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ON LACUNARY INVARIANT SEQUENCE SPACES DEFINED
BY A SEQUENCE OF MODULUS FUNCTIONS

VATAN KARAKAYA AND NECIP SIMSEK

Abstract. The purpose of this paper is to introduce and study some se-
quence spaces which are defined by combining the concepts of lacunary
convergence, invariant mean and the sequence of modulus functions We
also examine some topological properties of these spaces.

1. Introduction

Let /o, and cdenote the Banach spaces of real bounded and convergent se-
quences x = () normed by ||z|| = sup |zk|, respectively.
k

Let o be a mapping of the set of positive integers into itself. A continuous
linear functional ¢ on {.,, the space of real bounded sequences, is said to be an
invariant mean or o-mean if and only if

i. ¢ (x) > 0 when the sequence = = (z,,) has z,, > 0 for all n,

ii. ¢(e) >0, where e= (1,1,1,..) and,

iii. ¢ (25(n)) = ¢ (z) for all z € .
Let V,, denote the set of bounded sequence all of whose invariant means are equal. In
particular, if ¢ is the translation n — n + 1, then a o-mean reduce to a Banach limit
(see, Banach [1]) and set V, reduce to ¢, the spaces of all almost convergent sequences
(see, Lorentz [7] ).

If z = (x,), write Tz = Tx,, = (Ty(n)). It can be shown (Schaefer [16]) that

V, = {m €l : li}gnt;m (z) = ¢, uniformly inn, p £ = 0 — limz, where

Tp + Tol(n) oo + Lok(n)
k41 '

Here o* (n) denote the k" iterate of the mapping o at n. The mapping o is
one to one and such that o* (n) # n for all positive integers n and k. Thus a - mean
¢ extends the limit functional on ¢, the spaces of convergent sequence, in the sense
that ¢ () =limx for all z € ¢. (see, Mursaleen [11]).

We call V,; as the space of o-convergent sequences.

A sequence x = (xy) is said to be strongly o-convergent (Mursallen [12]) if

tkn (37) =

k
there exists a number ¢ such that lilgn% > ’x(,j (n) — €| = 0 uniformly in n.
j=1
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We denote [V,] as the set of all strongly o-convergent sequences. In case
o(n) =n+1, [V,] reduce to [¢], the space of all strong almost convergent sequence
(Maddox [8]).

Also the strongly almost convergent sequences was studied by Freedman et
all [4], independently.

By a lacunary 6 = (k.); » = 0,1,2,... where kg = 0, we shall mean an
increasing sequence of non-negative integers with k. — k,._1 — oo as r — oo. The
intervals determined by 6 will be denoted by I,. = (k-_1,k,] and h, = k. — k,_;. The
ratio kkT will be denoted by ¢,.. The space of lacunary strongly convergent sequence

r—1

Ny was defined by Freedman et al [4] as:

.1
Ny = {x = (zg) : hgnh— Z |z — €] = O,forsome@}

" kel,

Recently, the concept of lacunary strong o-convergence was introduced by
Savas [14] which is a generalization of the idea of lacunary strong almost convergence
due to Das and Mishra [2].

A modulus function f is a function from [0, o) to [0, c0) such that
i. f(x)=0if and only if z =0
i flze+y) < f(z)+ f(y), for all z,y >0

iii. f is increasing,

iv. f is continuous from the right at zero.

Since |f (z) — f (y)| < f (Jx — yl), it follows from conditions (ii) and (iv) that
f is continuous everywhere on [0,00).

A modulus function may be bounded or unbounded. For example, f (t) =
is bounded but f (¢) =t* (0 < p < 1) is unbounded.

Ruckle [13] and Maddox [9], Savas [15] and other authors used modulus func-
tion to construct new sequence spaces.

Recently, Kolk ( [6], [7]) gave an extension of X (f) by considering a sequence
of moduli F' = (f) i.e.,

X (i) = {2 = (zx) + (fx (J2x])) € X}

In this paper by combining lacunary sequence , invariant mean and a sequence
of modulus functions, we define the following new sequence spaces:

—-

_t
t+1

.1 : :
[wg,F}g = {x : 117{11 W Z T ([ten (2)]) = 07un1formly1nn}

" kel,

1
[we, Fly = {sc : lim W Z T (|tkn (z = 1)|) = 0, uniformly inn, forsomel}
r kel,

[(we, Fl, = {m : suphi Zk € I fi (|tin (7)) < OO}

1 m
[We, F] = {x : liin - ]; fi (|ten (x —1)]) = 0, uniformly inn, forsomel}

Some sequence spaces are obtained by specializing F', 6, 0. For example, if
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=(2"), o(n)=n+1land fy (z) = z for all k, then [w,, F'], = W (see, Das
and Sahoo 3 }) If o (n) =n+1and fi (x) = f for all k, then [w,, F], = [@ (f)], and
[we, F] = [ (f)] (see, Mursaleen and Chishti [12]).
When o (n) = n+ 1, the spaces (w9, F|,, [ws, F], and [wg®, F], reduce to
the spaces [, F],, [0, F], and [, F, respectively, where
[w, F, = { = (xg) hm— Z fre (|dgn (x = 1)|) =
" kel,
uniformly inn, for some 1}
and
Ty + Tnt1 + oo + Togke
dn =
£ (@) k+1
If § = (27), then [wg,F]e = [wg,F], (we, Fly = [we, F| and [w, F|, =

[wg, F.

2. Main Results

We have

Theorem 2.1. For any a sequence of modulus functions F = (i), [wg, F] g [Wos Py,
(wge, F, and [w,, F| are linear spaces over the set of complex numbers.

Proof. We shall prove the result only for [wg, F ] p- The others can be treated similarly.
Let =,y € [wg,F}eand o, € C. Then there exist integers H, and Kgsuch that
|a] < Hy and |B] < Kz. We have

e ké‘fk (Itkn (0@ = By)l) < Ha 5 3= fi (Jtin (2)])

kel,.

+Kﬁ* > e ([ten W)

" kel,
This implies ax + By € [wg, F]0 O

We will now give a lemma.

Lemma 2.2. Let f be a modulus and let 0 < 6 < 1. Then for each |ty (x)| > § for
all k and n we have

f (ftin (@)]) < 2f (1) 67" [t ()]

F o @) < 7 (14 [ 220 ) <y g ([Pt

<7 (14 200 <o ()57, o)

Proof.

O

Theorem 2.3. For a sequence of modulus functions F = (fi) and any lacunary
sequence 0 = (k,.),
[we, Flg C [we®, Fly .-
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Proof. Let F' = (fi) be a sequence of modulus functions and =z € [w,, F],. Put
sup f (1) = M. We can write
k

Z ([tkn (z <*ka |tkn (z — 1) +* ka 1)
el,

" kel, kEI

b\’—‘

<o 3 il (o = D)) + TiM

" kel,

where T} is integer number such that |I| < Tj. Hence x € [wi°, F],.

Now for any lacunary sequence 6 = (k,.), we give connection between [w,, F],
and [wg, F]. O
Theorem 2.4. Let 0 = (k) be a lacunary sequence with liminf g, > 1. Then for
sequence of modulus functions F = (fi),

[we, F] C [wy Fly

Proof. Suppose that liminf ¢, > 1, then there exists 6 > 0 such that ¢. > 14 ¢ for

all 7. Then for = € [w,, F|, we write

1 k. 1 kp 1 kr_1
> Bt =D 2 5> Fulltin (o= D) + 1 Y- fulltn (2= D))
k=1 k=1 k=1
1
= LS i =)
" kel,
o 1
Z T35 > i (trn (z = 1))
kel
By taking limit as  — oo uniformly in, hence we obtain x € [w,, F],. This
completes the proof. O

Theorem 2.5. Let § = (k) be a lacunary sequence with limsup ¢, < oo. Then for
any sequence of modulus functions F = (fi),

(we, Fly C [we, F]

Proof. If limsup ¢, < oo, there exists H > 0 such that ¢. < H for all » > 1. Let
x € [we, F], and € > 0. There exists R > 0 such that for every j > R and all n

Z fr (Jten (z = D)) <

h; kel;
We can also find M > 0 such that A; < K for all j =1,2,.... Now let m be
any integer with k,._1 < m < k,., where r > R. We have

kr

*ka ltkn (x —1)]) <

Jr ([ten (z = 1))
1=

k ([tkn (z = 1))
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(z—1)| Z > i (ten (2 = D))
L =1 kel L j=R+1ker;
Skl (supAJ)k‘R—l—kl € XT: h;
r—1 \4j<R 1\ ;550
< kr,leR + k'rl 15 (hrt1 +hry2 + ... + hy)
< MkR +eH
Since k,._1 — o0 as r — f llows that
Lo
~ ;fk ([tin (2= 1)) = 0
uniformly in n and consequently x € [w,, F]. Hence the proof completes. O

Theorem 2.6. Let 0 = (k) be a lacunary sequence 1< liminf ¢, < limsup g, < co.
s

Then for any sequence of modulus functions F = (fi),

[me]o = [wU’F]

Proof. Theorem 2.6 follows the theorems 2.5 and 2.4. O
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