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THE STUDY OF REMAINDER FOR SOME CUBATURE
FORMULAS FOR TRIANGULAR DOMAIN

ILDIKO SOMOGYI

The purpose of this paper is to give some practical cubature formulas in
approximation of the integral

- /D f (e, ) dedy (1)

where D is a triangular domain, D = {(z,y)/x >0,y >0,z +y < h}and f: D — R
is an integrable function on D. We would like to construct some practical cubature
formulas of the following form:

m n
I=Y "3 "Aiif (i y;) + Ron(f)
i=1j=1
where A;; are the coefficients of the formula and R,,,(f) the remainder. We will use
the quadrature rules given by Bruno Welfer in [2] for triangular domain and we will
study the remainder of these rules and some optimal properties. To obtain the error
of the approximation formula we will use a generalization of the Peano Theorem,
when the function is a member of the so-called Sard space. We will note with By, the
Sard space where p,q € N,p+ g =m. Let Q = [0, h] x [0, h] where h € Ry, then the
Sard space B, 4(0,0) is the set of all of the functions f : Q — R with the following
properties:
1. [ € C(Q)
2. fm=39)(.,0) € C[0,h], 7=0,...,q—1
3. fUm=0(0,.) € C[0,h],i=0,...p—1
Theorem 1. Let L : B,4(0,0) — R be a continuous linear functional. If Ker(L) =
P2 | then

Z/ Ko (8) £ 99 (5,0)ds + Y Ky i(t) (0, 8)dt+

1<q i<p

//qu (s5,8)fPD (s, t)dsdt (2)
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where 4
(x—8)] 77y

. gy |\ )+ S
Km—],](S) L [(m—j—l)! ]|‘| ) < g

i m—i—1
e E k) L
Kim-i(t) = L [i! m—i—n| " =P

s 1) = @) (1*5)?;1 (y*t)?fl
Kpq(s,t) =L l -1l (q—1)

First of all we consider the cubature formula with a single knots:
h? _h h
[ [ ety =15 5) + Rath). 6
D

Because the degree of exactness of this formula is equal with 1, we can use

the first theorem and follows:
Theorem 2. If f29(-,0) € C[0,h], f©2)(0,-) € C[0,h] and fD (x,y) € C(D) then
we can give the following delimitation of the error in formula (3):

h? ht 89h4
< — -
|Ri(f)] < 72M20f+ 72M02f+ 1944]\/111f7

where
Maof = max |f*9(2,0)], Moof = max |2 (0,y)|, M1 f = max |fD (z,y)].
z€[0,h] y€[0,h] D

Proof. Theorem 1 implies the following error representation:

h h
Ri(f) = /0 Kao(s)f 29 (s,0)ds + /0 Koa(s) £ 02 (0, t)dt

S (1’1) S S
+//khmwf (s, t)dsdt (4)

and
Kao(s) = B [(a — )]

Koa(t) = R™ [(y — t)+]
Kii(s,t) = R™ [(z — s)%(y — )% ] -

Therefore the so-called Peano-kernels has the representation

(o) Wk gy g<h
v S50 13
(h—s) h

6 §2 73

(h=t)® _ h2(h —t), t< h

K02(t):{ 6 233 ) — 3
(h—t) h

9 tZg
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and
(h—tG_S)S _ L;; 0 S S,t S %
Ku(st) = (h—t—s) h h
> 0<s<3,3§t<h or ggsgh,0<t<f

If we study the sign of these functions, we conclude that Koy and Ko are
positive functions at the interval [0, k] and Ki1(s,t) < 0,0 < s,t < 2 and Ky (s,t) >
0if 0<s<BL<4<hor 2<s<h0<t<yi

Since

h h4

K. ds = —
/0 20(s)ds =

h 4

h

Ko (t)dt = —
\/0 02( ) 727

89ht
//|K11 s,t)| dsdt = Tom’

from (4) finally yields the thcorom.
Let now consider the following formula:

2
[ [ remaay = |10+ 1G0 + 1G]+ maln 6

The degree of exactness of this formula is 2, therefore we can use the theorem
1 for the representation of the error, an we can give the following delimitation of the
approximation error:
Theorem 3. If f30(..0) € C[0,h], fZV(-,0) € C[0,n], f*3(0,:) € C[0,h] and
f12)(s,t) € C(D) than we have

5 5 5 h5

h h h
< Miogf— 4+ Moy f— + Mo f — + Mo f—
|Ra(f)] < 30f720 + 21f364 + 03f720 + 12f24

and

(6)

where

Msof = m[aicl] ’f(3,0)(s70)

Moy f = max | & (5,0)|,
s€[0,h]

M3 f = max ' O30 t)’ and Mo f = rnax’f(1 2 (s, t)‘
te[0,h] D

Proof. We will use the same method like in the previous theorem, than the
error of the formula (5) is

/K30 V3O (s ds+/ Ko (s 21)50ds—|—/ Kos(t) £O3(0, t)dt+

+/D/K12(s,t)f( 2 (s, t)dsdt

where

(h=5)* _ K3 /(h
m(s):{ (e s <k
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:{ (st (L gy 0 < s, t<h/2

(h_%_t)g , otherwise
and
(h=0)* _ h%(h _ 42

Kos(t) = { ol N E<h2

=u t>h/2
The kernel functions K3 and K03 are positive on the interval [0, h] and their
integral on the same interval is equal w1th . Also we have m[a>}(L | K21 (z,y,8)| = %

€lo
and (msax |K12(2,y,5,t)| = 2, therefore we can give the following delimitation of

s,t)eD

the absolute error:

| Ra(f \</K30 FBO (s, 0)ds| +

/ K21 f(Z’l) (S,O)dS +

+ / Koa(H) O (0, 1)dt| +

4

/ Kia(s,1) f(l’Q)(s,t)dsdt‘

h
364 ’f@’l)(s’m‘ ds+

+M03f/ | Kos(t |dt+*//‘f12 (s,1)
B

< M:aof72 + lef i Mo3f ot M12f

h
<M30f/ ‘K30 )|d8+

dsdt

Finally we consider the followmg cubature formula:

2
/ / ooy = 55 |31(0.0)+ 37(,0) + 3£(0.1) + 875,00+

48150 5) +80.5) + 2173, + Ral).

Because the degree of exactness of this formula is equal with 3, we can give
the following theorem for the delimitation of the absolute error:
Theorem 4. If f(+9(s,0) € C[0,h], f®V(s,0) € C[0,h], fOY(0,t) € C[0,h],
fA3)(0,t) € C'[0,h] and f(2’2)(s,t) € C(D) then

Bo(F)] < Maof o My f 0 T 4 gy f P hgpp 2
3 1078640 su a0 T T4 0478640 22/ 768’
where
Mo F — ‘ (4.0)( Mot F — ‘ (3,1) ‘ Maf — ’ (1,3)
swf = Sfeﬂgﬂfi f9(s,0)|, Ma1 f = Sren[%)]i] f(s,0) 13f = tgl[g)’i] F520,1)],
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Mosf = ‘(0’4)0,t’7M = ’(272) ,t‘.
oaf trggh]f (0,8)|, Moo f (g)‘cngf (s,t)

Proof. We will use again the generalization of the Peano theorem in bidi-
mensional case and we have

h h h
Ra(f)Z/ K4o(8)f(4’°)(8,0)d8+/ Kgl(S)f(g’l)(S,O)ds—l—/ Koa(t) fOD(0, )dt+
0 0 0
h
+/ K13(t)f(1’3)(0,t)dt+/ /KQQ(S,t)ﬂz,z)(S,t)dsdt
0 D

where the Kyo, K31, K13 and Ko are the so-called kernel functions, and they have
the following representation:

h—s)® 2 h—s)3 h_g)3 h_ )3
(5!) _1’70[(2)_’_8(23)_’_9(32)}7 SG[O,%]
)5 _g)3 h_g)3
Kol ={  Cgn 5[0 o sUal]  se(hh)
h—s)%  n2 (h—s)® h
e et s € [5.0]
h—s)® 2 h—2s)2 h—3s)2
g g [ ] se 04
_ —5)® 3
K (s) = —(s) —QhTO(sh—Qs)Q, se (b b
— (e se[5.n)
(h—1t)° K2 (h—2t)? (h—3t)? h
sl —m{h 7 ThT }’ tE[O’§]
— _4)° 3
Kis(t) = —(h=0) — g (h = 20)%, te (L
_(hg!t) te [5,h]
and
KQQ(S,t)Z
—g—t)4 2
- BG-GB -0+ -9 -n], 0<st<}
st heg(h gy ) §§s§§,0§t§%
= 0<s<gh<t<i
4
o 0<s<hbi<t<h,
h<s<hoO<t<h

The K40, K31 and the K73 functions do not change their sign at the interval
[0, k] and if we calculate the maximum of the function K33 we obtain max | Kaa(s,t)] =
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%, therefore for the absolute value of the error we have the following delimitation:

h h
|Rs(f)| < /0 Kao(s)f 49 (s,0)ds| + /0 Ks31(s)f3Y (s,0)ds| +

h
+ +/ Ki5(t) f2(0,t)dt| +
0

/ / Koao(s,t) f22) (s, t)dsdt‘
D

h h h
SM4of/ |K40(5)|d5+M31f/ |K31(8)|d5+M04f/ | Koa(t)| dt+
0 0 0

h
/ Koa(1) O (0, £)dt
0

+

h 6
h
M Ki5(t)| dt + M.
+ 13f/0 | K13(t)| dt + 22f768
ho 7hS 7h6 RS ho
= My f—— + My f——— 4+ Moy f—— + Moy f—— + Moo f —.
10/ ggqo + Mat/ 75 + Moaf Tg + Moaf 75 + Ma2f 29

Remark 1. The cubature formula (5) has an optimal character, because it satisfy the
conditions established by Stroud in [5] regarding the minimal number of knots for a
cubature formula. If the degree of exactness of a cubature formula is equal with 2 then
the minimal number of the knots is N = n+1 where n is the dimension number. The
cubature formula (5) with the degree of exactness 2 and three knots, has a minimal
number of knots.
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