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ON A CLASS OF PARAMETRIC PARTIAL LINEAR COMPLEX
VECTOR FUNCTIONAL EQUATIONS

ICE B. RISTESKI, KOSTADIN G. TRENČEVSKI, AND VALÉRY C. COVACHEV

Abstract. In this paper one class of parametric complex vector partial
linear functional equations is solved.

0. Introduction

First we introduce the following notations. Let V, V ′ be finite dimen-
sional complex vector spaces and Zi, i ∈ N, be vectors in V. We may assume
that Zi = (zi1(t), . . . , zin(t))T , where zij(t) (1 ≤ j ≤ n) are complex functions and
O = (0, . . . , 0)T is the zero-vector in V or V ′. We also denote by V0 the subspace
of all real vectors in V (thus V = V0 + iV0), and by L(V0,V ′) the space of linear
mappings V0 → V ′. Let (m,n) be the greatest common divisor of m and n.

In the present paper our object of investigation will be the following functional
equation

m+n∑
i=1

fi

(m−1∑
j=0

am−1−jZi+j ,
n−1∑
j=0

an−1−jZi+m+j

)
= O (1)

(Zm+n+i ≡ Zi, a ∈ C),
where C is the field of complex numbers and fi : V2 → V ′ (1 ≤ i ≤ m + n) are
unknown complex vector functions.

The above equation for a = 1 was solved in [1] under the assumption that
the functions and variables are real. But the argument given there is valid only if the
greatest common divisor of m and n is 1. Also, one special general case is solved in
[2]. The theorems of [2] concerning the cases m 6= n should be modified to give the
general continuous solutions.

1. Main Results

Now we will give the following results.
Theorem 1. If a = 1, (m,n) = 1 and m + n > 2, then the general continuous
solution of the functional equation (1) is

fi(U,V) = F1(U + V)ReU + F2(U + V)ImU + Gi(U + V) (2)

(1 ≤ i ≤ m + n),
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so that
n+m∑
i=1

Gi(U) = −m[F1(U)ReU + F2(U)ImU],

where Fi : V → L(V0,V ′) (i = 1, 2) and Gi : V → V ′ (1 ≤ i ≤ m+n− 1) are arbitrary
continuous complex vector functions.
Proof. We accept the convention to reduce the indices mod(m + n). If we set

S =
m+n∑
i=1

Zi,

Ti = Zi + Zi+1 + · · · + Zi+m−1 −
mS

m + n
(1 ≤ i ≤ m + n− 1), (3)

the vectors Ti (1 ≤ i ≤ m + n − 1) and S are independent since (m,n) = 1. The
equation (1) becomes

m+n−1∑
i=1

fi

(
Ti +

mS
m + n

,
nS

m + n
−Ti

)
(4)

+fm+n

(
−T1−T2−· · ·−Tm+n−1 +

mS
m + n

,
nS

m + n
+T1 +T2 + · · ·+Tm+n−1

)
= O.

We introduce the new notations

fi

(
U +

mS
m + n

,
nS

m + n
−U

)
= gi(U,S) (1 ≤ i ≤ m + n),

i.e.,

fi(U,V) = gi

(nU−mV
m + n

, U + V
)

(1 ≤ i ≤ m + n). (5)

The equation (4) is transformed into
m+n−1∑

i=1

gi(Ti,S) + gm+n(−T1 −T2 − · · · −Tm+n−1, S) = O. (6)

By the substitution T1 = T2 = · · · = Tr−1 = Tr+1 = · · · = Tm+n−1 = O,
we obtain

gr(Tr,S) = −gm+n(−Tr,S)−Hr(S) (1 ≤ r ≤ m + n− 1). (7)

Putting (7) into (6), we get

gm+n(−T1 −T2 − · · · −Tm+n−1, S) =
m+n−1∑

i=1

gm+n(−Ti,S) +
m+n−1∑

i=1

Hi(S). (8)

We conclude that the function

K(U,S) = gm+n(U,S) +
1

m + n− 2

m+n−1∑
i=1

Hi(S) (9)

satisfies the functional equation

K(Z1 + Z2 + · · ·+ Zm+n−1, S) =
m+n−1∑

i=1

K(Zi,S). (10)
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Using the continuity of K, from (10) we deduce that for fixed S

K(U,S) = c1ReU + c2ImU,

where ReU resp. ImU denotes the real resp. imaginary part of U. The mappings
c1, c2 ∈ L(V0,V ′) may depend upon S. Hence,

K(U,V) = F1(V)ReU + F2(V)ImU, (11)

where Fi : V → L(V0,V ′) are continuous functions.
From (9), (11) and (7) we obtain

gm+n(U,V) = F1(V)ReU + f2(V)ImU− 1
m + n− 2

m+n−1∑
i=1

Hi(V),

gr(U,V) = F1(V)ReU + F2(V)ImU−Hr(V) (12)

+
1

m + n− 2

m+n−1∑
i=1

Hi(V) (1 ≤ r ≤ m + n− 1).

From (5) and (12) we deduce that

fr(U,V) = F1(U + V)Re
(nU−mV

m + n

)
+ F2(U + V)Im

(nU−mV
m + n

)
−Hr(U + V) +

1
m + n− 2

m+n−1∑
i=1

Hi(U + V) (1 ≤ r ≤ m + n− 1),

fm+n(U + V) = F1(U + V)Re
(nU−mV

m + n

)
+ F2(U + V)Im

(nU−mV
m + n

)
− 1

m + n− 2

m+n−1∑
i=1

Hi(U + V). (13)

By denoting

−F1(U + V)Re
[m(U + V)

m + n

]
− F2(U + V)Im

[m(U + V)
m + n

]
+

1
m + n− 2

m+n−1∑
i=1

Hi(U + V)−Hr(U + V) = Gr(U + V) (1 ≤ r ≤ m + n− 1),

−F1(U + V)Re
[m(U + V)

m + n

]
− F2(U + V)Im

[m(U + V)
m + n

]
− 1

m + n− 2

m+n−1∑
i=1

Hi(U + V) = Gm+n(U + V),

from (13) we get (2).
The converse can be established by a straightforward verification. �

Example 1. The general continuous solution of the functional equation

f1(Z1 + Z2, Z3) + f2(Z2 + Z3, Z1) + f3(Z3 + Z1, Z2) = O

is given by

f1(U,V) = F1(U + V)ReU + F2(U + V)ImU + G1(U + V),

f2(U,V) = F1(U + V)ReU + F2(U + V)ImU + G2(U + V),
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f3(U,V) = −F1(U+V)Re (U+2V)−F2(U+V)Im (U+2V)−G1(U+V)−G2(U+V),
where F1, F2 : V → L(V0,V ′) and G1, G2 : V → V ′ are arbitrary continuous complex
vector functions.
Corollary. The general continuous solution of the vector functional equation

m+n∑
i=1

gi(Zi + · · ·+ Zi+m−1, Z1 + Z2 + · · ·+ Zm+n) = O

if (m,n) = 1 and m + n > 2 is given by

gi(U,V) = F1(V)ReU + F2(V)ImU + Gi(V) (1 ≤ i ≤ m + n),
m+n∑
i=1

Gi(V) = −m[F1(V)ReV + F2(V)ImV],

where F1, F2 : V → L(V0,V ′), Gi : V → V ′ (1 ≤ i ≤ m + n − 1) are arbitrary
continuous complex vector functions.
Proof. Put fi(U,V) = gi(U,U + V) in Theorem 1. �
Theorem 2. The general continuous solution of the complex vector functional equa-
tion (1) if a = 1, (m,n) = d > 1, m/d = p, n/d = q and p + q > 2 is given
by

fid+j(U,V) = F1j(U + V)ReU + F2j(U + V)ImU + Gij(U + V)
(0 ≤ i ≤ p + q − 1, 1 ≤ j ≤ d),

p+q−1∑
i=0

Gij(U) = Hj(U)− p[F1j(U)ReU + F2j(U)ImU] (1 ≤ j ≤ d), (14)

d∑
j=1

Hj(U) = O,

where
Fij : V → L(V0,V ′) (i = 1, 2; 1 ≤ j ≤ d),

Hj : V → V ′ (1 ≤ j ≤ d− 1),
Gij : V → V ′ (0 ≤ i ≤ p + q − 2; 1 ≤ j ≤ d)

are arbitrary continuous complex vector functions.
Proof. We set

fi(U,V) = gi(U,U + V) (1 ≤ i ≤ m + n) (15)
and we obtain

m+n∑
i=1

gi(Zi + Zi+1 + · · ·+ Zi+m−1, Z1 + Z2 + · · ·+ Zm+n) = O. (16)

Let us introduce the new vectors

Vi = Zi + Zi+1 + · · ·+ Zi+d−1 (1 ≤ i ≤ m + n) so that Vi+m+n = Vi (17)

and
W = Z1 + Z2 + · · ·+ Zm+n. (18)

They are not independent because
p+q−1∑

i=0

Vid+j = W (1 ≤ j ≤ d). (19)
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The vectors Vi (1 ≤ i ≤ m + n − d) and W are independent because the
rank of the matrix of linear forms determining them is m + n− d + 1, which is easy
to verify. In the sequel we will use all vectors (17) and (18) but we must have always
in mind that (19) holds. The equation (16) becomes

m+n∑
i=1

gi(Vi + Vi+d + · · ·+ Vi+(p−1)d, W) = O.

It can be written in the following form
d∑

j=1

p+q−1∑
i=0

gid+j(Vid+j + V(i+1)d+j + · · ·+ V(i+p−1)d+j , W) = O.

If we set here

Vid+j = O (0 ≤ i ≤ p + q − 2; j = 1, 2, . . . , r − 1, r + 1, . . . , d),

V(p+q−1)d+j = W (j = 1, 2, . . . , r − 1, r + 1, . . . , d),
we get
p+q−1∑

i=0

gid+r(Vid+r +V(i+1)d+r + · · ·+V(i+p−1)d+r, W)− Hr(W)
p + q

= O (1 ≤ r ≤ d)

and
d∑

r=1

Hr(W) = O.

By using the corollary of Theorem 1 we get

gid+r(U,V) = F1r(V)ReU+ F2r(V)ImU+ Gir(V) (0 ≤ i ≤ p + q− 1; 1 ≤ r ≤ d),
p+q−1∑

i=0

Gir(V) = Hr(V)− p[F1r(V)ReV + F2r(V)ImV] (1 ≤ r ≤ d),

where
Fir : V → L(V0,V ′) (i = 1, 2; 1 ≤ r ≤ d),

Gir : V → V ′ (0 ≤ i ≤ p + q − 2; 1 ≤ r ≤ d),
Hr : V → V ′ (1 ≤ r ≤ d− 1)

are arbitrary continuous complex vector functions. By application of (15) these for-
mulas give (14).

It is easy to prove that the functions fi : V2 → V ′ (1 ≤ i ≤ m + n) defined
by (15) satisfy the complex vector functional equations (1). �
Example 2. The general continuous solution of the functional equation

f1(Z1 + Z2 + Z3 + Z4, Z5 + Z6) + f2(Z2 + Z3 + Z4 + Z5, Z6 + Z1)

+f3(Z3 + Z4 + Z5 + Z6, Z1 + Z2) + f4(Z4 + Z5 + Z6 + Z1, Z2 + Z3)
+f5(Z5 + Z6 + Z1 + Z2, Z3 + Z4) + f6(Z6 + Z1 + Z2 + Z3, Z4 + Z5) = O

is given by

f1(U,V) = F11(U + V)ReU + F21(U + V)ImU + G01(U + V),

f2(U,V) = F12(U + V)ReU + F22(U + V)ImU + G02(U + V),
f3(U,V) = F11(U + V)ReU + F21(U + V)ImU + G11(U + V),
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f4(U,V) = F12(U + V)ReU + F22(U + V)ImU + G12(U + V),
f5(U,V) = −F11(U + V)Re (U + 2V)− F21(U + V)Im (U + 2V)

+H1(U + V)−G01(U + V)−G11(U + V),
f6(U,V) = −F12(U + V)Re (U + 2V)− F22(U + V)Im (U + 2V)

−H1(U + V)−G01(U + V)−G12(U + V),
where

Fij : V → L(V0,V ′) (i = 1, 2),
Gij : V → V ′ (i = 0, 1; j = 1, 2),

H1 : V → V ′

are arbitrary continuous complex vector functions.
Theorem 3. The most general solution of (1) if a = 1 and m = n is

fi(U,V) (1 ≤ i ≤ m) are arbitrary,

fm+i(U,V) = Hi(U + V)− fi(V,U) (1 ≤ i ≤ m), (20)
m∑

i=1

Hi(U) = O,

where Hi : V → V ′ (1 ≤ i ≤ m− 1) are arbitrary functions.
Proof. Put fi(U,V) = Gi(U,U + V). �
Example 3. The most general solution of the equation

f1(Z1 + Z2, Z3 + Z4) + f2(Z2 + Z3, Z4 + Z1)

+f3(Z3 + Z4, Z1 + Z2) + f4(Z4 + Z1, Z2 + Z3) = O
is

f1(U,V), f2(U,V) are arbitrary,

f3(U,V) = H1(U + V)− f1(V,U),
f4(U,V) = −H1(U + V)− f2(V,U),

where H1 : V → V ′ is an arbitrary function.
Theorem 4. If am+n 6= 1 and m 6= n, the general solution of the functional equation
(1) is given by

fi(U,V) = Fi(U + amV)− Fi+n(anU + V) + Ai (1 ≤ i ≤ m + n), (21)

where Fi : V → V ′ (1 ≤ i ≤ m + n) are arbitrary complex vector functions, and Ai

are arbitrary constant complex vectors such that
m+n∑
i=1

Ai = O.

Proof. If we introduce new functions gi by the equation

fi(U,V) = gi(U + amV, anU + V) (1 ≤ i ≤ m + n), (22)

then equation (1) becomes
m+n∑
i=1

gi

(m−1∑
j=0

am−1−jZi+j +
n−1∑
j=0

am+n−1−jZm+i+j ,

m−1∑
j=0

am+n−1−jZi+j +
n−1∑
j=0

an−1−jZm+i+j

)
= O,
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i.e.,
m+n∑
i=1

gi

(m+n−1∑
j=0

ajZm+i−1−j ,
m+n−1∑

j=0

ajZi−1−j

)
= O. (23)

Since am+n 6= 1, this transformation is possible. Also we may introduce new
vectors Vi by

Vi =
m+n−1∑

j=0

ajZm+i−1−j (1 ≤ i ≤ m + n)

but the equation (23) takes the form
m+n∑
i=0

gi(Vi,Vi+n) = O. (24)

By putting Vj = O (j = 1, 2, . . . , i−1, i+1, . . . , i+n−1, i+n+1, . . . ,m+n)
we obtain

gi(Vi,Vi+n) = Fi(Vi) + Gi(Vi+n) (1 ≤ i ≤ m + n). (25)
On the basis of the expression (25), the equation (24) becomes

m+n∑
i=1

[Fi(Vi) + Gi(Vi+n)] = O,

or
m+n∑
i=1

[Fi(Vi) + Gm+i(Vi)] = O. (26)

From (26) it follows that

Gi+m(Vi) = −Fi(Vi) + Ai (1 ≤ i ≤ m + n), (27)

where Ai are arbitrary constant complex vectors with the property
m+n∑
i=1

Ai = O.

On the basis of the expression (27), the equality (25) has the form

gi(U,V) = Fi(U) + Fi+n(V) + Ai (1 ≤ i ≤ m + n), (28)

where
m+n∑
i=1

Ai = O.

On the basis of the equalities (28) and (22), we obtain (21). �
Example 4. If a3 6= 1, the general solution of the functional equation

f1(a2Z1 + aZ2 + Z3, Z4) + f2(a2Z2 + aZ3 + Z4, Z1)

+f3(a2Z3 + aZ4 + Z1, Z2) + f4(a2Z4 + aZ1 + Z2, Z3) = O
is given by

f1(U,V) = F1(U + a3V)− F2(aU + V) + A1,

f2(U,V) = F2(U + a3V)− F3(aU + V) + A2,

f3(U,V) = F3(U + a3V)− F4(aU + V) + A3,

f4(U,V) = F4(U + a3V)− F1(aU + V)−A1 −A2 −A3,
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where Fi : V → V ′ (i = 1, 2, 3, 4) are arbitrary complex vector functions, and Ai (i =
1, 2, 3) are arbitrary constant complex vectors.
Theorem 5. If am+n 6= 1 and m = n, the most general solution of the functional
equation (1) is

fi+m(U,V) = −fi(V,U) + Ai (1 ≤ i ≤ m), (29)
where fi : V2 → V ′ (1 ≤ i ≤ m) and Ai (1 ≤ i ≤ m) are arbitrary complex constant

vectors such that
m∑

i=1

Ai = O.

Proof. By the transformations which were exhibited in the proof of the previous
theorem we may bring the equation (1) to the form (24).

For Vj = O (j = 1, 2, . . . , i − 1, i + 1, . . . , i + m − 1, i + m + 1, . . . , 2m) the
equation (24) becomes

gi(Vi,Vi+m) + gi+m(Vi+m,Vi) = Ai (1 ≤ i ≤ m), (30)

where Ai (1 ≤ i ≤ m) are arbitrary complex constant vectors. By substituting (30)
into (1), we obtain that it must hold

m∑
i=1

Ai = O.

On the basis of this equality and (30), we obtain (29). �
Example 5. If a4 6= 1, the most general solution of the functional equation

f1(aZ1 + Z2, aZ3 + Z4) + f2(aZ2 + Z3, aZ4 + Z1)

+f3(aZ3 + Z4, aZ1 + Z2) + f4(aZ4 + Z1, aZ2 + Z3) = O
is given by

fi(U,V) (i = 1, 2) are arbitrary,

f3(U,V) = −f1(U,V) + A,

f4(U,V) = −f1(U,V)−A,

where A is an arbitrary complex constant vector.
If am+n = 1, then the functional equation (1) may be transformed in the

following way.
We introduce new vectors by the equality

Vi = a1−iZi, i.e., Zi = ai−1Vi (1 ≤ i ≤ m + n).

Then the equation (1) becomes
m+n∑
i=1

fi

(
am−2+i

m−1∑
j=0

Vi+j , am+n−2+i
n−1∑
j=0

Vm+i+j

)
= O. (31)

Now, if we put

gi(U,V) = fi(am−2+iU, am+n−2+iV) (1 ≤ i ≤ m + n),

i.e.,
fi(U,V) = gi(an+2−iU, am+n+2−iV) (1 ≤ i ≤ m + n), (32)

the functional equation (31) takes the form
m+n∑
i=1

gi

(m−1∑
j=0

Vi+j ,
n−1∑
j=0

Vm+i+j

)
= O. (33)
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The equation (33) is just the equation (1) for a = 1.
Theorem 6. If am+n = 1, (m,n) = 1 and m + n > 2, then the general continuous
solution of the functional equation (1) is given by

fi(U,V) = F1(an+2−iU + am+n+2−iV)Re (an+2−iU) (34)

+F2(an+2−iU + am+n+2−iV)Im (an+2−iU) + Gi(an+2−iU + am+n+2−iV)

(1 ≤ i ≤ m + n), so that

m+n∑
i=1

Gi(U) = −m[F1(U)ReU + F2(U)ImU], (35)

where Fi : V → L(V0,V ′) (i = 1, 2) and Gi : V → V ′ (1 ≤ i ≤ m + n− 1) are arbitrary
continuous complex vector functions.
Proof. The proof immediately follows from (33), (32) and Theorem 1. �
Theorem 7. If am+n = 1, (m,n) = d > 1, m/d = p, n/d = q and p + q > 2, then
the general continuous solution of the functional equation (1) is

fid+j(U,V) = F1j(an+2−iU + am+n+2−iV)Re (an+2−iU) (36)

+F2j(an+2−iU + am+n+2−iV)Im (an+2−iU) + Gij(an+2−iU + am+n+2−iV)

(0 ≤ i ≤ p + q − 1; 1 ≤ j ≤ d)

so that
p+q−1∑

i=0

Gij(U) = Hj(U)− p[F1j(U)ReU + F2j(U)ImU] (1 ≤ j ≤ d), (37)

d∑
j=1

Hj(U) = O, (38)

where
Fij : V → L(V0,V ′) (i = 1, 2; 1 ≤ j ≤ d),

Gij : V → V ′ (0 ≤ i ≤ p + q − 2; 1 ≤ j ≤ d),

Hj : V → V ′ (1 ≤ j ≤ d− 1)

are arbitrary continuous complex vector functions.
Proof. On the basis of the expressions (33), (32) and Theorem 2 we derive the proof
of the theorem. �
Theorem 8. If am+n = 1 and m = n, then the most general solution of the functional
equation (1) is given by

fi(U,V) (1 ≤ i ≤ m) are arbitrary,

fm+i(U,V) = Hi(an+2−iU + am+n+2−iV) (39)

− fi(an+2−iU, am+n+2−iV) (1 ≤ i ≤ m),

where Hi : V → V ′ are arbitrary complex vector functions such that
m∑

i=1

Hi(U) = O.

Proof. The proof immediately follows from (33), (32) and Theorem 3. �
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2. A Special Functional Equation

Now, we will solve the following functional equation
m+n∑
i=1

f
(m−1∑

j=0

am−1−jZi+j ,
n−1∑
j=0

an−1−jZi+m+j

)
= O, (40)

which is obtained as a special case of the equation (1) for fi = f (1 ≤ i ≤ m + n).
Theorem 9. If am+n 6= 1, then the most general solution of the complex vector
functional equation (40) is given by

f(U,V) =

{
F (U + amV)− F (anU + V) (m 6= n),

G(U + amV, amU + V)−G(amU + V, U + amV) (m = n),
(41)

where F : V → V ′, G : V2 → V ′ are arbitrary complex vector functions.
Proof. We set

f(U,V) = g(U + amV, anU + V) (42)

into (40) and deduce that
m+n∑
i=1

g
(m+1∑

j=0

am−1−jZi+j +
n−1∑
j=0

am+n−1Zi+m+j ,

m−1∑
j=0

am+n−1−jZi+j +
n−1∑
j=0

an−1−jZi+m+j

)
= O,

i.e.,
m+n∑
i=1

g
(m+n−1∑

j=0

ajZi+m−1−j ,
m+n−1∑

j=0

ajZi−1−j

)
= O. (43)

This transformation of the equation (40) is possible since am+n 6= 1.
Now we introduce new vectors

Vi =
m+n+1∑

j=0

ajZi−1−j (1 ≤ i ≤ m + n). (44)

The linear forms (44) are independent since their determinant is (am+n − 1)m+n−1.
Making use of these notations, the equation (43) becomes

m+n∑
i=1

g(Vi,Vi+n) = O. (45)

If m 6= n, we set V1 = V2 = · · · = Vm−1 = Vm+1 = Vm+2 = · · · =
Vm+n−1 = O and we get

g(U,V) = F (U) + F1(V). (46)

We substitute g from (46) into (45) and obtain
m+n∑
i=1

[F (Vi) + F1(Vi)] = O,
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which implies that F1(Vi) = −F (Vi). Hence,

g(U,V) = F (U)− F (V). (47)

If m = n, the equation (43) yields

g(U,V) + g(V,U) = O,

i.e.,
g(U,V) = G(U,V)−G(V,U). (48)

From (42), (47) and (48) we conclude that (41) holds. It is easy to verify that
(41) satisfies (40). �
Example 6. If a3 6= 1, then the most general solution of the functional equation

f(aZ1 + Z2, Z3) + f(aZ2 + Z3, Z1) + f(aZ3 + Z1, Z2) = O

is given by
f(U,V) = F (U + a2V)− F (aU + V),

where F : V → V ′ is an arbitrary complex vector function.
Example 7. If a4 6= 1, the most general solution of the functional equation

f(aZ1 + Z2, aZ3 + Z4) + f(aZ2 + Z3, aZ4 + Z1)

+f(aZ3 + Z4, aZ1 + Z2) + f(aZ4 + Z1, aZ2 + Z3) = O
is given by

f(U,V) = G(U + a2V, a2U + V)−G(a2U + V, U + a2V),

where G : V2 → V ′ is an arbitrary complex vector function.
Theorem 10. If am+n = 1, (m,n) = 1 and m + n > 2, then the general continuous
solution of the functional equation (40) is given by

f(U,V) =
m+n∑
i=1

[F1(aiU + ai+mV)Re (aiU) + F2(aiU + ai+mV)Im (aiU)] (49)

+
m+n−1∑

i=1

[Gi(aiU + ai+mV)−Gi(aiU + amV)]

−m[F1(U + amV)Re (U + amV) + F2(U + amV)Im (U + amV)],
where Fi : V → L(V0,V ′) (i = 1, 2) and Gi : V → V ′ (1 ≤ i ≤ m+n− 1) are arbitrary
complex vector functions.
Proof. Let us put Zi = ai−1Ti (1 ≤ i ≤ m + n). The equation (40) becomes

m+n∑
i=1

f
(
am+i−2

m−1∑
j=0

Ti+j , am+n−2+i
n−1∑
j=0

Tm+i−j

)
= O. (50)

Now we make the substitutions

f(am+i−2U, am+n−2+iV) = fi(U,V) (1 ≤ i ≤ m + n),

i.e.,
f(U,V) = fi(an−i+2U, am+n+2−iV) (1 ≤ i ≤ m + n), (51)

and we obtain
m+n∑
i=1

fi

(m−1∑
j=0

Ti+j ,
n−1∑
j=0

Tm+i+j

)
= O. (52)
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The equation (52) is just the equation (1) for a = 1, and its solution is
determined by Theorem 1.

By an application of Theorem 1, and by (51) we get

fi(U,V) = P1(an+2−iU + am+n+2−iV)Re (an+2−iU) (53)

+P2(an+2−iU + am+n+2−iV)Im (an+2−iU) + Qi(an+2−iU + am+n+2−iV)
(1 ≤ i ≤ m + n), so that

m+n∑
i=1

Qi(U) = −m[P1(U)ReU + P2(U)ImU],

where Pi : V → L(V0,V ′) (i = 1, 2) and Qi : V → V ′ (1 ≤ i ≤ m + n) are continuous
complex vector functions. By addition of all equations (53) and putting

P1(U) = (m + n)F1(U), P2(U) = (m + n)F2(U),

Qi(U) = (m + n)Gn+2−i(U) (i = 1, 2, . . . ,m + n)
we obtain (49). �
Example 8. If a3 = 1, the general continuous solution of the functional equation

f(aZ1 + Z2, Z3) + f(aZ2 + Z3, Z1) + f(aZ3 + Z1, Z2) = O

is given by

f(U,V) = F1(aU + V)Re (aU) + F2(aU + V)Im (aU)

+F1(a2U + V)Re (a2U) + F2(a2U + V)Im (a2U)
−F1(U + a2V)Re (U + 2a2V)− F2(U + a2V)Im (U + 2a2V)

+G1(aU + V)−G1(U + a2V) + G2(a2U + aV)−G2(U + a2V),
where Fi : V → L(V0,V ′) (i = 1, 2) and Gi : V → V ′ (i = 1, 2) are arbitrary complex
vector functions.
Theorem 11. If am+n = 1, (m,n) = d > 1, m/d = p, n/d = q and p + q > 2, then
the general continuous solution of the functional equation (40) is given by

f(U,V) =
d−2∑

j=−1

p+q−1∑
i=0

[F1,j+2(an−id−jU + a−id−jV)Re (an−id−jU) (54)

+F2,j+2(an−id−jU + a−id−jV)Im (an−id−jU) + Gi,j+2(an−id−jU + a−id−jV)],
so that

p+q−1∑
i=0

Gij(U) = Hj(U)− p[F1j(U)Re (U) + F2j(U)Im (U)] (1 ≤ j ≤ d)

and
d∑

j=1

Hj(U) = O,

where
Fij : V → L(V0,V ′) (i = 1, 2; 1 ≤ j ≤ d),

Gij : V → V ′ (0 ≤ i ≤ p + q − 2; 1 ≤ j ≤ d),
Hj : V → V ′ (1 ≤ j ≤ d− 1)

are arbitrary continuous complex vector functions.
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Proof. We can start from equation (50). From (49) and (50) on the basis of Theorem
2 we get

f(U,V) = P1j(an−id−j+2U + am+n+2−id−jV)Re (an−id−j+2U) (55)

+P2j(an−id−j+2U + am+n+2−id−jV)Im (an−id−j+2U)

+Qij(an−id−j+2U + an+m+2−id−jV) (0 ≤ i ≤ p + q − 1; 1 ≤ j ≤ d),
p+q−1∑

i=0

Qij(U) = Kj(U)− p[P1j(U)Re (U) + P2j(U)Im (U)] (1 ≤ j ≤ d), (56)

d∑
j=1

Kj(U) = O, (57)

where
Pij : V → L(V0,V ′) (i = 1, 2; 1 ≤ j ≤ d),

Qij : V → V ′ (0 ≤ i ≤ p + q − 2; 1 ≤ j ≤ d),

Kj : V → V ′ (1 ≤ j ≤ d− 1)
are continuous functions.

We take into account (56) and (57) and we add together all equations (55).
In this way we obtain (55) with

P1j(U) = (m + n)F1j(U), P2j(U) = (m + n)F2j(U),

Qij(U) = (m + n)Gij(U), Kj(U) = (m + n)Hj(U)

(0 ≤ i ≤ p + q − 2; 1 ≤ j ≤ d). �

Example 9. If a6 = 1, then the general continuous solution of the functional
equation

f(a3Z1 + a2Z2 + aZ3 + Z4, aZ5 + Z6) + f(a3Z2 + a2Z3 + aZ4 + Z5, aZ6 + Z1)

+f(a3Z3 + a2Z4 + aZ5 + Z6, aZ1 + Z2) + f(a3Z4 + a2Z5 + aZ6 + Z1, aZ2 + Z3)

+f(a3Z5 + a2Z6 + aZ1 +Z2, aZ3 +Z4)+ f(a3Z6 + a2Z1 + aZ2 +Z3, aZ4 +Z5) = O
is given by

f(U,V) = F11(aU + a5V)Re (aU) + F21(aU + a5V)Im (aU)

+F11(a3U + aV)Re (a3U) + F21(a3U + aV)Im (a3U)

−F11(a5U + a3V)Re (a5U + 2a3V)− F21(a5U + a3V)Im (a5U + 2a3V)

+F12(U + a4V)Re (U) + F22(U + a4V)Im (U)

+F12(a2U + V)Re (a2U) + F22(a2U + V)Im (a2U)

−F12(a4U + a2V)Re (a4U + 2a2V)− F22(a4U + a2V)Im (a4U + 2a2V)

+G01(aU + a5V)−G01(a5U + a3V) + G02(aU + a4V)−G02(a4U + a2V)

+G11(a3U + aV)−G11(a5U + a3V) + G12(a2U + V)−G12(a4U + a2V)

+H1(a5U + a3V)−H1(a4U + a2V),
where Fij : V → L(V0,V ′) (i, j = 1, 2); Gij : V → V ′ (i = 0, 1; j = 1, 2) and
H1 : V → V ′ are arbitrary continuous complex vector functions.
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Theorem 12. If am+n = 1 and m = n, the most general solution of the functional
equation (40) is given by

f(U,V) =
m∑

i=1

[F1(aiU, an+iV)− Fi(aiU, an+iV) + Hi(an+iV + aiU)],

m∑
i=1

Hi(U) = O, (58)

where Fi : V2 → V ′ (1 ≤ i ≤ m) and Hi : V → V ′ (1 ≤ i ≤ m − 1) are arbitrary
complex vector functions.
Proof. We start again from the equation (50). According to Theorem 3 and (49) we
have

f(U,V) = Pi(am−i+2U, am+n+2−iV) (1 ≤ i ≤ m),

f(U,V) = Qi(am−i+2U + am+n+2−iV)− Pi(am+n+2−iV, am+2−iU) (1 ≤ i ≤ m),

m∑
i=1

Qi(U) = O. (59)

By addition we get (58) with

Pi(U,V) = 2mFm−i+2(U,V), Qi(U) = 2mHm−i+2(U). �

Example 10. If a4 = 1, the most general solution of the functional equation

f(aZ1 + Z2, aZ3 + Z4) + f(aZ2 + Z3, aZ4 + Z1)

+f(aZ3 + Z4, aZ1 + Z2) + f(aZ4 + Z1, aZ2 + Z3) = O

is given by

f(U,V) = F1(aU, a3V)− F1(aV, a3U) + F2(a2U, V)

−F2(a2V, U) + H1(a3U + aV)−H1(U + a2V),

where Fi : V2 → V ′ (i = 1, 2) and H1 : V → V ′ are arbitrary complex vector functions.

Now, as special cases we obtain the results given in [3,4,5].
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