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CLASSES OF UNIVALENT FUNCTIONS
WITH NEGATIVE COEFFICIENTS

AMELIA ANCA HOLHOS

Abstract. In this paper we define and study new classes
Tna(A, B,a, 3,7) of univalent functions with negative coefficients.

1. Introduction

Let U denote the open unit disc: U ={z; 2€ C and |z|] <1} and let S
denote the class of functions of the form:

fz)y=2+ Zajzj
=2

which are analytic and univalent in U.
For f € S we define the differential operator D™ ( Sélagean [1] )

D°f(z) = f(2)
D'f(z) = Df(z)=2f"(2)

and
D"f(z) =D(D"'f(2)) ; neN ={1,23,..}.
We note that if -
fz)y=2z+ Zajzj
j=2
then

D"f(z)=z+ Zj”ajzj ; z e UL
j=2

Let T denote the subclass of S which can be expressed in the form:

(oo}
f@)=2=>) |ax| ¥ (1)
k=2
We say that a function f € T is in the class T, x(4, B,a,5,7) 0<a<1,
0<pB<1,1<A<B<1,0<B<1 if

ZFT/L,,\(Z) _
Fn A(Z)
— 7 g, z€U (2)
ZFn,/\(Z> ZFn,A(Z) =
B - dpy [T o] - B[ T2 -]
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B
— 5 a#0
<y < (B-A)a ' (3)
B-4A { 1 ; a=0
where
Fux(2) = (1 =XN)D"f(2) + AD" "' f(z) ; A>0; feT (4)
Remark 1.
For(z) = z-— Z 1+ (k= 1)\ |ax| 2*
k=2
Fia(z) = z—Zk 1+ (k— 1) |ag| 2"
Fua(z) = szk” (14 (k— 1A |ax| 2* (5)
For n = 0, (AB .B,v) = TX(A,B,a,3,7) and for n = 1,
TL,\(A,B,O&,H,’Y) C)\( y (¥ ﬁ
The class T (A o, 3,7) and C{(A,B,a,3,y) was studied by S.B.Joshi
and H.M.Srivastava [3] S.B.Joshi [2].

2. Characterization theorem

Theorem 2. Let f € T , f(z) = z— 3. |ax|2". Then f(2) is in the class
k=2
Tn,)\<AaBaa7ﬁ>’y) Zf and Only Zf

Do larl KL+ Ak = DI {(k = 1) + B[(B = A)y(k —a) = B(k = 1)]} <
k=2

< By(B-A)(1-a) (6)
and the result is sharp.

If we denote
D, (k,A,B,a,,v,\) =
= K'0I+XE-D{(k-1)+B[(B-A)y(k—a)-Bk-1)]} (7)

then (6) becomes

oo

> lak| Dy (k, A, B, o, 8,7, A) < v(B — A)(1 - ) (8)

k=2

Proof. Assume that

Zlaklk" (k=DH{(k=1)+B[(B—-A)y(k—a) - Bk -1} <
=2
ﬁv(
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and let |z| = 1. Then we have

|an>\ |f
-B|(B—A) [an A (2) —aFyua (2)] = B[2F) 5 (2) — Fan (2)]|
= ’ZF'r/L)\ ’_

-3|[(B - A)v B]ZFJL,A (2) + [B — (B — A)ya] F » (2)]

ik” (1—k)[1+ (k— 1)\ |ax| 2| —
k=2

—B|[(B—A)y =Bz~ [(B—A)y =Bl Y k" [L+ (k— 1)A] ax| ="+

k=2

+[B—(B—Aya]lz—[B—(B—Aya] Y E"[1+ (k— 1)\ |ax| 2~
k=2

ik" (1—k)[1+ (k= )N |ax| 2| —
k=2

(B—A)y(1—a)z—[(B—4)y— B S K1+ (k- DA fay| £~
k=2

-

—[B— (B - A)vq] Zk" 1+ (k— 1)\ |ax| 2"
k=2

SR (k= 1) [1+ (k— DA ag| |2]* — B (B — A)y (1 —a) |2| +

IN

+B[(B— A)y — B> K" 1+ (k= 1)\ Jag| |2/*
k=2

+B[B = (B — A)ya] Y k" [1 + (k — 1)A] |ax| |2[*
k=2

IN

Zk" [+ (k= DA ax| {(k=1) + 5[(B = A)y(k —a) = B(k = 1)]} -

—By(B—-A)(1-a)<0

Consequently, by the maximum modulus theorem , the functions f(z) is in the class

Tn,)\(Aa Ba «, ﬁv ’7)
Conversely, assume that

Z}?M((Z)) _1
n, A2
o [ ][l ]|~
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S E" (1= k) [1+ (k= 1)\ |ax| 2
k=2

(B—A)y(1—a)z—[(B=A)y— B S K+ [+ (k= DA jag] 2 —
k=2

< pB

— [B—(B—=Aya)] Y k" [L+ (k= 1)A]|ay| ¥
k=2

Since |Re (z)| < |z| for any z, we have

SR (k= 1) [1+ (k — D] |ax] 2*
Re k=2

=) <B
BB-A)y(=a)z= 3k [L+ (k= DA ax|[(B = A)y(k — ) = B(k —1)] 2*

Letting z — 1 through real values, upon clearing the denominator in the last
inequality we obtain

Sk (k= 1) [1+ (k= 1)A] |ax| <
k=2

By(B = A)(1 = a) = > k" [1+ (k= DA |ar| 8[(B = A)y(k — @) — B(k - 1)]
k=2

and this inequality gives the required condition.
The function

o By(B—A)(1-a) )
&) = S T N L+ BB - A7 G—a) — B}
is an extremal function for the theorem. O

Remark 3. Forn =0 and n =1 the result of Theorem 1 was obtain by Joshi and
Srivastava [3].

3. Closure Theorems

Let the functions f; be of the form:
fj(z):’z*z|akj|zk ;ZGU ;j:]-a?a"'am (9)
k=2
we shall prove the following results for the closure of functions in the classe
Tn,)\(Aa Ba «, 67 7)

Theorem 4. Let the functions f;(z) defined by (3.1) be in the class
Tox(A, B,a, 3,7). Then the function h(z), defined by

oo 1 m
() = 2= S bl 2 with b = 3 Jay 10
(2) =2 kz:; k| 2% 5 with by m;lakﬂ (10)

also belongs to the class T A (A, B, o, 3,7).
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Proof. As f;(2) € ThA(A, B,«,3,7) it follows from Theorem 1. that

Z|akJ‘Dn(k,A,B,a,ﬂ,7,)\)Sﬁ'Y(B_A)(l_OC) ) .7:17277m (11)
k=2
Therefore
o o 1 m
Z‘bk|Dn(kaA7Baaa67fY?)‘) = ZDn(k,A,B,Oé7ﬁ,7,)\> Ez‘akﬂl
k=2 k=2 =1

IN

py(B—A) (1 - a)
hence, by Theorem 1 ,
h (Z) S Tn7A(Aa Ba «, ﬁa 7)

O
Remark 5. For n = 0 we obtain Theorem 1 as Joshi[2]. For n = 1 we obtain
Theorem 2 as Joshi[2] .
Theorem 6. Let f; (z) € T A (A, B,a, 3,7). Then the function h(z), defined by,
h(z) = Z |d;| fj (2); where Z |d;j] =1 (12)
j=1 j=1
is also in the class T, x(A, B, a, 3,7).
Proof. By using definition of h (z), we have
1 = 3ol [+ Yl = 3101~ 33
j=1 k=2 j=1 k=2j=1
= 2= | Y ldillar;| 2" | Y Dy (k, A, Bya, B9, 0) | D 1ds] ;]
k=2 \j=1 k=2 j=1
= ZDH (ka Aa Ba Oé,ﬂ,"}/, )‘) ‘ak1| ‘d1| + ZDH (k’ A7 37 Oé,ﬂ,"}/, >‘) |ak2| ‘d2| +
k=2 k=2
oo
i + ZDTL (k7A’ B7 a) /6777 >\) |akm| |dm|
k=2
< di| By(B — A)(1 — a) + [da| By(B — A)(1 — ) +
ve F |dm| By(B — A)(1 — )
= MB-AH1-a))_ ld| =B -A)1-a)
j=1
which implies that h (z) € T, A (A, B, o, 8,7). O

Remark 7. For n =0 obtain Theorem 3 as Joshi[2]. For n = 1 we obtain Theorem
4 as Joshi[2].

Theorem 8. Let the functions

oo

fl (Z) =z Z|akl|zlC S T7,,7>\(A7B,O[,6,’Y)

k=2
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and
o0

f2(2) =2=laka| 2 € Trp10(A, B, o, B,7).
k=2

Then the function p(z) defined by
2 o0
p(Z) =z - gz (|ak1 + ak2|) Zk S Tn)\(A,B,OL,ﬁ,')/).
k=2

PTOOf. Let fl (Z) € Tn,)x(AaBaOéa/BKY) and f2 (Z) € Tn+1,>\(A7B7a763’7) ; by uSing
Theorem 1. we get , respectively ,

ZDTL (kaA7B7aaﬂa’-Ya /\)|ak1| SB’Y(B*A)(I*OZ) (13)
k=2

and
ZDn-i-l (k7A7B7O[7ﬂ7’Ya)‘)|a’k2| Sﬂ’}/(B—A)(l—Oé) (14)
k=2

We have (see (7))

2ZDn(k7A7B7au/8777>\) |ak2| S ZDn+1 (k7A7Bva757’77)\)|ak2|§
k=2 k=2
< By(B-A)1-a)

2 2
g;Dn (k,A,B,OZ,ﬂ,’y, )‘) |ak1| < 557(3 - A)(l - Oé)

2 — 1
gZDn (k,A,B,Oé,ﬁ,’Y,/\) |ak2| S 567(3 - A)(l - Oé) =

k=2
2 o0
32 _Dn (b, A, B, 3,7, 2) [lasa| + |asal] < By(B - A)(1 - a) =
k=2
2 — X
p(Z) =z = 72 |a’k1 +Clk2| ANS Tn)\(A,B,Oé,ﬂ,'Y)-
3k:2

4. Integral Operators

Theorem 9. Let the functions f (z) defined by (1), be in the class Ty, x(A, B, «a, 5,7),
and let ¢ be a real number such that ¢ > —1.
Then the function F (z) defined by

Fz) = C+1/Ozt‘31f(t)dt (15)

ZC

also belongs to the class T, A (A, B, o, 3,7).
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Proof. By using the representation of F'(z), it follows that

c+1
c+k

F(2) :z—Z|bk|zk,where |bk| = |ak] (16)

=2

f€Tur(A,B,a,8,7) = > Dy (kA B, 3,7, \) |ax| < By(B - A)(1 - a)

k=2
o0 (oo} C—|— 1
> Dy (k,A,B,a, 3,7, A) o] = > Dn(k,A B, a,B,7,)) — sl <
k=2 k=2 ¢
< ZDn (k,A,B,Oé,ﬁ77,)\> |ak|
k=2
< A(B-A)1-a)
iF(Z)ETn,A(AaBaaaﬁ7’Y)' D

Theorem 10. Let ¢ be a real number such that ¢ > —1. If F'(z) € T, A(A, B, o, B,7)
then the function f(z) defined by

F(z)c+1/ozt01f(t)dt

ZC
is univalent in |z| < R, where

Dy (k, A, B, 8,7, \) (c+1)] =7
51(B - A)(1—a)(c+ k) k ] k=2

R:inf{
k

The result is sharp for

B By(B — A)(1—a)(c+k)zF
&) =2 G A Bady s F22 (18)

Proof. Let F(z)=2z— Y |ax| 2" , it folows from (15) that

l—c,c / 0
fo) =2 EEOL S R (19)
k=2

F(Z) € Tn,A(AaBaa7ﬁ77) = EDH (kaAvaa76a7a)‘) |ak7| < ﬁ'Y(B - A)(l - Oé) =
k=2

ipn (k, A, By, B, A farl _ (20)

2T B0 -a)

If

k(e k)20 _ D (A Bas 9, 0)
c+1 Bv(B—A)(1—a)

or if

" [Dn(k7A7B7a,57%>\)(0+1) T

By(B — A)(1 — a)k (c+ k) (21)
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then

(oo}

c+k c+k
Zk |a | 2%~ Zk |ak||z| ' <

Z n (k7A7B7a7ﬂ77v ) |G,k| <1
= AMB-Ald-a)
But from |f’ (z) — 1| < 1,]z] < R, we deduce that f is univalent in the disc
|z] < R.
The result is sharp and the extremal function is given by (18). O

Theorem 11. Letce R , ¢ > —1. If

1f"(2) =1

F(2)=2= lax|z* € Tua(A B o 5,7)
k=2
then the function f (z) given by
1 z
Fz) =<t / 1L f () dt
0

ZC

is starlike of orderp (0 <p<1) in |z| < R*(p,A,B,«,,v) where

* (1—p)(C+1)Dn(k7A7B7Oé,ﬁ,’7,)\):|kl
R* = inf ; k> 2.
k [ (k—p)(c+k)By(B—-A)(1-a)
The result is sharp.

| o1 (2) .
Proof. 1s sufficient to show that —1|<(1-p), in |z| < R"

f(2)
Now
) . B ) . b1
, = (k=1 & lag| 2571 X (k= 1) £ |ax| |2]
z2f (Z)—l‘: k=2 k=2 <1-p
f(2) 1—§ﬂ|a|zk*1 B 1_§c+k|a k=1
2 o1 |0k 2 o1 k12l
provided
[k — k _
EZ(IP)(C+ )mkvﬁ1<1
P —p c+1
By using

DalidBos Vel
AEB-AHi-a) =

(k- c+k _
Y (2 lag| [2[F 7 < 1
- 1—p c+1

wFﬂ

the inequality

holds if
k;pc | M Dy (k, 4, B, 0, 8,7, 2)
l-pet+l B-Al—a) = 7
or if 1
(1_p)(C+1)Dn(k7A7Buauﬁ7’77>\):|kl
zl < k> 2
. [ (k=p)(c+k)Br(B - A)(1-a)
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Hence, f(z) € S*(p) in |z| < R*. The sharpness follows if we take the
function F' (z) , given by
) o) s
)8 (1 —a)z k>
(k7AaBaa7ﬁary,)\)

F(z):zf(DB;
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