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UNIVALENCE CRITERIA CONNECTED WITH ARITHMETIC
AND GEOMETRIC MEANS

HORIANA OVESEA-TUDOR

Abstract. In this paper we obtain some univalence criteria connected
with arithmetic and geometric means of the expressions f/g and f'/g’,
where f and g are analytic functions in the unit disk.

1. Introduction

Welet U, = { 2z € C: |z] <r } denote the disk of z-plane, where r €
(0,1], U3y = U and I = [0,00). Let A be the class of functions f analytic in U such
that f(0) =0, f/(0) = 1. Our counsideration apply the theory of Lowner chains; we
first recall here the basic result of this theory, from Pommerenke.
Theorem 1.1. ([4]). Let L(z,t) = a1(t)z + az(t)2® + ..., ai(t) # 0 be analytic in
U, for allt € I, locally absolutely continuous in I and locally uniform with respect to
U,. For almost all t € I suppose
OL(z,t)
0z
where p(z,t) is analytic in U and satisfies the condition Rep(z,t) > 0 for all z €
U, tel. If lai(t)| — oo fort — oo and {L(z,t)/a1(t)} forms a normal family in U,
then for each t € I the function L(z,t) has an analytic and univalent extension to the
whole disk U.

OL(z,t)

z :p(z,t)T, Vz e U,

2. Univalence criteria and arithmetic mean

In this section we derive several interesting criteria of univalence related to
arithmetic mean. The method of prove is based on Theorem 1.1 and on construction
of a suitable Lowner chain.

Theorem 2.1. Let «, (3, v be complex numbers such that o # —1,
la=pl<[B+1, y=1<1, Ja+l)= B+ <[B+1],
and let f € A. If there exists a function g € A such that the inequalities

L Ie) 40 /) g
ot Vg =1 =5 ey 7 o) )
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and

et g - 1= 6T - |- ) (14 65204

2f"(z)  z29"(2) | ,29'(2) (,  f(2)d'(2) f(2)g'(2)
TR e ek (1 f’(Z)g(Z)>H<‘1+ﬁf’ )

are true for all z € U, then the function

re = (v u”‘lf’(u)dU>w 3)

1s analytic and univalent in U, where the principal branch is intended.

Proof. Let us prove that there exists a real number r € (0, 1] such that the
function L : U, x I — C', defined formally by

—t

L(z,t) = <7/0 T (w)dut (4)

+

(2=t _ o=t L[ fetz) fle7tz) o
e e e )

is analytic in U,. , for all ¢t € I. Let us consider the function

flets) | fet)

g'(e7tz)  Tgle7tz)

We have h(0,t) = 1+ 8 and we observe that h(0,t) # 0. Indeed, if h(0,¢) = 0 then

8 = —1 and from the condition |a — 8] < |8 + 1| it follows & = —1 which is a

contradiction with the hypothesis o # —1. Therefore there is a disk U,,, 0 <7y <1,
in which h(z,t) # 0 for all ¢ € I. Denoting

h(z,t) =

—t

hi(z,t) = 'y/o u' T (u)du

we have hq(z ,t) = 27ha(z,t) and is easy to see that hy is analytic in U,, for all
te I, ha(0,t) = et The function
e(2=t _ o=t

h t)=nh t
3('2’ ) 2(27 )+ 1+a

h(z,t)

is also analytic in U,,, and
e~

5 [(a—ﬂ)—l—(l—i—ﬂ)e%].

Let us now prove that hs(0,t) # 0 for any ¢t € I. We have h3(0,0) = 1. Assume that
there exists to > 0 such that h3(0,ty) = 0. It follows e?0 = (3 —a)/(1 + ) and since
o — B] < |8+ 1] we get o < 1 and this inequality is imposible. Therefore, there

ha(0,t) =
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is a disk U,,, 72 € (0,71] in which h3(z,t) # 0 for all ¢t € I. Then we can choose an
uniform branch of [h3(z,t)]'/7 analytic in U,.,, denoted by ha4(z,t), that is equal to

s )2t 1/~
al(t) :eTt (Oé ﬁ)el+;[_(1+ﬁ)

at the origin, and for a;(¢) we fix the principal branch, a;(0) = 1. From these consid-
erations, it follows that the relation (4) may be written as

L(z,t) = 2z - ha(z,t) = a1(t)z +ag(t)2* + ...,

and then the function L(z,t) is analytic in U,.,. Since |y —1| < 1 implies Re(2/7) > 1,
it follows that lim;_, o |a1(t)| = co. We saw also that aq(t) # 0 for all ¢ € I.

From the analyticity of L(z,t) in U,, it follows that there is a number r3, 0 < r3 < 79,
and a constant K = K (r3) such that

| L(z,t)/a1(t) | < K, VzeUy,, tel,

In consequence, the family { L(z,t)/a;1(t) } is normal in U,,. From the analyticity of
OL(z,t)/0t, for all fixed numbers T' > 0 and 74, 0 < 74 < 73, there exists a constant
K, > 0 (that depends on T" and r4 ) such that
OL(z,t
‘ OL(z,t) ‘ < K\, VYzeU,, telo,T]
ot
Tt follows that the function L(z,t) is locally absolutely continuous in I, locally uniform
with respect to U,,. Let us set

(e t) = Z@Léz, t) /aL(gj,t) (5)
and .8
_plat)—1
w(z,t) = NEOES] (6)

The function p(z, t) is analytic in U,., 0 < r < r4. The function p(z,t) has an analytic
extension with positive real part in U, for all ¢ € I, if the function w(z,t) can be
continued analytically in U and |w(z,t)| < 1 for all z € Uand t € I.

After computation we obtain:

w(z,t) = A(z,t) - e 2 + B(z,t)(1 — e %), (7)
where
Ho—t\ _ 1 _ pflefz)  g'(e"'z)
Azt = ST VICTE T L e e 0
’ 1 +5f(6_t2) . g'(e7t2)
gle=tz)  f'(e '2)
B(z,t) =~v— 1+ (9)
e taf"(eTtz)  eTtag”(eTt2) e tzg' (e t2) _ fleTtz) . g (e72)
N G e T e (1 9(e=72) f’(e*tZ))
|1 gl g
gle=tz)  f'(e *2)
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From (1) and (2) we deduce that w(z,t) is analytic in U. In view of (1), from (7) and
(8) we have

Wa+1)g'(z) ~1 - BEF - 51
5T P
For z =0, t > 0, since |y(a+ 1) — (1+ 08)| < |8+ 1] and |y — 1] < 1 we get
Mot )= (145)

1+0

If t > 0 is a fixed number and z € U, z # 0, then the function w(z,t) is analytic in U
because |[e'z| < e~ ! < 1forall z € U and it is known that

(=8 = maxw(C.8) = w(e”.8)|. §=6(t) € R (12)

w(z,0)| = [A(z,0)] = <1 (10)

[w(0,£)] = +ly-DA-e)| <1 (11)

Let us denote u = e~*e?. Then |u| = e~ and because u € U, from (7), (8) and (9)
taking into account (2) we get

lw(e® )] < 1. (13)

From (10), (11), (12) and (13) we conclude that |w(z,t)] < 1 for all z € U and t € I.
From Theorem 1.1 it results that L(z,t) has an analytic and univalent extension to
the whole disk U, for each t € I. But L(z,0) = F,(z) and then the function F’, defined
by (3) is analytic and univalent in U.

Remark. Suitable choices of ¢ yields various type of univalence criteria, so we can

take g(2) = z, g(2) = f(2) or g(2) = 2z - f'(2).
If in Theorem 2.1 we take g(z) = z we have the following result.

Corollary 2.1. Let «, 3, v be complex numbers such that o # —1,
la=pl <146, =1<1, hla+l)-(@B+D<[B+1],
and let f € A. If the inequalities

o0 -1z | < 1y
and
’ {W’(a—i— 1) -1 —Bszsfi)] 2P+
= [0 (e ) 55 o (1o 585 )| < e

are true for all z € U, then the function F., defined by (3) is analytic and univalent
i U.

Number of corollaries we can get for particular values of parameters o and
B. We shall formulate only two: for g =0 and for a = g = 0.
For 3 = 0 we obtain from Corollary 2.1 a generalization of the well-known condition
for univalence established by Ahlfors.
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Corollary 2.2. Let a, v be complex numbers such that o # —1, |a| <1,
[v—=1] <1, [y(a+1) =1 <1 and let f € A. If the inequality

()
f'(z)
is true for all z € U, then the function F, defined by (3) is analytic and univalent in
U.

o 1) = 1 4 1= P | +74‘51

In the case v = 1 we get Fi(2) = f(z) and we have the univalence criterion
found by Ahlfors ([1]).

Corollary 2.3. ([1]). Let a € C, |a| <1, a # —1 and let f € A. If the inequality
2f"(z)
f'(2)

holds for z € U, then the function f is univalent in U.

alz” + (1 - |2*)

B

For a = 8 =0 we get
Corollary 2.4. Lety € C, |y — 1| < 1. If the inequality
2f"(2)
CRERE
f'(2)
is true for all z € U, then the function F, defined by (3) is analytic and univalent in
U.

<1

+v-1

We recognize here the expression (1 —|z|?)zf"(2)/f'(z) which appears in the
condition for univalence established by Becker. We know that if this value lies in the
unit disk U, then the function f is univalent in U and we observe that if this value lies
in a disk with the same radius 1, but with the center in the point 1 — -, |y —1| <1
we obtain the analyticity and the univalence of the function F.

If in Theorem 2.1 we take f = g we have a very simple result given by

Corollary 2.5. Let a, 3, v € C such that o # —1, |a— (| < |8+ 1],
[v—=1 <1, |va+1)—(B+1)| <|B+1]| and let f € A. If the inequality
1+6 1+
PZANEEIRpTETT
Y(a+1) [y(e + 1)
is true for all z € U, then the function F, defined by (3) is analytic and univalent in
U.
Example. Lety e C, |y—1| < 1. Then the function

1—|v] T”
Flz)=z-|1+ -z
(2) [ 1+~

18 analytic and univalent in U.
To prove it consider the function f € A of the form
— I—[y—1]
fz)=z+ 2 z
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and we apply corollary 2.5 with a = 3. So we have

1 -1 1—-|y-1 -1 1—|y—-1 1
f,(z)_‘zv Llzbh=1) < Iy =1 -1 _ 1
g g g il il il
Remark. For the case v = 1 we have F1(z) = f(z) and from Theorem 2.1 we find

the results obtained by S. Kanas and A. Lecko [ 3].

3. Univalence criteria and geometric mean

Substituting the arithmetic mean by the geometric one in the construction
of the Lowner chain we obtain the following

Theorem 3.1. Let o, (3, v be complex number such that |y — 1| < 1,
Rey > 1/2 and let f € A, f'(2)f(2)/z # 0 in U. If there exists a function g €
A, ¢ (2)g9(2)/z # 0 in U, such that the inequalities

o G) () -

o (Y () e
ca-s (F9-20) 5 (7935 -1 1
are true for all z € U, then the function

Fy(=) = (7 / ) u”‘lf’(u)duym (16)

s analytic and univalent in U, where the principal branch is intended.

<1, (14)

Proof. The method of the proof is similar to those of Theorem 2.1. Let us
define

—t

L(z,t) = M T u)dut (17)

4 (o) flet2)\* (flet2)\’
g'(e'z) gle~*z)
It can be shown that L(z,t) is an analytic function in U., r € (0,1] for all ¢ €
I, L(z,t) = a1(t)z + ax(t)2z? + ... , where

/v
ay(t) = e (1 + Me_2t> (18)
Y

We fix a determination of (1/7)*/7 denoted by §. For a;(t) we fix the determination
equal to ¢ for t = 0. Since |y — 1] < 1 it follows that lim;_ |a1(¢)| = oo and from
Rey > 1/2 we have |y — 1| < || and then aq(t) # 0 for all ¢ € I.

Moreover, it can be prove that there is a disk U,,, 0 < 79 < r such that
L(z,t) is locally absolutely continuous in I, locally uniform with respect to U,, and

1/
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{L(z,t)/a1(t)} is a normal family in U,,. For the functions p(z,t) and w(z,t) defined
in (5) and (6), by computation we get

wen = [ (3 () 1] o

e {a <etz fletz) etzg"(etz)> .

LA f’(e‘ti) o g'(e7'z)
(e e ) )

We observe that the function w(z,t) is well-defined and analytic in U for each ¢ € I.
The rest of the proof runs exactly as in Theorem 2.1. From Theorem 1.1 it results
that the function L(z,t) has an analytic and univalent extension to the whole disk U,
for each ¢ € I, in particular L(z,0). But

L(z,0) = (/0 mlf’(u)du>1/7

and then also the function F, defined by (16) is analytic and univalent in U.

For g(z) = z we can deduce the following

Corollary 3.1. Let o, 8, v € C such that |y — 1| < 1, Rey > 1/2 and let | €
A, f'(2)f(2)/z # 0 in U. If the inequalities

|(f(zz))ﬁ(f,(z) )T -1 <1
‘ [(){Z))B (F N =1 |22+

o 0 (8 0) -

hold for all z € U, then the function F., defined by (16) is analytic and univalent in
U.

For « = 0 and 8 =1, from Corollary 3.1 we get

Corollary 3.2. Lety € C, |y —1| <1, Rey > 1/2 and let f € A, f'(2)f(2)/z#0
in U. If the inequalities

250
(1) (8045) <

hold for all z € U, then the function F, defined by (16) is analytic and univalent in
U.

For g(z) = f(z), from Theorem 3.1 we get the following useful result
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Corollary 3.3. Lety € C, |y —1| <1, Rey > 1/2 and let f € A. If the inequality
[ flz)—1] <1 (19)
hold for all z € U, then the function F, defined by (16) is analytic and univalent in
U.
Indeed, the inequality (14) becomes (19) and the inequality (15) will be
[ (f'(2) =D+ A=y -1 | < L

This inequality is true under the assumption |y — 1| < 1 and in view of (19).
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