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BIVARIATE SPLINE-POLYNOMIAL INTERPOLATION

GH. COMAN AND MARIUS BIROU

Let A C R? be an arbitrary domain, f a real-valued function defined on A,
Z = {Zz| Zi = ((Ei,yi), 1= I,—N} C A and I(f) = {)\k.ﬂ k= 1,...,N} a set of
informations about f (evaluations of f and of certain of its derivatives at z1,...,2n).

A general interpolation problem is: for a given function f find a function g
that interpolates the data I(f) i.e.

)\kf:)\kg, k‘Zl,N.

A solution of such a problem can be obtain by the generalization of the

bivariate Lagrange formula for the rectangular grid IT = {z¢,...,Zm} X {yo,.- -, Yn}:
v(y)
f(z,y) @i, ;) + (R f) (@, y 1
ZZ R G s )+ B e )
where

(B f)(@,y) = u(@)[z, 30, . 2 £ (- +Z )[y Yor- -+ Yns F(i, )]

— ;) u’
with u(z) = (z — zg) ... (x — z,,) and v(y) = (y —Y0) .- (Y — Yn)-
A first generalization of the formula (1) was given by J.F. Steffensen [4]:

;i (y)
"33 T G T e e @

=0 j=0

where
(Rmml'f)(way):u(x)[xaxov" wmvf +Z .T,‘—l‘ ’LL' l‘ )[yayOaayznmf(xZa)]

with
vi(y) = Y = yo) - (Y = Yn.)-
The interpolation grid here is II; = {(z;,v:;)| i =0,m, j =0,n;}.
A second generalization of the Lagrange interpolation formula (1), that is
also an extension of the Steffensen formula (2) was given by D.D. Stancu [2]:

ZZ (& =) my ya i) IO

i=0 j=0

+ (B ) (@,9) 3)
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where
(Rm,mf)(wvy):u(x)[xaQUOa-- xmvf +Z )[y yan---ayim;f(xa')]

with v;(y) = (y — yi0) - - - (Y — Yin,) and the 1nterpolat10n set

Iy = {(zs,yi;)| i = 0,m, j =0,n;}.
Remark 1. The Steffensen formula (3) does not solve the general interpolation
problem, II; is only a particular case of the interpolatory set {z1,...,znx}.
Remark 2. Formula (3) is really a solution of the considered general problem.
Indeed, let Z; C Z be the set of nodes (x;,¥;), i = 1, N with the same abscises zy,
ie. Zp ={(@k,yx;)| j=0,n;} forall k=0,1,...,m. We have Z; # Z; for i # j and
Z =ZoU---UZpy.

If L7, is the Lagrange’s operator for the interpolates nodes z,. ..,z and
Ly ., i = 0,m are the Lagrange’s operators for the nodes yio, ..., ¥yin; respectively,
then we have
f=Lof+ R, f (4)
with . ©)
m B u(z
(Lo f)(@,y) = ; mﬂﬂfny)
and
f(xi’ ) = (Lﬁt )(l‘,, ) + (R?h )(l‘,, ')a i=0,m (5)
with

4

) =S W) e
(Lnif)(wza Y) ]:2;) (y — yij)v§ (y”) Iz, yzj)-
If the remainder terms are written with the divided differences, from (4) and
(5) follows formula (3).
Remark 3. Usually the degree m of the operator Lj, is more greater than the
largest degree of LY i.e. m > max{no,..., N}, which imply a large computational
complexity of the polynomial interpolation from (3), say

m  Nn;

(Ph)z:y) ZZ (z — zi)u fl?z)( ”i(y)l — f(xi, yij).

=0 j=0 Yy — ym) (yz])

From this reason and the another ones, instead of Lagrange polynomial oper-
ator L7 we can use a spline interpolation function of Lagrange, Hermite or Birkhoff

type.
1. Spline polynomial interpolation of Lagrange type

Let S} 5, ; be the spline interpolation operator of the degree 2n — 1, that
interpolates the function f with regard to the variable z at the nodes (zg,y), k = 0,m
ie.

(ST.2n—1)(z,y) Za,m +Zb (z — ;)7 )3t (6)
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for which

(Sf,?nflf)(mkﬂy) :f(mk,y)’ k:O’L
(Sﬂ?n—lf)(p’o) (a,y) =0, p=n,2n—1, a >z,

The spline function of Lagrange type can also be written in the form
(St 2n— 1)@, y) Zsk f(@r,y

where s are the corresponding cardinal splines i.e., they are of the same form (6),
but with the interpolatory conditions

Sk(l‘j) :6kj, k,j:O,m.

This way, formula (3) becomes

ZZSZ —)f(ﬂfiayz‘j) + (Rf)(z.y) (8)

=0 j=0 y yzj) (yz])

where (Rf)(z,y) is the remainder term.
Taking into account that for f(-,y) € C"[zg, Zm]

<Ri3m4fxay>=1/'mwnua@fmﬁnayﬁm

xo
with
e (z — s)ff__l
a8 = B\ S0
it follows
Theorem 1. If f € C™(A) then
(WW@z/ (2, )10 (s, ) ds + ©)
+Zsz ), Yio, - s Ying: (@i, )]
and if f € CPT1(A) with p = max{no,...,n,} we have
BN ew) = [ onlrs) /"0 s 9)ds+ (10)
xo
m Yin,
+3os) [ o)1 )
i=0 Yio

with

(2 (y,t) = w - i ( vl(y) (yij _ t)il .

— (v —yi)vilyi;) !
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2. Spline polynomial interpolation of Hermite type

Let S}”{’M_l be the spline interpolation operator of the degree 2n — 1, that
interpolates the function f and certain of its derivatives with regard to the variable
x at the nodes (zy,y), k = 0,m, i.e.

(St2n—1f)(2,y) Zax +22bk]x—mk A (11)

k=0 j=0
for which
(St 201 )9 (@, y) = fOO (21,y), k=0,m, j=0,q (12)
(S}U{Jnflf)(p’o)(avy) =0, p=n2n—1, a>xy,
The spline function of Hermite type can also be written in the form
(SHQn lf .I'y Zzsk xkvy)
k=0 j=0

where sj; are the corresponding cardinal splines i.e., they are of the same form (11),
but with the interpolatory conditions

S;:g)(zu) 0, k=10,m, V7ék'a qg=0,qy

32?(931:) 6,7!17 q=0,qx
554])( ) =0, p=n,2n—1, a> o,

This way, formula (3) becomes
- v;(y) (1,0)
sii —— " (@i, i) + (Rf) (2,9 13
=3 S 8 Gt e 0

where
vi(y) = (Y — Yio) - - - (Y — Yin:)
and (Rf)(z,y) is the remainder term.
In this case the set of information about f is

I(f) = {f(l’O)(m“yZ]” 1= 07m7 .7 = Oynia = quz} (14)
Taking into account that for f(-,y) € C"[zg, T

(RE a1 [)(,y) = / " or (e, 8) f"0) (s, y)ds

with " - o
outens) = G2 = 5 oo ey
and that -
(Rf)(z,y) = (R on-1f)(2,y) + i i sa(@)(RY . f"O) (@i, y)
i=0 1=0
it follows
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Theorem 2. If f € C™(A) then

(Rf)(a.y) = / o (z,5) £ (5,)ds+ (15)
+Zzszl > vios - Yines FEO (i, )]
i=0 (=0
and if f € C™PT1(A) with p = max{no,...,n;,} then
1)) = [ nle )00 s, )ds+ (16)
m 4 Yi,n;
#30 > salw) [ o 7 s,
i=0 [=0 Yio
with
-1 & vily) (v =¥
ng 7t =5 -
Y 0:1) n;! z_:o (= yij)viyi;)  ni!

3. Spline polynomial interpolation of Birkhoff type

Let Sg 5,—1 be the spline interpolation operator of the degree 2n — 1, that
interpolates the function f and certain of its partial derivatives to the variable x at
the nodes (zg,y), k = 0,m, i.e.

(SB.an—1f)(@,y) Zazw +ZZbk1x—xk2"]1 (17)
k=0 j€l;
for which
(S%,2n—1f)(j’0) (.’Ek,y) = f(j,O) (wkay)a k= O,m, J € Iy (18)
(Sf?,anlf)(pﬁ) (Oé, O) =0, p=n,2n—1, a>xy

The spline function of Birkhoff type can also be written in the form

(SB2n—1f)(@,y) Z Z s1j ( ]’0) (k. y)

k=0 jel}

where si; are the corresponding cardinal splines i.e., they are of the same form (17),
but with the interpolatory conditions:

sgc?(z,,)—o k=0,m, v#£k qgel,
S;;;)(l‘k) 5]q, q€l
sg)( ) =0, p=n,2n—1, a> o,

If the set of informations of f is

I(f) = {f“ @i, yij)l i =0,m, j=0,n;, 1 € I} (19)
we can use the interpolation formula of Lagrange
FEN @i, y) = (LY, FCN) (i,y) + (RY ., ) (@i, y) (20)
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This way, formula (3) becomes

r) =3 Y 5@y @qu (@i, 935) + (Rf)(x,y)  (21)

i=0 IET; =0 - yl])v (yw)

where (Rf)(x,y) is the remainder term.
Taking into account that for f(-,y) € C"[zo, Zm]

(B s ) y) = / " oz, 8) [0 (s, y)ds

with
((E _ S S)n -1
oB(T,s) = ——F— si(x) ————+
(n— 12; ; —1-1)!
and that
(Rf)(@,y) = (R 20_1.f) (2, 9) +Zzsd )R] o f) (@i y)
i=0 le;
it follows
Theorem 3. If f € C™(A) then
BN = [ entes) " s,)+ (22)

+Zzszl [y y207'"ayini;f(l’())(xia')]

=0 1l€l;

with v;(y) = (y — Yio) - - - (y — Yin,) and if f € C™PH(A) with p = max{ng,...,nm}
then

(RA) ) = [ ntes) S0 (s, s+ (23)
m Yin,
+30 S su@eie) [ a0 )
i=0 le; Yio
where
w0 W ) o
Yni(y:1) = n;! Z(:) (Y —yijvi(yiz)  nal
4. Example

One considers the function f(z,y) = exp(—z? — 3?) on the rectangular do-
mains A = [—1,1] x [-1,1] and the interpolation nodes P, — Pi7
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Ps P Pir P = (-1,-1) Pio = (0,0.5)
P, = (—1,0) P = (0, 1)
P()‘ PlO P14 P3 = (—1, 1) Pl-g = (05, —05)
Py = (~0.5,-0.5) Piy = (0.5,0)
. . P,y = (~0.5,0) Py = (0.5,0.5)
P5 Pg P13 P@ - (—05,05) P15 - (1, —1)
P =(0,-1) Pig = (1,0)
Py Py Py Py =(0,-0.5) Pir =(1,1)
Py = (070)
P Py Py

We will use the formulas (8), (13) and (21) for n = 2 (cubic spline with regard
the variable x).

In fig. 1 is given the graph for the function f.

In fig. 2 is used the information of Lagrange type.

In fig. 3 is used information of Hermite type, i.e.

{f90p): i =117, j=0,1}

In fig. 4 is used a set of information of Birkhoff type:

{f(P): i=1,2,3,15,16, 17U {f1O(P,) : i =14, 14}.

fig.2a fig.2b
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