 (14 10 (35)

q—2 n

Proof. Choosing p = (¢ — 1)« in Theorem 3.2, the conclusion follows. [J
Particular cases
1
a) If we put in (3.4) ¢ = — +1, « € (0,1), we obtain the operator considered
@

by D. D. Stancu [8], as a generalization of the Baskakov operator

(T 1)) = LaBu)o) =3 Tusto o (&) (36
k=0
where
Tk, 0) = (n—i—k—1>:c(a:+a)...(x+(k—1)a)(1+a)(1+2a)...(1+na)
R ST k I+z+a)l+z+20)...l+z+ (n+ka)

Corollary 3.5. One has
It — )% 2) = az(l+2) <1 + 1)

l1—« no

For a = 1/n, n € N, we obtain

To((t— %) = 24D
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1
b) For ¢ = +1,ae(0,1), z € <O, o 1), we obtain by (3.4) a

alz+1)
new generalization of the Baskakov operator

A )w) = HoBof) ) = 3 s, 0)f (’“) (3.7)

n
k=0

where

B (@) =

_(nt+k-1\z@+a(l+z)...(z+ (k-1Dafz+1))1+a(l+2x))...(1+na(l+x))
B k I+z)"**14+a)...1+ (n+k)a)
Corollary 3.6. One has

- 2, 4y = 01 +2)” !
H, ((t—2)%2) = 104(1+1’)( +om(1+x))

For « = 1/n, n € N, we obtain

Ho((t - 2)%a) = —”j(x;_li S . 2.

1 1
c) f weputin (34)g=1+ —, a € (0,1), xz € <0, ), we obtain a new
ax e

generalization of the Baskakov operator

(1 D)) = Ma(Buf)) = S (o (£ (3.5
k=0
where
(7, ) = (n+k—1> 14+a)...0+k-Da)1+azx)...(1+nazx) 4
R S k (z+1+ax)...(x+ 1+ (n+k)azx)

Corollary 3.7. One has

M (- 2)%2) = azi(z +1) <1+ ! )

1—oax anc

For @« = 1/n, n € N, we obtain

r\x 2
Moa((t - 2% ) = JEF

n—x
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4. Generalized Bleimann, Butzer, Hahn operator

Let be B, the Bleimann, Butzer, Hahn operator [4]

B0 =Y (1) ! () (1)

k=0

Now let us apply the transform T), ;, (2.2) to Bleimann, Butzer, Hahn’s oper-

ator (4.1) and we obtain

Theorem 4.1. The T, 4 transform of Enf can be expressed by the following

form

N T G

k=0

Proof.

7(p,q) > 1 oo gyp-l " /n uk k
TPV f=Tpq(Bnf) = B(p,q) /0 (1 + u)rta kZ:O (k) (1 +u)"f <n —k+ 1) -
1 n n k 00 up—i—k—l
q>§<k)f(nk+1)/o @+ wpran
(n) p—l—kq—l—n—k)f( k )_
. q) n—k+1)

n N k
-2 () e (i) 0

Particular cases

M=

ol

-
I

1
a) If we put in (4.2), p = E, g=—+4+1, a € (0,1), x > 0, we obtain the
e !

operator introduced by J. Adell [2] as a generalization of the Bleimann, Butzer, Hahn

operator
(L) f)(@) = La Zznm ( ZH> (4.3)
where
~ _(n\z(zt+a)...(z+(k-1a)(l+a)...(1+(n—k)a)
ln’k($’a)_<k) (z+1+a)...(z+1+na)
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T 1 1
b) F = ————andgqg=———+1 0,1 0,——1
) For p ol +) and ¢ a(1+x)+ ,ae(,),xe(,a ),we

obtain by (4.2) a new generalization of the Bleimann, Butzer, Hahn operator

(H f)(x) == Hal Zhnk z,0) ( _ZH) (4.4)

where

hn,k(xa Oé) =

_ <n> 2z +al+a)...(z+E—-1Dal+2)1+al+2)...(1+ 0 —k)a(l+z))
k 1+2)"Q+a)(14+2a)...(1+na) '

1 1 1
c)ffweputin (4.2) p=—,g=—+1,a€(0,1),z € (07), we obtain a
a ox @

new generalization of the Bleimann, Butzer, Hahn operator

(B 1) @) = Mo Zmnkm (i) o

where

m (J:04)_(n>(1+Oé)---(1+ka)(1+a$)"'(1+(n_k_l)ax)xk
n.k “\k (z+1+azx)...(z+ 14+ nax) .
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