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ON SOME CLASSES OF UNIVALENT FUNCTIONS
WITH NEGATIVE COEFFICIENTS

AMELIA ANCA HOLHOS

Abstract. In Holhog [1] we defined and studied new classes
Toa(A,B,a,3,v) of univalent functions with negative coefficients

for 0<a<1,0<p<1,-1<A<B<1,0<B<1and

B
<v<{ B-A)a @70
1, a=0

B-A

In this paper we study the classes T, A (A, B, «, 3,7) for 0 < vy < B ? 1

1. Introduction

Let U denote the open unit disc: U ={z; 2€ C and |z] <1} and let S

denote the class of functions of the form:
f(2) =2+ a;7
j=2

which are analytic and univalent in U.

For f € S we define the differential operator D™ ( Salagean [5] )

DYf(z) = f(z)
D'f(z) = Df(z)=2f"(z)

and

D"f(z) =D(D"'f(2)) ; neN"={1,23.}.
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AMELIA ANCA HOLHOS
We note that if
oo
f(z) =2+ a;7
=2
then

D"f(z)=z+Y j"a;2’ ; z€ U,
j=2

Let T denote the subclass of S which can be expressed in the form:

f(z)=2— Zakzk ;o oar >0, VE>2. (1)

k=2
We say that a function f € T is in the class T, x (4, B, o, 8,7) 0<a <1,

0<pf<1,-1<A<B<1,0<B<land0O<~< 54 if
ZFr/L,,\(Z) 1
Fux(z)
PN ELFAC N R £ FE D
— - —al| — R b
T Fx Foun(2)

where
Fux(2) = (1 =ND"f(2) + AD" " f(2) ; A>0 ; f€T

Remark 1. Forn=0,A=0,A=—-1,B=1, =1, theclass Tpo(—1,1,a,1,7) =
Sg(a,y) was studied by S.Owa [2] and forn =0, A\=0, A= —1, B =1, the class
Too(—1,1,0,8,7v) = S§ (o, 8,7) was studied by S.Owa in [3] and [4] .

2. Characterization theorem

Theorem 2. Let 0 < a <1, 0< <1, - 1< A< B<1,0<B<1and

B 00
B A.Then a function f(z) = z— Y. arz®; ap >0, Vk > 2 is in the class
- k=2

Tn,)\(AvB7o‘7ﬂ7’Y) Zf and O’ﬂly Zf

0<vy=

iakk” N+ AXE=1D][(k—1)+8Bk+1)—py(B-A)(k+a) <
k=2

< Ay(B-A)(1-a) (2)

and the result is sharp.
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ON SOME CLASSES OF UNIVALENT FUNCTIONS WITH NEGATIVE COEFFICIENTS
If we denote
Dy (k, A, B,«,3,v,\) =
= K14+ XE-D][(k-1)+BB(k+1)—py(B—-A)(k+a) (3)

then (2) becomes

Zakpn (k, A,Baa7677a )‘) S 67(B - A)(l - a)'
k=2

Proof. Assume that (2) holds and let |2] = 1. Then we have
|2F, 5 (2) = Fax (2)] =
—B[(B—A)v [2F) 5 (2) — aFux (2)] = B[2F, 5 (2) — Fux (2)]] =
= |2F) 5 (2) = Fax ()] -

—BI(B—A)y = B]zF, \ (2) + [B = (B — A)ya] Fox (2)| =

iakk” (1—k)[1+ (k—1)\ 2*
k=2

(B—A)y—Blz—[(B—A)y—B]> apk™" [1+ (k- 1)\ 2F+
k=2

—p

+[B—(B—Aya]z— [B—(B—Apyal Y agk™ (1 + (k- 1)A] ¥
k=2

iakk” (1—k)[L+ (k—1)A] 2"
k=2

—B|(B—A)y(1—a)z—[(B—A)y—B]> apk™ ™ [1 4 (k—1)A] 2 -

k=2

—[B = (B — A)yq] iakk‘" (14 (k—1))] 2"

<

< Sk (k= 1) [L+ (k= DA 2" = B(B - A) v (1 - a) ||+
k=2

+B1(B — A)y — B> ark™ L+ (k — DA [2]* +
k=2
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+B|B — (B — A)yal Y ark™ [1+ (k= D)A]|2[* <
k=2

< S ak [+ (k= DA {(k— 1) + B[B — (B — A)]k+ BB — (B — A)ya]} -
k=2

—By(B—-A)(1-a)<0

Consequently, by the maximum modulus theorem, the functions f(z) is in
the class T, A(4, B, o, 8, 7).

Conversely, assume that

Faa(2)

iakk” (1—Fk)[1+ (k—1)N 2"
k=2

(B=A)y(1—a)z—[(B—A)y—B]Y axk™" [1+ (k- 1)\ 2" -
k=2

< B

— [B = (B — Ava)] iakkz” 1+ (k—1)) 2"
k=2

Since |Re (2)| < |z| for any z, we have
S ark™ (k— 1) [1 + (k — 1)A] 2#
Re IZ:Q <p
(B-—A)y(1l-a)z— zakk" I+ (k—-DAN[Bk+1)—(B—A)vy(k+a)] 2k

k=2

Letting z — 1 through real values, upon clearing the denominator in the last in-

equality we obtain

iakk” (k=1 [1+ (k-1 <
k=2

< BYB = A)(L—a) = Y axk™ [L+ (k= DA B[B(k +1) = (B — A)y(k + a)]
k=2

and this inequality gives the required condition.
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ON SOME CLASSES OF UNIVALENT FUNCTIONS WITH NEGATIVE COEFFICIENTS

Each function

s (B~ 4)(1-a) n
Er[1+A(k=1D]k—14+pB(k+1)— 0y (B—-A) (k+ a)]

is an extremal function for the theorem. O

Remark 3. Forn =0, A=0, A= -1, B=1, 8 =1 the result of Theorem 2 was
obtained by Owa [2] and for n =0, A =0, A= —1, B = 1, the result of Theorem 2

was obtain by Owa [3].

3. Closure theorems

Let the functions f; be of the form:
fi(z) =2z— Zakak ;2€U 5 ap; >0, Vbk>2, j=1,2,...,m. (4)
k=2

We shall prove the following results for the closure of functions in the class

TTL,)\(A7 B7 «, ﬁ? PY)

Theorem 4. Let the functions f; (z) defined by (4) be in the class T, (A, B, o, 3,7).
Then the function g (z), defined by

o0 lm
=2—) b2F ;b >0, with b, = — ;
g(2) ==z I;kz 3 0 2 U, we k m;ak]

also belongs to the class T, A (A, B, o, 3,7).

Proof. As fj(z) € T, A(A, B,a, 3,7) it follows from Theorem 2 that
Zakj’Dn (k,A,B,a, 3,7, \) <By(B—A)(1—-«a) ; j=12,...,m.
k=2

Therefore

o0 o0 1 m
Zka7L (k7Aa Ba aaﬂa’% >\) ZDH (k7A7 Ba 04757% >\) Ezak_j
j=1

k=2 k=2
< py(B-A)(1-a)
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hence, by Theorem 2,

g (Z) S Tn,A(AaBaaaﬁa 7)

Theorem 5. Let f; (z) € T A (A, B,a, 3,7). Then the function h(z), defined by,
h(z)= Zdjfj (2); where Zdj =1,d; >0,Vj=1,2,....,m
j=1 j=1

is also in the class T A(A, B, o, 3,7).

Proof. By using the definition of h (z), we have

h(z) = Zdj [z — Zakak] = dej — ZZdjakak =
Jj=1 k=2 j=1

k=2j=1

oo m
_ ok
= z- E djagjz

k=2 \j=1

Therefore,

> D, (k,A,B,a, 3,7, )) (Zdjakj) =
j=1

k=2

= ZDn (k; Aa Ba aaﬁ377 >‘) akldl + ZDTL (ka A> Baaaﬂafya )‘) ak2d2 + ...
k=2 k=2

ot ZDn (k7 A7B7O‘75777 )‘) ak:mdm S
k=2

<d1fy(B—A)(1—a)+defy(B—A)(1—a)+..

e FdpBy(B—A)(1—a) =

=pBy(B—A)(1 - a)Zdj = By(B - A)(1 - )

which implies that h (z) € T A (A4, B, o, 8,7).

42



ON SOME CLASSES OF UNIVALENT FUNCTIONS WITH NEGATIVE COEFFICIENTS

Theorem 6. Let the functions fi1(z) = z — Y. api2¥, apr > 0,Yk > 2, and
=2

fa(z) = 2z — ZCLkQZ akz > 0,Yk > 2 be in the class T, z(A, B,«, 3,7), respec-
tively Thy1, A(A B ,a, 3,7). Then the function p (z) defined by

2 oo
= Zam—i-akgz ETn,\(ABozﬂ, 7).
k:?

PT'OOf. Let fl (Z) € Tn,)\(AaBaa,ﬁer) and f2 (Z) € Tn-‘rl,A(AaBaaaﬁa’y) ; by uSing

Theorem 2 we get, respectively,

Zaklpn (k7 A> B7O[75,’7, )‘) S 5’7(-8 - A)(l - a)
k=2

and
ZakQDn-l—l (kv A7 B7 a, ﬂ7 v )\) S ﬂ’Y(B - A)(l - Ol)
k=2

We have (see (3) )

2Zak2Dn (k7AaBaOé7/67’Y7>\) < Zak2Dn+l (k,A,B,OL,ﬂ,’Y,)\) <
k=2 k=2

< By(B-A)(1-a).

Then
2 2
gzaklpn (kv A7B7a7ﬂ7’y’ )\) < gﬂ’Y(B - A)(l - Oé)
k=2
and
2 — 1
gzakEDn (ka A7 B7a767’77 )‘) S 55’7(3 - A)(l - Oé)
k=2
imply
9 o
gz (a'kl + ak?)Dn (k;7Aa Ba aaﬂa’}/v A) S ﬁfY(B - A)(l - Oé),
k=2

and from this we deduce that

oo
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4. Integral Operators

Theorem 7. Let the function f (z) defined by (1), be in the class Ty, x(A, B, a, 3,7),
and let ¢ be a real number such that ¢ > —1.Then the function F (z) defined by

c+1

F2) = /0 Tl (t) dt (5)

ZC

also belongs to the class Ty, x(A, B, &, B,7).

Proof. By using the representation of F'(z), it follows that

c+1
c+k

F(z)=z— Zbkzk, where by = a

k=2

f S Tn,)\(A,B,CY,ﬂ, ’Y) = Zaan (k%AanOéaﬂ,%)\) S /67(3 - A)(]' - a)
k=2

ibk:/)n(k,A,B,a,ﬂmA) = i

k=2 k=2

aan (kaA7B7O‘7677’)‘) <

c+1
c+k

3

< Zakpn (k,A,B,O{,ﬁ,’Y,A)
k=2

fr(B - A)(1-a)

IN

= F(2) € Toa(A B, v, 5,7). -

Theorem 8. Let ¢ be a real number such that ¢ > —1. If F'(z) € T,, »\(A, B, o, 5,7)
then the function f (z) defined by

F(z)chl/Othlf(t)dt

ZC

is univalent in |z| < R, where

m(zc,A,B,a,MA)(cH)]kl—l A

R:mf[ Br(B - A)(L—a)(ct k) k

k

The result is sharp for

/BW(B_A)(]-_Q) (C+k) 2 E>2 (7)

T&) =2 b kA B.agrN et 2
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ON SOME CLASSES OF UNIVALENT FUNCTIONS WITH NEGATIVE COEFFICIENTS

Proof. Let F (z) =2z — . apz"; it follows from (5) that

B 1=¢[2¢F (2)] L c+k J
f(z)— c+1 B Z
= arDp, (k‘,A,B,Ox,ﬂ,"}’,)\)
F(Z) ETn,)\(A7B7O‘7ﬂ7’Y):>kZ:2 ﬁ’y(B—A)(l—Oé) S L.
If
k(C+k) |Z‘k71 < D, (k,A,B,OZ,ﬁ,’Y,)\)
c+1 By(B—A)(1-a)
or if
| |< Dn(k7AaB7ayﬁ7fY?)\)(c+l):|k_l
ST (B-ADA-a)k(c+k)
then
y _ c+k ctk k=1
() =1 = ékcﬂ Zk Ta 2]

oo

aan kABaﬁ’}/a )
1
2B oA

But from |f’ (2) — 1| < 1, |z| < R, we deduce that f is univalent in the disc |z| < R.

The result is sharp and the extremal function is given by (7). O

Theorem 9. Let c e R, ¢ > —1. If
F(Z) =z Zakzk € Tn,A(A7Baa7/81 7)
k=2
then the function f(z) given by

F(z) = C+1/Oztc_1f(t)dt

ZC

is starlike of orderp (0 <p<1) in |z| < R*(p,A,B,«a,3,7) where

* i (1—p)(c+1)D, (k, A, B,a, 8,7, \)] 7T |
R = kf (k—p)(c+k)By(B—-—A)(1—-a) ] o k>2.

The result is sharp.
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!
Proof. Tt is sufficient to show that ‘Z;(S) - 1‘ <(l-p), in |z| < R*.
Now
0o . B 00 . he
) =3 (k=1 a3 (k- 1) Ly |2
Zf(Z)_ll_ k=2 < k=2 <1-p
(@) 1— ) Skgyzk-t 1-— Zi—’faﬂdk_l
k=2 k=2
provided
— [k — k _
Z<P) (” )ak|z|k Lot
= 1—p c+1
By using
iakpn(k,A7B70¢,ﬂ,%/\) <1
2B -a) -
the inequality
— [k — k _
Z<P> (” >ak|z|k Lo
= 1—-p c+1
holds if
k’—p C+k3 k—1 Dn(k,A,B,Oé7ﬁ,’7,)\>
(1 )( 1>|Z| S Ty (B-A)1- i k=22
p) \e+ B )1 —a)
or if
|Z| < |:(].—p)(c+1)Dn(k7AvBuaa/67’77>\):|“ < k>0
(k—p)(c+k)By(B—-A)1-a) T

Hence, f(z) € S*(p) in |z| < R*. The sharpness follows if we take the function

F (2), given by

(B—A)48(1—a)z*
F(z)=z2—- > 2.
B = D e A Bra B F 7
O
5. The Hadamard products
Let f,ge T,
fz) =2 arz"; ar 20, Vk =2 (8)
k=2
and
oo
9(z) = 2= bi2¥; b >0, Yk > 2, (9)
k=2
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then we define the Hadamard product of f and g by
frglz)=2— Zakbkzk.
k=2

Theorem 10. If the functions [ and g defined by (8) and (9) belong to the
same class Ty A(4A, B, o, 3,7), then the Hadamard product f * g belongs to the class
Tn,)\<A7B7Oé7ﬁ257)'

Proof. Since f(z) € T, A(A, B, &, 8,7) by using Theorem 2 we have

> arDn (k, A, B,a, 3,7,)) < By(B — A)(1 - a)
k=2

and
» 52(B — A1 —a) |
T2(1+ N [1+38B—-pBy(B-A)(2+ )]’
If g(z) € T, A(A, B,a, 3,7) then

vk > 2.

Zbkpn (kvAaBaaaﬁv’%)‘) < 67(3 - A)(l - a)
k=2

Since 0 < 32 < 8 < 1 we have

Zbkpn (kvAaBaaaﬁ27’7; )‘) S Zbkpn (k,A,B,a,ﬁ,%)\)

k=2 k=2
and then
> apbiDy (k, A, B,a, 82,7,)) < Y arbiDy (k, A, B,a,8,7,)) <
k=2 k=2
< B29*(B - A)P*(1 - a)® <
T 27(1+AN)[1+38B—-pBy(B—A)2+a)] —
< (B -A)(1-a)

because
B (B — A)?*(1 — a)?
27(14+\)[1+38B — Bv(B — A)(2+ )]

B2y(B=A)1-a) {v(B = A) (1 - a) = 2"(1+ A\)[1+38B — (B~ A)(2+ )]} <0

<FAB-A)(1-a)&

Sy (B—A)(1—a)—2"(1+X) —2"(1+\)BB —2"(1 + \)28B+

+27(1+ N)By(B — A)2 + 2"(1 + N)Bv(B — A)a < 0
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YB-A)1-a)=2"1+N)+2"1+N)F[y(B—-A)a— B]+
+2"(1 4+ N)28[y(B—A)—B] <0
According to Theorem 2 we obtain f * g € T,, \(A, B, a, 5%,7). O

Theorem 11. Let p > 0 and pr2ovpi ity ”szH‘p <a< ﬁ. If the functions f and g
defined by (8) and (9) belong to the same class Ty, x(A, B, o, 8,7), then the Hadamard
product f * g belongs to the class T, (A, B,1 — pa, %,7).

Proof. By using
Br(B - A)(1 - )

< ; Vk > 2
U= onA+ N1+ 36B — 5y(B - A) 2+ a)] =
and
> biDn (k, A, By, 8,7, 3) < (B — A)(1 - a)
k=2
we obtain
Zakkan (k7A7 Ba 1- OéaﬁQvFYa )‘) < Zakbkpn (k7A7 B7 04,52,’}/, A) <
k=2 k=2
S Zakbkpn (k7AaBaa7/67’y’)‘) S
k=2
) 3B — 4)*(1 — )’ .
= 221+ AN)[1+38B-pBy(B-A)2+a)]
< (B -A)(1-a)? < (B - A
which implies that f * g € T, A(4, B,1 — «, %,7). O

Corollary 12. Let 3—27\/5 <a< % and let the functions f and g defined by (8) and
(9) be in the same class T, A(A, B, o, 3,7). Then the Hadamard product f + g belongs
to the class T, \(A, B,1 — «, 8%,7).

Corollary 13. Let2—/3 < a < + and let the functions f and g defined by (8) and
(9) be in the same class T, \(A, B, o, 3,7). Then the Hadamard product f * g belongs
to the class T, \(A, B,1 —2a, 32, 7).
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Remark 14. From definition of the class T, x(A, B, o, 8,7) it is easy to see that if
0< ﬁl S 62 S 1 then Tm)\(A,B,Oé,ﬁl,’)/) - T,L,A(A,B,a,ﬁg,'}/).

Remark 15. Since 0 < 32 < 8 < 1 we have T, x(A, B, o, 32,7) C To 1 (4, B, a, 3,7)
and Tn)\(AaBa 1 _p057ﬁ2,'}/) - T717>\(A7B7 1 —pOL,ﬂ,’Y).

6. Inclusion properties of the classes T, \(4, B, «, 3,7)

Theorem 16. Let 0 < as < a3 < 1;0< 1 < <1 and 0 < vy <y <

- B-A
Then we have Ty, x(A, B, a1, 01,71) C Tua(A, B, as, B2, 72).
Proof. Let f € T, x(A, B, a1, 31,71). Then, by using Theorem 2, we have
Zaan (k7Aa Ba alaﬁla’yla )‘) S 51’71(3 - A)(l - al)' (10)

k=2

From this we deduce that

iakkn L+ XEk—1D][B(k+1)—7(B—A)(k+a1)] <7 (B—A)(1-a),
k=2

iakk" N+Ak=-D][-(k+a1)]<1—0y
k=2
and .,
S ark L+ A (k-1)] < 1.
k=2

Let ap = ag + 0; 1 = P2 — &; 71 = y2 — 0 where d,,0 > 0, then from (10) we have

Z%Dn (k,A,B,as+ 0,02 —e,72 —0,\) < i (B —A)(1 —aq)
=2

and because
Dy (k,A,B,as + 9,02 —e,v2 —0,\) =D, (k, A, B,ag, B2,v2,\) —
KL+ A(k—1D]e[Bk+1) =y (B—A) (k+ 1)) -
KL+ A (k —1)] 20 (B — A) [ (k + o)) — K" [L+ X (k — 1)] 7282 (B — A) 6

we have

ZakDTL (ka A7 37 02752a727 >\) < ﬂl’Yl(B - A)(l - 0[1)+
k=2
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+Eiak/€” M+AEk—-D][BE+1) -7 (B—A) (k+a)]+
k=2

+320 (B — A) iakk" L+ Ak =D][=(F+a)]+

k=2

+7202 (B — A) 5§:akkn M+A(k—1)] <
k=2
<Pim(B-A)(1—oa1)+en(B—A) (1 —a1)+520(B—A4)(1—a)+

+B272 (B — A)§ = Pay2(B — A)(1 — az)

According to Theorem 2 we obtain f € T, (A, B, ag, B2, 72) and
Tax(A, B a1, Bi,m) C Tua(A, B, az, B2,72). O
Corollary 17. Let 0 < oy < ap < 1. Then we have T, (A, B,a1,3,7) D
Tux(A, B, as, 3,7).

B
Corollary 18. Let 0 <y, <y < 3 . Then

A
Tn,/\(Aa Ba a7ﬁa’yl) C Tn,/\(Aa B7 aaﬁ572)~

Theorem 19. Let 0 < as < a3 < ;0 < B < G <1l and 0 < 73 < 7 <
%. If the functions f defined by (8) and g defined by (9) be in the classes
Tua(A, B a1, f1,71) and T, A (A, B, aa, B2, 72), respectively, then the Hadamard prod-
uct f * g belongs to the class ThA(A,B,o, 3,7), where o = min (a1, a2), =

max (01, f2) and v = max (y1,72) -

Proof. Since

a=min (o, ) => a < a; and a < ay

B =max (f1,52) = B > p1 and B > o

v =max (y1,72) =7 =7 and 7 = 72
from Theorem 16 we have f € T, A(4,B,a1,51,71) = f € Tp (A, B,a,5,7) and
g € Tua(A,B,az,(2,72) = g € ThA(A,B, o, 3,7). From Theorem 10 and Remark
15 we have fx g € T, A(A, B, o, 3,7). O

Theorem 20. Let —1 < Ay < A} < By < By <1, 0 < By. Then we have
Tn,)\(AlyBlva7577) C Tn7)\(A27327a757’7)'
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Proof. Let f € T, »(A1, B1,,3,7) then

Zak}Dn (kaAlaBlaa7ﬁ77a)‘> < ﬁ,Y(Bl - Al)(l - CY).
k=2

Since Ay > Ay, By < By = By — A1 < By — Ay and because 0 < o < 1,
B

0<pB8<1,0<y<L A from (3) we deduce that D, (k, A1, B1,«, 3,7, A) >

Dy, (k, Ay, B, o, 3,7, ) . We have

NgE

Zaan (k7 A25 327 a, ﬁa Y )‘) <
k=2

ak:Dn (k,A],Bl,O{,,@7’Y,)\) <
2

By(Bz — A2)(1 — a),
and according to Theorem 2 we obtain f € T, x(Az, B2, o, 3,7) which imply that
Tn,)\(AlaBl7a767,7) CT’)’L,)\<A2’B?7a7ﬁ77)' O

IN ==

<By(B1—A)(1— )

Corollary 21. Let -1 < A < A1 < B < 1,0 < B < 1. Then we have
Ty (A1, B,a, B,7) C T a(A2, B, o, 3,7).

Corollary 22. Let -1 < A< By < By < 1,0 < By < By < 1. Then we have
Tu (A, B, o, B,7) C T z(A, Ba, o, 8,7).

Theorem 23. T, \(A, B, o, 3,7) D Tht12(A, B, o, 3,7).

Proof. Since f(z) € Th+1,1(4, B,«, 3,7) by using Theorem 2 we have

Zakpn—i-l (kaAa Ba 0476777 >‘) S 57(3 - A)(l - Oé)

k=2
because
k" < k" VE > 2 and Yn > 0

and

EP14+4Xk=1)[(k—1)+p8B(k+1)—8y(B—A)(k+«a)] >0
then

Dy (k, A, B,a,3,7,A) < Dypyr (b, A, B, o, B,7,A) 5 Vn >0
and

Zaan (k, A7 B, «, ﬁa v, A) S Zakpn-‘rl (ka A7 B7 @, ﬂv e )‘) S B’Y(B - A)(l - O()
k=2 k=2
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According to Theorem 2 we obtain f € T, x(A, B, o, 8,7v) = Tua(4,B,a,3,7) D
Tn+1,)\(A7B7a7ﬁ7fY)' -

Remark 24. From definition of the class Ty (A, B, a, 8,7) or from Theorem 2 it is
easy to see that if 0 < Ay < Ay then T, (A4, B, o, 3,7) C Ty (A, B, o, (3,7).

Remark 25. From Theorem 23 we have

Tu(A, B, o, 8,7) C Tox(A, B, o, 8,7),
from Remark 24 we have

Toa(A, B, o, 3,7) C Too(A, B, o, 8,7)

and from Theorem 16 and Theorem 20 we have

1
TO,O(A7B70[757’7) C TO,O(_17 1u0717 5)
and
1 2f' (2)
Too(—1,1,0,1, = -1 <1
fe 0,0( s Ly 2)<:> f(Z)

the class of starlike functions with negative coefficients. Because these functions are

univalent, then all functions in the classes Ty, x(A, B, a, 8,7) are univalent.
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