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THE BETA APPROXIMATING OPERATORS OF FIRST KIND

VASILE MIHESAN

Abstract. We shall define a general linear transform from which we obtain

as particular case the beta first kind transform:

L -1

B,fzi/tp 1— )97 () at %
vl = oy |, £ 0T (+)
We consider here only the particular case a = 1.

We obtain several positive linear operators as a particular case of this beta
first kind transform. We apply the transform (x) to Bernstein’s operator

B,, and thus we obtain different generalizations of this operator.

1. Introduction

Many authors introduced and studied positive linear operators, using Euler’s
beta function of first kind: [1], [2], [4], [6], [7], [8], [11].
Euler’s beta function of first kind is defined for p > 0, ¢ > 0 by the following

formula
B(p,q) = /l =1 — ) dt (1.1)
The beta transform of the fun(?tion f is defined by the following formula
1 1
Bpof = m/o P91 — )7 Tp(t)dt

We shall define a more general linear transform of a function f from which
we obtain as particular case the beta first-kind transform.
For a,b € R, we define the (a, b)-beta transform of a function f (see [6])

1

53 = Bl

p,q

/1 11— ) f (1 (1 — 1))t (1.2)
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where B(-,-) is the beta function (1.1) and f is any real measurable function defined
on (0,00) such that BS%”|f] < oo.
If we put in (1.2) b = 0 we obtain the first-kind transform of a function f

1 1

B f = 7/ =1 — 1) f(t)dt 1.3

rrl = B Jy YT 3)

where B(-,-) is the beta function (1.1) and f is any real measurable function defined
on (0,00) such that BY%)|f| < co. Clearly BYY) is a positive linear functional.

)

We shall consider here the particular cases a =1 and a = —1.

2. The beta first kind transform. Case ¢ = 1

We shall consider here the particular case a =1

By f =B f = 1/1 P71 — )97 f(t)dt (2.1)
p7q B p’q - B(p? Q) 0 . .

We need to state and prove:
Lemma 2.1. The moment of order k of the functional By 4 has the following

value
_oplp+ ). (p+k=1) (P
Bp’qek_(p+q)---(p+q+k—1)_(p+q)k 22

Proof.

1 1 B(p + k q)
— p+k—1 q—1 — )
Bp,qek = ( 7 ) /0 t (1 t) dt = ( ’ ) (23)

By using successively k times the relation

P
B(p+1,9) = ——B(p,q
(h+1.0)= 2 B(pa)

we find the relation

plp+1)...(p+k—1)
(p+q)...(p+g+k—1)

By replacing it into (2.3) we obtain the desired results (2.2). O

B(p+k,q) = B(p,q)

Consequently we obtain

P g oy PPt
p+q P p+(p+aq+1)

Bp7q€1 = (24)
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We impose that B, se1 = e, that is f_ =2z, or P = %, xz e (0,1),
p+q x -z
p > 0 and we obtain the following linear transform
1 ' p—1 SEp-1
(Bpf)(z) = e, P (1—t)= ft)de (2.5)
B
(i)
Lemma 2.2. One has
22(1—x)
B,((t —z)%z) = —— 2.
(=2 =

1—
Proof. It is obtained from (2.4) for ¢ = Jp, p+q= p.
x T

(Bpez2)(x) pip+1)  plp+ 1)a? 2 M L

_B(£+1)_ plp+a) ptu -
z \z
:x2+x2p+l—p—x:x2+x2(1—x)
ptz p+x
and
22(1 —x)

Bt = o)%a) =

Particular cases.

a) Let B, be the beta operator defined by

Baf)w) = —r = [ 15700 e (26)
o5 )

« «

a>0,z¢€(0,1). If fis defined on [0, 1] we set

(Baf)(0) = £(0),  (Baf)(1) = f(1).

The operator (2.6) has been considered by G. Miilhlbach [7] and it is obtained

by (2.5) if we choose in (2.5) p = L
o

Lemma 2.3. One has

Bo((t — )% x) =

|
8
—~
—
I
8
~—
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x(m
— f—&-l) 2
Proof. Byey = 44 :z(m+a):x2+ rTrer 2
1(1 ) 1+a l+a
~(=+1
a\«a
_p e 2(1—2) =
1+« 1+
2 «
- — 1-2). 0
Ba(t —2)*(2) = el —2)
z(1—x)

For a = 1/n we obtain By, (t — 2)*(z) =
A slight modification of B, is the operator B given by

(BLf) () = ! ) / FE(1— 1) f(t)dt, (2.7)

1_
B (‘T +1—2 41
o a
a > 0, z € [0,1], which, for &« = 1/n, n € N, has been introduced by A. Lupag [4]
and it is obtain by (2.5) if we replace in (2.5) p = nx + 1.

A significant difference between B, and B, is that B, reproduces linear func-

tions whereas B does not.
x

b) Another beta first-kind operator it is obtained by (2.5) for p = ol —a)

—_— ]_ 1 g — 1
(Bf)(x) = [t oi . es)
B z . l 0
all—2) «
a >0,z € (0,1), where f is any real measurable function defined on (0,1) such that
(Ba|f)(x) < 0o. The operator (2.7) was introduced by S. Rathore [8] for a = 1/n,

n € N.

Lemma 2.4. One has

= L az(l—-a)?
Ba((tix)Qaz) - 1—}—04(1—,%)'

i) (a(lm— ot 1) 2(@+a(l—z) _

Proof. Baez = —— T )
a(l—z) \a(l —x)
2 2
9 ?tax(l—z) 5\ _ o az(l-2z)
x—’_(l—i—a(l—x) ‘ _x+1+a(1—x)
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% (s a2 axm(l — )2
Bo(t —x)*(x) = Tral—2)
For « = 1/n, n € N, we obtain
(1 — z)*
t — - 7
Byjalt — o)) = 2 20
¢) Let B, be the operator defined by
~ 1 Y e
Bah@) = —r = [ -0 (29)
Bl= —~ 0
(a’ ax )

a >0,z € (0,1). The operator (2.8) is obtained by (2.5) if we choose in (2.5) p =

Lemma 2.5. One has

1 n o? 1+ax l1+oax
ax \ ax
_ 2 a+l , JEAR axz—ax3: 9 22(1 — )
1+ azx 1+ azx 1+ azx
~ ar?(1—x)
Bo(t —z)?(z) = ——=
(¢ - 0() = =
For a = 1/n, n € N, we obtain
~ 1—x)
Byt —z)* = (
1/( x) n+ax

3. The functional P"? f = B, ,(B,f)

Now let us apply the transform (2.1) to the Bernstein operator B,,, defined

w05 (e (2)

We may state and prove

by [3]
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Theorem 3.1. The B, , transform of B, f can be expressed under the fol-

lowing form

i<n>P(P+1)~~~(P+k—1)q(q+1)...(q+n—k—1)f<k>

— 3.1
= \k P+alp+q+1)...(p+qg+n—1) n 31
Proof.
P(qu)f:lg (B f):zn: n 1 /1tp+k—1(1_t)q+n—k+1dt.f E =
! raml = \k) B(p,q) Jo n
_i(n)B(p+k,q+n—k)f(k;>_
= \k B(p,q) n
:i(n)p(p+1)...(p+k—l)q(q—i—l)...(q—l—n—k—l)f(k)
= \k p+a)(p+qg+1)...(p+qg+n—1) n
Theorem 3.2. One has
PPDe; =B, (Bpei) = ———
n 1 p,q( 1) P+q
PPDey = B, (Bnes) = P 144 3.2
W e2 = Bpa(Bne2) (erq)(erqul)(pJr +n) (32)

Proof. P\P9e, = B,y(Bre1) =

! B(p+1
/ w1 - pytar = Ble L) _
0

B(p,q) B(p,q)
b
p+q
1 ! t(1—t)
PP Dey = B, (Bpes) = /tp—ll—tq—l (t2+ dt =
2= Bpa(Bues) B(p,q) Jo =1 n
1 Lo 1 1
= tt lftq’ldt+—/ P ltth)_
Bo £ [eass
Blp+2,4q 1Bp+1l,q+1) p(p+1) 1 pq 0
B(p,q) n  B(pq) p+a)pta+l) np+gpP+qg+1)
1_
We impose that Pflp’Q)el = Bp,q(Bne1) = e1, that is f_ =zorq= $p7
P

z € (0,1), p > 0. We obtain from Theorem 3.1 and Theorem 3.2 the following results.
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Corollary 3.3. One has

PP f =B, Zvnk () (3.3)

where

omp(@)= " plp+1). . (p+k—Dp—2)p(l-2)+2)...(pA-2)+(n—k—1)z) &
" k pp+x)...(p+ (n—1)z) '

1_
Proof. If we put in (3.1) ¢ = pJ, then p+q = P and we obtain
x x

RS = By(Buf) = Y sl (£
k=0

where

1—7:E
Uk (T) = ( )(Zz)k(q;)nk - <”) (P <p x >n—k

p+ k

:<n) plp+1)...(p+k—1) (plxx><+1> (pl;x-i-n—k—l):

: TE) o)
1—z)(p(l—2)+1)...(p(1— ac)Jr(nfk—l):c)xk'D

plp+z)...(p+(n—-1)x)

Corollary 3.4. One has (P, plr )el)(x) = Bp(Bpe1)(z) = z;

<Z)p(p+1) -(p+k—1)p(

(PPex)(x) = By(Buea)(@) = #° +2(1 ) T

POt = 2P (0) = ByBalt = 0)e) = T IED gy

Proof. (Pygp)el)(x) = Bp(Bnel)(x) — L — px = 7.

p+tq p
(PPey)(z) = By(Bpea) () = (p+q)(;)+Q+1) <p+1+ Z) N

1-— 2 1-—
- (pr1+ 2 =) - T (prr+ B =
(Q+1) n p+x n
x

1-—- 1 1—
=22+ (p+1+p $)—x2:x2+m2(p+ +2 : —1>=
p+x n p+x nzp+z)
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5 (1 —z)(p+ nx) _x2+a:(1—x)nx+p

2
="tz = .
nz(p + ) n z+p

x(l—xz)nz+p 0

PPt =2)*(@) = By(Balt = 2)°) (@) = = ="

Particular cases

a) If we put in (3.3) p = £7 o > 0, we obtain
!

P £ (x Zvnk < ) (3.5)

v ():(n>x(x+a)...($+(/45—1)O¢)(1—x)(l—x—l—oz)...(l—x—!—(n—k;—l)a)
SRRAAN TF o)1 20). (Lt (D)

This operator has been considered by D. D. Stancu [9], which, for « = 1/n,
n € N, has been introduced by L. Lupag and A. Lupas [5]:

= () (n2)p(n(l — 2))pek L (K
(Lnf)(@) = ];) (k) OF f <n> (3.6)
Corollary 3.5. One has P\ (t — 2)?(z) = 1Jrﬂx(l —x)
" n(l+ ) '
Remark. For a = 1/n we obtain
Po(t — 2)2(z) = ni (1~ 2).
b) Another operator it is obtained by (3.3) for p = ﬁ, a>0.
(@) e k
P @) = vne)f (n) (3.7)

T k(gc):(n)x(x-l-a(l—JI))...($+(k—1)a(1—x))(1+a)...(1+(n_k_1)a)
n, k (I+a)(l—2)...(1+ (n—1)a(l - ) :

Corollary 3.6. One has

z(l1—2) 1+na(l—2)

(a) 2 . )
(t—2)*(z) = n 1+ a(l—1)

Remark. For a = 1/n, n € N, we obtain

(1 —x)(2 —m).

Pyt~ a)(e) = T
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c) Let P be the operator defined by

B (e Zvnk 16 (35)

- _(n I+a)..A+k-1a)l-z)1—-—z+azx)...l—z+(n—k—1)azx) , &
Un,k () L x

I+ az)(1+2az)...1+ (n—1)ax)
a >0, x € (0,1). This operator is obtained by (3.3) for p = 1/a, a > 0.
Corollary 3.7. One has

z(1—2) 14+ nax

Pt — ) () = n C1tax

Remark. For o = 1/n, n € N, we obtain

Pt — () = S- DL

From the operators (3.5), (3.7) and (3.8), for & = 0 we obtain the operator
of S. N. Bernstein.

4. The beta first kind transform. Case a = —1

We consider now the case a = —1. If we put a = —1 in (1.3) we obtain

1
Byof = BUflﬂ;qLAtplatﬂlf<1)ﬁ (4.1)

Lemma 4.1. The moment of order k (1 < k < p) of the functional B, , has

the following value

(ptq—1)...(p+q—k)

B, .ex = , 1<k<p 4.2
P =) (=) 2
Proof.
I B(p — k. q)
B, e :7/ PR — )t = — 4.3
P B(p,q) Jo (-1 B(p,q) “3)
By using successively k times the relation
ptqg—1
B(p-1,9) = ——=—B(p,q)
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we find the relation

(ptq—1)...(p+q—k)
(p—1)...(p—Fk)

By replacing it into (4.3) we obtain the desired results (4.2). O

B(p7k7q): B(paQ)

Consequently we obtain

ptag-—1 (P+e-Dp+q-2)
B,e1 =————, Bpqe2= 4.4
Pt =T B =T T ) )
-1
We impose that B, se1 = ey, that is%:xorp—lz and we
p- T —

obtain the following linear transform, defined for x > 1 and p > 2:

! 1 p—1(1 _ ye-D-1-1p (1
B(pa(p—l)(x—l))_/o (1 -1) f(t>dt (4.5)

Lemma 4.2. One has

B,f=

Proof. It is obtained from Lemma 2.1 for ¢ = (p—1)(z—1), p+q = 1+(p—1)z

and
_-Da(lp-Yz-1) _ , (P—l)wz—xfxz_
B = T ey T e -
B (p—1)a? —z— (p—2)2? -z xz(x —1)
—:L'ZJF b2 —$2+p_2 —?EQJrﬁ
and
2 _m(:c—l)
B, ((t—o)a) = "2 O

Particular cases

a) Let B, be the beta operator defined by

(Buh)o) =~ (1+ . _1) / g (1) @ (46)

’
« (0%

a € (0,1), z € (1,00). If f is defined on [1,00) we set (B, f)(1) = f(1).
1
This operator is obtained by (4.5) if we choose in (4.5) p=1+ —.
a
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Lemma 4.3. One has

Al
SE) ,
Proof. B ey, = &4 :x(x a):x2+ A )
1 l—l 11—« 11—«
a\a
:x2+x271a7;p2+0m2:x2 azx(zx —1)
e 1—-a
and
a
Ba t— 2; = —1). 0
(t—2)%0) = —2— (@~ 1)
For o = 1/n, n € N, we obtain
z(x —1)

B ((t—)%a) =

|

n—1

3

b) Let B, be the operator defined by
— ]_ 1 1 i—l ]_
(B.1)(x) - y -ty (Na an
0

1
B{l+ —m,—
( +a(xfl)’a

1
a € (0,1), z € (1, 1+ a)' This operator is obtained by (4.5) if we choose in (4.5)
1

=14+ —.
b - alz—1)
Lemma 4.4. One has

1) <a<zx D 1) _elr—al@-1) _

Proof. B,es = =
ook Bacz 1 L, 1—a(z—1)
a(z—1) \a(z—1)
2 2 2 2

_ o ri—ax(z—1) 5, 5 ri-az(z—1)—a'+taxi(z—1)

st l—a(z-1) vEr l—a(z-1) B
12
_ 2 az(x —1)
1—a(z-1)
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and
= ax(rz —1)32
Bo((t—2)%2)= ————.0O
((t = 2)%2) = {2 =

For « = 1/n, n € N, we obtain

z(r —1)2

By ((t —2)%x) = nrl—z

1
c¢) Another beta first-kind operator it is obtained by (2.5) for p =1+ —.
azx

a € (0,1), z € (1,1/a), where f is any real measurable function defined on (1,1/a),
such that (B,|f|)(z) < oco.

Lemma 4.5. One has

~ 1— 1—
Proof. B ey = >\ = a x> 24 i

22 — ax?® — 2% + a2® 2+ax2(x—1)
P i el

1—ax

:x2—|—

1—ax
and
~ ar?(z —1)
Bo((t—2)%2)= ——2.0
(1~ asa) = 20—
For a = 1/n, n € N, we obtain

22 (x —
By ((t—2)%z) = M

n—x
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