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A NEW CONVEXITY CRITERION

ROBERT SZASZ

Abstract. In this paper we have obtained a simple sufficient condition for
the convexity of analytic functions defined in the unit disc U = {z € C' :
|z| < 1}

1. Introduction

Let A be the class of functions which are analytic in the unit disc U = {z €
C| |z| < 1} and has the form f(z) = z + ag2® + azz® +... .
The analytic function f is said to be in the class P, if and only if f(0) = 1 and
Ref(z) >0,V z € U. If f and g are analytic in the unit disc U,we say that f
is subordinate to g in U if there exist a function ® analytic in U, so that ®(0) =
0, |®(2)] <1, and f(z) = g(®(2)) for all z € U. The subordination shall be denoted
by f < g. If g is univalent, then f is subordinated to g if and only if f(0) = ¢g(0) and
f(U) Cg(U).
We say that the analytic function f is convex in U if it is univalent and f(U) is a
convex domain in C . It is well known that a function f is convex if and only if

1

f'(0) #£ 0 and Re (1 + ZJ{'(S)) >0, for all z € U. Let K denote the subset of A
consisting of convex functions. In order to show our main result,we need the following
lemmas.

Lemma 1. (Herglotz) [1]
A function f belongs to P if and only if there is a measure p on [0, 27| so that

27 —it
1) = [ T () and ju(f0.27) = 1.

Lemma 2. (H.S.Wilf)[4]

1 oo oo
If Re 3 + nz_:lbnz"> >0,VzeUand f(z) = nz::lanz" is a conver function, then

Zanbnz" < f(z) .
n=1
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2. Main result

2
-1
Th LIEfeA (2) 4 = — h
eorem f € A and Re (zf (z) + 2f (z)) > T Amg A € U then
fekK.
Proof. If f € A then it has the form f(z) = z + Zan . The condition

Re (zf”(z) + %f’”(z)) >
2
> 77r+:1%n2 = —c is equivalent with 1 + — (zf”( )+ ;f’”(z)) € P and using the

Lemma 1 we obtain the following representation:

1 — 2 n—1 o 7’Lt(’ﬂ 1)
+%Zn(n—1)an 71+22 / ) du(t)

n=2 n=2

From the last equality we deduce that:

4 2 .
ay = 76/ efzt(nfl) dﬂ(t)
0

n?(n—1)

and

0 n 2m
§ Z —it(n—
n=2

After a simple calculation we get that

1 e i+
il —it(n=1) q,,(¢
zf”(z) 4C+ZQTL—1/O ¢ 'u()
H )1 = gt R
i —it(n—1) du(t
4C+Zn(n71)/o ¢ uit)
n=2
1
We introduce the notations h(z — + and g(z + Z It
n(n—1)"

1
is easy to observe that h(z) = — + log

1 and h is a convex function.
c z

1—

n

1 oo
B Re | -
ecause fle 5 +Zln+1

that g(z) < h(z). -
The convexity of h implies

) > 0,Vz €U and h is convex using Lemma 2 it follows
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" Zn,l [ e iy e nw) 2

for every z € U and every measure p for which p ([0, 27]) = 1.

1
Ifo<e< 1 then Re h(z) > 0,z € U and we can draw two tangent lines to the curve

I' = Oh(U). Let denote with a the measure of the angle between the two tangent
lines which contains h(U). From(1) and (2) follows that

Zn_l/% 0D (1

1 i 77,t7l
4+Zn<n—1>/ " dutt)

1=2

larg | < o

and so a sufficient condition for Re (1 + z}c,/;i';)) >0, z2eUisa= g )

The curve T has the h(e®?) = u(6) +iv(6), 6 € (0,27) parametric representation.
The equality o = g is equivalent with the existence of 61,60y € [0,27] with the
properties
u(91) _ v(91) ’U,(eg) _ U(@g) UI((91) ) v’(92) -1
W(0r) v'(01) T W(02)  v'(02) T W(0r) w(02)
Because h(U) is symmetric with respect to the real axis,we deduce that 6y =
27 — 01 and after calculation we get ¢ = O

1
m+2In2 °

Example. Let A be a real number so that 0 < A <

z):z—i—)\//—
oJo U Jo
2

2
Proof. After derivation we get that: zf”(z) + ZEf’”(z) = )\271, z € U. In [1] had
62 p—
e —1

m then the function

been proved that ¢(z) = is a convex function in U which implies the inequality:

-1
Req(z)>eT7ZEU. (2)

-1
From (2) follows that |g(z)| > e—,z € U or equivalently
e

z e
<—F,2€U. 3
ezl‘ e : (3)

-1
Using (3) it is easy to deduce that
22 —e -1

2
1" 27 e _ =
Re(zf (Z)+2f (Z))—/\Reez_l>)\e—1_7r+21n2’ZEU

which is the condition of Theorem 1. O
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