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SOME INTERPOLATION SCHEMES ON TRIANGLE

GHEORGHE COMAN AND IOANA POP

Dedicated to Professor Gheorghe Micula at his 60" anniversary

Abstract. One of the quite simple procedures for constructing multidi-
mensional approximation operators consists in the composition of univa-
tiate approximation operators, using tensor product and boolean sum op-
erations. In this paper, we will construct such interpolation operators for
functions defined on a triangle, belonging to By, (a,b) Sard spaces.

1. Introduction

Let T), = {(z,y) € R?|z > 0,y > 0,z +y < h} be the standard triangle and
f T, — R a given function. For generating interpolation formulas on this triangle,
we will use Lagrange, Hermite or Birkhoff univariate interpolation operators.
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In the paper [1], using Lagrange interpolation operators defined by:

]
(Llf) (z,y) = h;f;yf (an) + hiwf (h - yay)
(Laf) (@,y) = "2V (@,0)+ o f (2,h - 2) M

the authors studied some two dimensional discrete and blending interpolation opera-
tors. Thus, tensor product of the three operators, P := L1L,L3, i.e.

(Pf) (z,y) = L=2=2f (0,0) + £ f (h,0) + L £ (0, R)

Received by the editors: 08.05.2003.

57



GHEORGHE COMAN AND IOANA POP

interpolates the function on the vertices of the triangle. For the remainder term of
the interpolation formula:

f=Pf+Rf
was proved that for f € By (0,0)

(Rf) (x,y) — @f@,m (5’ 0) + ?/(3127_}7’)]0(0,2) (0,77) + l‘yf(l’l) (51;771)

where &,n € [0,h], (&1,m) € Th.
Also, the boolean sum of every two operators L;, i = 1,2,3 verifies the
properties
Li® Ljflor, = flom,
LieLig=g9€P;Vi,j=123i#]
That means that the operator L; @ L; interpolates the function f on the boundary
of T, and its degree of exactness is 2 (dex(L; & L;) = 2).

By appropriate select of interpolation operators, we can build interpolation
formulas in which the values of the function are interpolated on certain sides and the
normal derivatives on others.

For example, if B; is the Birkhoff interpolation operator defined by

(Blf) (-T:,y) :f(h_yay)+($+y_h)f(l’0) (an)

which interpolates f on the ipotenuza of the triangle 7} and its normal derivative on
the cathetus based on Oz, the operator

G =B &L
satisfies the interpolation properties:
(Gf)(@,0) = f(2,0),z €[0,h]
(Gf)(h=y,y)=F(h—y,y),y €[0,h]

(@H"M(0,9) = 140 (0,9),y € 0, 4]
and dex(G) = 2.
For the remainder of the formula f = Gf + Rf, it was proved that for
f € CY2(Ty) and £©3)(0,y), y € [0, h] exist and is continuous, then

B [2 1
< 2 p03) (.. H 2 H (1’2)H
”RfHLOC(Th) = 97 [3 Hf 0,) Loo[0,h] + 2 f Loo(Th)

2. Next, we will build new interpolation operators for which we will determine
the interpolation properties and degree of exactness. Also, the generated interpolation
formulas will be studied.

2.1. Let us consider for the beginning the Taylor operator T} defined by

(lef) (x,y) =f (3770) + yf(()’l) (1‘, 0)
which interpolates the function f and its normal derivative f(%') with regard to the
variable y on the Oz cathetus, respectively the operator L{ given in (1), i.e.
h—z—y T
Ly =—f(0 —f(h—
(L1 f) (z,y) = f(,y)+h_yf( Y.9)
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Let P; be
P =L@ T!
and
f=Pf+Rf (2)
approximation formula generated by P;.
Theorem 1. Let consider f : T, — R. If there exists f(©V) (2,0), z € [0, h]
and 9 (h,0) then Py f verifies the interpolation properties:

(Plf) (an) :f(oay)ay € [O:h]
(Pof)(h—y,y) = f(h—y,y),y €[0,h]
(PLH OV (2,0) = FO (2,0),z € [0, 1]
and dex(Py) = 3.

Proof.
(Pf)(zy) = 55521 0,9) + 525 f (h—y,y) + f (2,0) +
+ yfO (2,0) - BEEEF(0,0) — 725 f (h—y,0) - (3)

— ) £01) (0,0) — 2L fOD) (B~ y,0)

Now, the interpolation properties are easy verified, by direct computation.

So, P; f coincides with f on a cathetus and the ipotenuza and the normal
derivatives concides on the other cathetus.

We, also, have

Piejj =ejj fori,5 € N,i +7 <3 and Piess # eao,

where e;;(z,y) = z'y/. As P is linear, it follows that dex (P;) = 3.
Theorem 2. If f € By 5 (0,0) then

(le) (l’,y) = //T P22 (ﬂ?,y,S,t) f(2’2) (S,t) det

—5)2 (y-1)2 z—5)> —t)2
where @29 (2,9, 8,t) = Ry [(z - )+ 2t)Jr] _ . )i W 2t)Jr
Furthermore, if {2 € C (T},) then

(le) (ZU,y) = %Zﬁy3 (.’E + Yy — h) (h +x— y) f(2’2) (fan) ) (fan) € Th (4)

Proof. As dex (P;) = 3 it results, from the Peano’s theorem, that

h h
(Rif)(@,y) = / 10 (2,5, 5) FHO (3,0 ds + / gos (2,9, 8) FOD (0,1) dt +
0 0

h h
4 / o (2,5, 5) F&D (5,0 ds + / ous (2, 8) FO9) (0,0) di +
0 0

4 / / o (2., 5,1) F3 (s,1) dsdt
Ty
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Since @40, @31, Yo4, P13 = 0 one obtain the first expression of the remainder
term.

(p22 don’t change the sign on 7},. Then, by the Mean theorem the expression
(4) follows.

2.2. Now, let T} be defined by

(lef) (at,y) =f (Ovy) + xf(LO) (an)
which interpolate f and its normal derivatives with regard to the variable x on the
Oy cathetus.
Let be
P,=Ty T/
and
f=Pf+Rf
the approximation formula generated by the operator Ps.
Theorem 3. If f : T, — R and exist f((;”gg,f((g:;)), z,y € [0, h] then
1. Pof = f on 0T},.

2. dex (Py) = 3.
Proof.
(P2f) (z,y) = f(2,0)+yf O (z,0)+ £(0,y) + zf*2 (0,5) — £ (0,0) —

yfO (0,0) = 2 [£© (0,0) + s (0,0)]

The first statement results by a direct computation.

Also by direct computation, we obtain Pse;; = e;; for i + j < 3 and Psess #
€22, which implies that dex (Py) = 3.

Theorem 4. If f € By, (0,0) then

<&ﬁmw=/ﬁ¢mm%mﬁWWmmm

—5)% (y—1)2 z—s)> —1)2
where @ao (2,9, 8,1) := Ry [(w . )3 (v 2t)+] _ . )i 2t)+

Furthermore, if f>2) € C(T}) then

3,3
(Baf) (2,9) = 55 £ (&m) . (&) € T

Proof. Knowing that dex (P2) = 3 it results, from the Peano’s theorem, that

h h
(&ﬁ@w)=Q/wmmwﬁﬂm@®%+/wmm%$W”@®%+
0 0
h h
+ / Po4 (:Ea Y, t) f(0’4) (05 t) dt + / P13 (:Ea Y, t) f(l’S) (Oa t) dt +
0 0

+ // P22 (mayasat) f(2’2) (Svt) dsdt
Th
Since 40, Y31, Pos, P13 = 0 it results the first expression of the remainder term.
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(a2 don’t change the sign on 7}.Then, by the Mean theorem follows the
second expression of the remainder term.

2.3. At last, let us consider the univariate operators Bf and B defined
respectively by

(BY) (,9) = £ (0,9) + 2" (h—y,y)
and

(BY) (z,9) = f (2,0) + yf OV (¢,h — 2)

The goal is to study the operator P; := BY & BY i.e.

(Psf)(2,y) = f(@.0)+f(0.9) +2f"0 (h—y,y) +yfOV (@,h—z) -
£(0,0) = 2f00 (h—y,0) —yf O (0,h) —
— ay (f(“) - f“””) (h—y,9)
Theorem 5. If f : T, = R and there exists the derivatives f19 (h—y,y),

f(o’l) (:13, h — 117), f(l’l) (h - yay); f(0’2) (h - yay) and f(l,(]) (h - Y, O) fOT T,y € [0: h]
than Ps exists and

(PSf) (3770) = f (3770)
(Psf)M0 (h—y,y) = FEO (h - y,y) .2,y € [0, h]

and
dex (P3) = 2.

Proof. The first statement follows by a straightforward computation. Also,
it is easy to verify that Pse;; = e;; for all ¢,j € N with ¢ 4+ j < 2 and, for example
P3€21 75 €21. SO, dex (P3) = 2.

For the remainder term of the interpolation formula

f=Pf+Rsf

we have:

Theorem 6. If f € By, (0,0) then

(Raf) (z,y) = zy[y*+6z(h—z—y)] O 0,n) -

— O =

= 7y (2h+22—y) FE2 (&,m)

Proof. As dex (P;) = 2, using the Peano’s theorem, one obtain

(RSf) (may) = th ¥30 (ﬂf,y,S) f(S,O) (S:O) ds+f0h P21 (x,y,s)-
@Y (5,0)ds + foh o3 (z,y,t) fO)(0,¢) dt+ (5)
+ f fTh P12 (11?, Y,Ss, t) f(l’Z) (87 t) dsdt
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But, w30 =0, @21 =0, @3 > 0 and 12 < 0 on T},. Using the mean theorem we have

h
Bsf) (@y) = FO9 (0.n) / o (2., 1) dt +

+

f(1’2) (615,’71)// P12 (wayasat) dsdt
Ty
and (5) follows.
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