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A REMARKABLE STRUCTURE AND CONNECTIONS
ON THE TANGENT BUNDLE

MONICA PURCARU AND MIRELA TARNOVEANU

Abstract. The present paper deals with the conformal almost symplec-
tic structure on TM. Starting from the notion of conformal almost sym-
plectic structure in the tangent bundle, we define the notion of general
conformal almost symplectic d-linear connection and respective conformal
almost symplectic d-linear connection with respect to a conformal almost
symplectic structure A, corresponding to the 1-forms w and @ in TM. We
determine the set of all general conformal almost symplectic d-linear con-
nections on T'M, in the case when the nonlinear connection is arbitrary
and we find important particular cases.

1. Introduction

The geometry of the tangent bundle ("M, 7, M) has been studied by R.Miron
and M.Anastasiei in [6], by R.Miron and M.Hashiguchi in [7], by V.Oproiu in (8], by
Gh.Atanasiu and I.Ghinea in [1], by R.Bowman in [2], by K.Yano and S.Ishihara in
[10],etc.

Concerning the terminology and notations, we use those from [4].

Let M be a real C*-differentiable manifold with dimension n, (n=2n’) and
(TM, 7, M) its tangent bundle.

If (z%) is a local coordinates system on a domain U of a chart on M, the
induced system of coordonates on 7= 1(U) is (z°, %), (i = 1,...,n).

Let N be a nonlinear connection on 7'M, with the coefficients Nji(x, y), (1,7 =
1,...,n).

We consider on T'M an almost symplectic structure A defined by:

1 . 1 . .
A(l‘,y) = iaij(xay)dxl A da’ + 562](x7y)6y1 A 5yja (1)
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where (da',6y*), (i = 1,...,n) is the dual basis of (%, %), and (a;;(z,y), ai;(x,y))
is a pair of given d-tensor fields on T'M, of the type (0,2), each of them alternate and
nondegenerate.

We asociate to the lift A the Obata’s operators:

{4050 o) 5 40 v, @
O} = 5(0,05 — as;a’"), PF = 5(0,05 + ag;a’).

Obata’s operators have the same properties as the ones associated with a Finsler space
[7].

Let A(TM) be the set of all alternate d-tensor fields, of the type (0,2) on
TM. As is easily shown, the relations on Ay (T'M) defined by (3):

(aij ~ bij) & ((3) Ma,y) € FITM), ay5(w,y) = e2k<rvy>b@(x,y>) ; )
(s ~ bis) & ()l y) € FITM), g (w,y) = 2E0by(a,y))

is an equivalence relation on Az (TM).

Definition 1.1. The equivalent class: A of Ao(T' M)/ ~. to which the almost symplectic
tensor field A belongs, is called conformal almost symplectic structure on T M.

Thus:
A= {A|A}(z,y) = eV (z,y) and Al (2,y) = eV a,(z, )} (4)

ij
2. General conformal almost symplectic d-linear connections on TM.

Definition 2.1.~A d—f’inear connection, D, on T M, with local coefficients
DI(N) = (L', L1, C"1., CYy.), is called general conformal almost symplectic d-linear
connection on T M if:

aijik = Kijr, aijle = Qijks Qijji = Kiji, @ijle = Qijr (5)
where Kiji, Qijk, f(ijk, Qijk are arbitrary tensor fields, of the type (0,3) on TM, with

the properties:

Kiji = —Kjir, Qiji = —Qjik, Kiji = —Kjir, Qijk = —Qjix (6)

and |, | denote the h-and respective v-covariant derivatives with respect to D.
Particularly, we have:

Definition 2.2. A d-linear connection, D, on TM, with local coefficients DT (N) =
(Lijk_, Lijk, C’ijk, C’ij), fOf’ which there exists the 1-forms w and @ in TM, w = w;dz’ +
w;0y', w = w;dz" + Woy" such that:

Qijlk = 2WkQij, Qijlk = 20k,

| ()
Aijlk = 20kAij, Qijlk = 2 @k i,
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where | andl denote the h-and v-covariant derivatives with respect to D,is called con-
formal almost symplectic d-linear connection on T M, with respect to the conformal

almost symplectic structure A, corresponding to the 1-forms w,® and is denoted by:
DI'(N,w, ).

We shall determine the set of all general conformal almost symplectic d-linear
connections, with respect to A.
0 0 0 0

00 )00 .
Let DI'(N) = (L'}, L'}, C%, C) be the local coefficients of a fixed d-

0
linear connection D on T'M. Then any d-linear connection, D, on T'M, with local
coefficients: DT'(N) = (Lij,€7 Lijk, Cijk, Cijk),can be expresed in the form:

0
N =N —A'5,
L'y =L, +AY C =By,
o 0 0o .y
L'y, =Ly +AL Oy =By,
0

J

0
Cir=C% — D'

Al o =0,
Jjlk

where (Aij,Bijk,Bijk,f)ijk,Dijk) are components of the difference tensor fields of
0 0 0o
DI'(N) from D T'(N), [4] and I, | denotes the h-and v-covariant derivatives with
0
respect to D.

0
Theorem 2.1. Let D be a given d-linear connection on T M, with local coefficients
0 0 0 0

0_ 0 e .

DI(N) = (Lljk,Lljk,Cljk,C“jk). The set of all general conformal almost symplectic
d-linear connections on T M, with local coefficients DI'(N) = (Lijk,f/ijk,é'fjk,Cijk)
18 given by:
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0
Ni =N% —Xi,
. 0 Y . 0
L'y, =Ly 4+ CY X + %“Zs(asﬁk + agj | XM — Kgji) + 95X,
. 0 0 . 0 _ L
L ik :Ll‘k + CZ im X+ %&’S(dsj(l)k + Qg |m X" — Ksjk) + (I);Z;‘thk’ (9)
C ik _C (G/Sj |k ngk) + (I) Yh
C i C]k +30" (A |k —Qsjk) +‘I>ngyhrkv X, ‘k =0,
j
0 0
where X%, X%, X%, Y%, Vi are arbitrary tensor fields on TM, I, | denote the

0 - .
h-and respective v-covariant derivatives with respect to D and Kjji, Qijk, Kijk, Qijk
are arbitrary tensor fields of the type (0,3) on TM with the properties (6).

Particular cases:

1. If Xij = Xijk = Xijk = Y;k = Y;k = 0 in Theorem 2.1. we have:

0
Theorem 2.2. Let D be a given d-linear connection on T M, with local coefficients
0 0

0 0 o 0 2 0
DI(N) = (L', ij,C’]k7C?. ). Then the following d-linear connection D, with

local coefficients DF(N) (L ko Lljk, Cjk, ijk) givenA by (10) is a general conformal
almost symplectic d-linear connection with respect to A:

0
L'y =LY +3a"(a 0 = Ksjk)s

55

0
L —L _|_1 is _ R ,
ik ]k ( szk 5Jk) (10)
C ik —C (aS] |k Qsjk)a
c jk Cjk +3 als(a’sj ‘k Qsjk)7
0 0
where |, | denote the h-and respective v-covariant derivatives with respect to the

0 . -
given d-linear connection D and Kij, Qijk, Kijr, Qijr are arbitrary tensor fields of
the type (0,3) on T'M with the properties (6).
2. If Kyji, = Kwk = Q”k = Qijx = 0 in Theorem 2.1 we have :

Theorem 2.3. Let D be a given d-linear connection on T M, with local coefficients
0o 0 0

0_ 0
DI(N) = (L ko Jk,C'jk,C’Jk) The set of all almost symplectic d-linear connec-
tions on T M, with local coefficients DI'(N) = (Liﬂ€7 f/jm C’ijk, Cijk) is given by:
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0
N% =N — X',

, 0 0 , 0 ,
Lijp =L + Clim X + %a“(asjfrk +ag [, XM + @)X,
- 0 0 . 0 <
L, :Lljk O XM+ 500 g+ |y X7+ X (11)

. 0 .~
ct k—C +lawasj|k <I>“"Yh

C’ijk C’jk—l— aas; |k+<I>hJYth, XT‘k:O7
j

0
S~ ) 0
where X, X’jk, ik Y;k, Y;k are arbitrary tensor fields on TM and |, | denote

0
the h-and respective v-covariant derivatives with respect to D.
3. If Ky, = Qank,K”k = Qaijk,Q”k = 2a”wk,Qljk = 2a;;wy, such that
w = w;dx’ + w;0y" and respective @ = @;dx; + 0;0y" are two 1-forms in TM, then

from (9) we have the set of all conformal almost symplectic d-linear connections on
TM:

0
Theorem 2.4. Let D be a given d-linear connection on T M, with local coefficients
00 0 0
DU(N) = (L'}, L'y, C],€7 C’ k) Th€7} set of all conformal almost symplectic d-linear
connections on T M, with respect to A, corresponding to the 1-forms w and @, with
local coefficients DT'(N,w,®) = (Lijk,Lijk,Cijk,Cijk) is given by:

0
N =N =X,
o 0 0 . .
L' =Ll + Chpy XMy + 5 ”(asj(‘)k + s |y X™) = 8%jwn + QX"
- 9 0 0
Ll,k:LIijrc" X™ 4 2a%(a o +dsy |,y X™) — 000 + O XR

_ 0
Ci k—C’ Jrla”agj |k -5t war(I) Yh

C *C’Jk+ al Sl \kfé W + ﬁijth,

X o =0,
jlk
where XZ Xl]k, ngv ij, sz are arbitrary tensor fields on TM, w = w;dz’ +w;dy
0 0
and respective @ = @;dx; + ©;0y" are arbitrary 1-forms in TM and I, | denote the

0
h-and respective v-covariant derivatives with respect to D.
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i vi o Wi Vi Vi () .
4. If Xj = Xjk = Xjk = ij = ij = 0 in Theorem 2.4. we have:

0
Theorem 2.5. Let D be a given d-linear connection on T M, with local coefficients
0 0 0 0

0_ 0 ) 0 0 .
DI'(N) = (Lljk, Ly, Cliges ’jk). Then the following d-linear connection D, with local

0 L .
coefficients DI'(N,w, @) = (L'}, L' ;1,, €1, C') given by (13) is a conformal almost
symplectic d-linear connection with respect to A, corresponding to the 1-forms w and

w:

0
L', =L, +iaa o — 5wy
Jk Ojk 2 silk Jko
L', =L, +a"a o — 6oy
ik jk T2 silk 3k (13)

0 0
Mo i1 s i
Yy =C" +3a"%as; |}, —65wr,
g

0
i (" 1~is~ Ups
C jk _C]k +§a Qs |k, _6jwka

0o O

where |, | denote the h-and respective v-covariant derivatives with respect to the

0 ) . .
given d-linear connection D and w = w;dz" + w;dy" and respective @ = ©;dx; + @0;0y"
are two given 1-forms in T'M.

0
5. If we take an almost symplectic d-linear connection as D in Theorem 2.5,
then (13) becomes:

0
R ) 1
ij —Lojk —éjwk,
Ti  _Ti 7~
L ik =L ik —5jwk.,
0

(14)
Oy =Clyp 0,

Clyy, =Clyy 0%y

6. If we take a conformal almost symplectic d-linear connection with respect

R 0
to A as D in Theorem 2.4, we have

0
Theorem 2.6. Let D be a given conformal almost symplectic d-linear connec-
0_ 0 o 0 0 0
tion on TM, with local coefficients: DI'(N,w,w) = (L', L, C", C).  The
set of all conformal almost symplectic d-linear connections on TM, with respect
to A, corresponding to the 1-forms w and @, with local coefficients DT'(N,w,w) =
(L jps L 1, O3 C°1.) is given by:
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0
Ni =N — X',
, 0 .0 . 4

L'y =LYy, +(CY,, +050m) X™ + + %‘thkv

.. ) 0 . L

Ll =L, +(C,,, +0im) X, + &ir XN
0

Zi = ir b (15)

Cp =C) +23Y" ks
0

Oy =C +OY ",

Xio =0,
ilk

where X', X%, )N(ijk, Y;k, Y%, are arbitrary tensor fields on TM, w = w;dz’ +w;dy’
0 0
and respective & = &;dx; + @;0y* are two arbitrary 1-forms in TM and |, | denote

0
h-and respective v-covariant derivatives with respect to D.
7. If we take Xij = 0 in Theorem 2.6 we obtain:

0
Theorem 2.7. Let D be a given conformal almost symplectic d-linear connection
0 0 0 0

0_ 0 N . .
on TM, with local coefficients: DT'(N,w,®) = (szk,[ﬁjk, Yk ’jk). The set of all
conformal almost symplectic d-linear connections on T M, with respect to A, which
0
preserve the nonlinear connection N, corresponding to the 1-forms w and @, with local

0 L A
coefficients DT'(N,w,®) = (Lljk,Lljk,C’jk,Czjk) is given by:

0

Lijk :Lijk + Zthrka
0

L'y =Ly +@jn X"
0

éijk :éijk +¢%‘th1€)
0

Cijk :Cijk +&)§Z}thk’

where Xij, Xijk, Xijk, f’é-k, Y;k are arbitrary tensor fields on T'M.
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