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THE FIRST EIGENVALUE AND THE EXISTENCE RESULTS

ANDREI HORVAT-MARC

Abstract. In this paper we establish some conditions to existence for the
solution of the boundary value problem
1
_m (p (3:) u/ ($))/ = f (3:7 U (1‘) , W (p7 Q) U/ (3:)) y T € (07 h)
uw(0)=u(l)=0
The hypotheses from the main result contain assumption on the first
eigenvalue of some particular Sturm-Liouville problem. Using the lower
boundary for the first eigenvalue, we can give some conditions of existence.

1. Introduction and notation

We consider the equation

—(p (@) (@) +q (@) u(x) = N (z)u () (1)
for x € [0,h], where p,p’,q,7 € C(0,h) and satisfies p(x) > py > 0, g(z) > 0,
r(x) > 1o > 0 for x € [0,h]. The Sturm-Liouville problem is to find all eigenvalues
A for which the equation (1) has a nontrivial solution which satisfy the boundary
condition
au (0) + pu’ (0) =0
yu (h) 4+ v’ (h) =0,
with a, 3,7,8 € R such that a® + 32 # 0 and 72 + 62 # 0. The corresponding
nontrivial solution is called an eigenfunction.
Example 1.1. For the problem
—u" (z) = Mu(x),x € [0,7]
u(0) = (m) =0
the eigenvalue are A\ = k2, k € N and the corresponding eigenfunction is ug (7) =
Apsinkz, k € N.
In general, the first eigenvalue A1 of the Sturm-Liouville problem is too dif-
ficult to determinate. Using the Weinstein’s method of intermediate problem we can

find a lower boundary for A; see [4]), and by Rayleigh-Ritz method it’s possible to
determinate an upper boundary for Ay .
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Example 1.2. [2] Let be the Sturm-Liouville problem
—(p (@) (@) +q (@) u(@) = (), @ €[0,h]

w(0) =u(h)=0

where p,p’,q € C(0,h), 0 < po < p(x) <p; and 0 < ¢(z) < ¢ on [0,h]. We have
the next approximation for the eigenvalues of this problem
27.2 27.2
Pom k < )\k S 1T k
h? h?

In the sequel, we make the following notation:

+q,keN

(N1) Rpg is the set of all measurable functions ¢ : (0, h) — [0, c0) such that

h

[la ()] dz =1

where ( is a real number, 3 # 0;
(N2) mg = mf A1 and Mg = sup Aqg;

qERﬁ
(N3) R, is the Set of nonnegative measurable functions p on (0, k) such that
h
[lp(@)]" dr =1

0

where « is a real number, o # 0;
(Ng) my = 1nf A1 and M, = sup Aq;

a< g€Ra
(N5) B is the Euler beta function B (a,b) = gl‘xa 1 b—1 da:
) o) zoll (2‘21&) B2 é%Jri , for a € (—o00, —1) U (0, +00)
42‘1;1 2%+1 : (fooo 1+t2)2 T ) , for v € (—1,0)
(N7) The set
I=12(0,1)=

{u :[0,1] — R;u is measurable function and fol q(z) u(z)] de < oo}.

is endowed with the inner product

(u,v)p = / ¢ (@)u(@)v (@) do (2)

and the norm

fulle = ( @) u@Pr) . 3)

(Ns) L2 (0,1:R?) = {u: 0,1] = R [} g (2) |u(2) " do < o0 }.
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(Ng) The set H = {u € L3 (0,1); u is absolute continuous and v’ € Lf) (0, 1)} is en-
dowed with the inner product

1
(w,v)y = / p(z)u (z)v (z)da (4)
0
and the norm 1
1 3
lolla = ([ vl P ) 6)
Let us consider the Sturm-Liouville problem
u’ (z) + Mg (z)u(z) = 0,2 € (0,h) (6)

w(0)=u(h)=0
The variational principle implies that the first eigenvalue A; can be founds as

Jo ! ()] do

)\1 = inf N (7)
weCE 0 [ g (2) [u () de
In the following, we remainder a result of Y. Egorov and V. Kondratiev
Lemma 1.1. [1] If 3 > 1, then
1 1
1\*7 (8-1)'"5 11 1
mg = <) MBZ <, - — > and Mg = oo.
Mooopee-nr 2220
If 6 =1, then M; = oo and my = %.
If0<pg< %, then
1 1
1\N*7 (1-p)'Fs 11
Mj = <) A=B) 7 g <) and mj = 0.
h)o p-28)7 \228
If 8 <0, then
2—1 1+%
1 71— B 11 1
Mj = () =P g ( L > and mj = 0.
) pa-2pl \22 28
If%§ﬂ<1, then Mg = oo and mg = 0.
For the Sturm-Liouville problem
(p(x)u () + Mu(x) =0, for z € (0,1) (8)
w(0) =u (1) =0.
The first eigenvalue for this problem is given by
1 PIIRSY
p(x) v (x)]” dx
. Jo p (&) ' (@) dx o)

pos 1
Ch CON (2)]? da

We have the following result
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Lemma 1.2. [1] Ifa > =1, a # 0 then M, = C (a) and mq = 0.
If a < —1 then mq = C (o) and M, = co.

If—lgag—%, then M, = oo and my = 0.

2. Existence results
In that follows, we assume that f : [0,1] x R? — R satisfies the Caratheodory
condition, i.e.
(i) the application f (z,-) : R? — R is continuous a.e. for z € [0, 1];
(ii) the application f (-, s) : [0,1] — R is measurable for every s € R?.
Let us consider the nonlinear boundary value problem

. (p(2)u (@) = f (&,u (), w(z)d (), for = € (0,1) (10)

q(x)
u(0) =u (1) =0.
Consider the operator A : H — I defined by

1 , p
AW @) =~ (@) (@) (11)

‘We have

(Au,u)p = /0 q(x) {_(p(xq)(l;’)(x))} u (z) dx

= —pa)u (@) u(@)y+ / p(z) (v ()’ dz = |Jull}; .
0
Hence,
Jul? < 3 (Au )y < 5 [4ule - Jul

Therefore,

1
lullp < 5= 1 Eulp- (12)
1
Theorem 2.1. Suppose that
(Hy) w(z) < /25 on [0,1];
(H3) the application f :[0,1] x R? — R satisfies the Caratheodory conditions and
[f (z,s,t)] < alt|+b]s| +g

for every x € (0,1); t,s € R and g € T';
(Hs) there exist a,b € [0,00) small enough that
a b

—+ —=< 1.
AV

Then, the problem (10) has at least one solution in H.

Proof. For the beginning, we write problem (10) as a fixed point problem. For this,
consider the operator J : H — Lg (O7 1; RQ) given by
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J(u) = (u, )
and the Nemitskii operator Ny : Lg (0, 1; RQ) — I defined by

Ny (u) (z) = f (2, w1 (2) ,w (2) uz (2))

where u = (u1,ug). The hypothesis (Hs) ensures that the Nemitskii operator is well
defined and continuous, see [3] for details. We have the diagram

H-Lr2(0,4R?) LA g
Now, we have that the operator T': H — H, T = A7'N;J is completely continuous
and the problem (10) is equivalent to the equation

Tu=u,uc H.
We have |T|% = (AT, T)p < |T|p - | ATy = T ]y - llng]lp- ¢From (12), we obtain
Tl < 55 IAT|lp = 5; [IN£]lp- So,

1Tl < [Nsllp- (13)

1
v
By (H3) we have

2

INF I /Q(w) | (2, (@) w (@) ! (2))] do
0

SIS

< /q(w) {9(@) +alu (@) +blw (@) (@)} do
0
< lgllp +alfullp+0 /q(ﬂf)wQ(ﬂf)(U’(fﬂ))zda7
0

Now, hypothesis (H;) implies that

HNf”r

IN

1
l9llp + allullp + b (/O p(@) (' ()’ dw)
lgllr + allully + b llull -

IN

. 2 2
Since [lull2 < & Jull%, results [|Ny . < llgly + <= ull + b ul . Henee,
by (13), we obtain

oy (2, )
Tul| g < +\+—+—— ) llulyg-
ITully < 5+ (5 ) el

Now, conform to hypothesis (Hs) we can find a real number r > 0 such that
|Tully < ||lully for u e H with |lul] > 7.
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By Lerray - Schauder principle, result that equation T'u = u has at least one
solution in H. O

In a similar way, we can prove the next result

Theorem 2.2. Let us consider the boundary value problem

@) @) = @) W @), foranyae©01) (1)

u(0)=u(l)=0
Suppose that the mapping f satisfies Hy and
(Hy) there exist a,b € (0,00) small enough that

a b q1
—+ =/ =<1
A1 VALV po

Then, the problem (14) has at least one solution in H.
An analogous result remains if we consider the interval [0, h].

Example 2.3. For the Sturm - Liouville problem
—u" =X(1+sinz)u, for u € [0,n]
u(0)=u(m)=0

it can establish the inequality 0.5394 < A1 < 0.54088, see [4]. So, the boundary value

problem
1

Toans W @ =f@uu), for 0]
u(0)=u(l)=0

has at least one solution if the mapping f : [0, 7] x R? — R satisfies the Caratheodory

condition and
e+l

1 g(x)

|f (2,8,1)] <
for z € (0,7) and g € L2 (0, 7).
3. The First Eigenvalue and the Existence Results

Now, in Theorem 2.2 we put the estimation from Lemma 1.2 and obtain the
following result

Theorem 3.3. Consider the nonlinear boundary value problem
—(p(@)u (@) = f (z.u(2),u (2)), forw € (0,1) (15)
u(0)=u(l)=0

Suppose that f satisfies (Hs) and
(Hs) the nonnegative measurable mapping p : [0,1] — R is such that
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1
po= inf p(z)>0and [p(z)*de =1 fora < —1;
0

z€(0,1)
(Hg) there exist the numbers a,b € (0,00) small enough that
b
L <

Mq VPoMq

1
20+ 1 1\'"7 11 1
Mo = a+ a+ B2 7374’7 .
« 20 + 1 2°2 2c

Then, the problem (15) has at least one solution in H.

with

By Theorem 2.2 and Lemma 1.1, we obtain
Theorem 3.4. Consider the nonlinear boundary value problem
1 1" /
——u" () = f(z,u(z),u (x)), forxz e (0,h
q(w)() (@, u(z),u (z)) (0, h)
u(0)=u(h)=0
Suppose that f satisfies (Hz) and
(H7) the nonnegative measurable mapping q : [0, h] — R is such that
h
g1 = sup q(x) < oo and /q(m)ﬂdm‘: 1 for3>1
0
(Hs) there exists the numbers a,b € (0,00) small enough that

b
22— <1,

My 91
mg

1\ 7 (1-p)'*F 2(1 1 1)
M= (= Aoy ;LY i
’ <h) B(1—28)7 \2'2 28

Then, the problem (16) has at least one solution.

with
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