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MINIMUM VALUE OF A MATRIX NORM WITH APPLICATIONS
TO MAXIMUM PRINCIPLES FOR SECOND ORDER PARABOLIC
SYSTEMS

CRISTIAN CHIFU-OROS

Dedicated to Professor Gheorghe Micula at his 60" anniversary

Abstract. The purpose of this paper is to use an estimation of minimum
value of a matrix norm to improve some maximum principles given by I.A.

Rus in 1968.

1. Introduction

Let M be the linear space of vectorial functions u = (u; (z,t), ..., u, (z,1))
which belongs to C' (2) and are twice continuous differentiable in z and continuous
differentiable in t.  C R? is a bounded domain. In M we consider the following
system:

0%u ou ou
Lu ::pZIn@—i—B%—FOu—Ina:O (1)

where p € R*, B = (b;;(z,t)),C = (c;ij(x,t)) are squared matrixes defined on €2 .

Let P,(x0,t,) € 2. We will denote by S(P,) the set of points Q for which
there exist an arch on which the ordinate t is non-decreasing beginning with the point
Q.

There are some maximum principles for the solution of system (1) (see for
example [2] and [3]).

Let u = u (x,t) be a solution of the system (1). In [3] the following principle
is given:

Theorem 1. Suppose that for each (x,t) € £, there exist B(a:,t) € R such that:

¢ A 0 £ <0,VEER™ EA£0 (2)
B($7t) - ﬁ(xﬂt)fn C(xvt) 7 ’

1/2
u? attains his mazimum in P, € Q, then R(Q) =

%

If R(z,t) =
R(P,), for each Q € S(

1

).
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Remark 1. If, for each (z,t) € Q, there exist B(z,t) € R and e(z,t) > 0 such that:
2
() €0, )" < — (22) |lg]* , ve € R™, € # 0;
(11) B(J?,t) - B(l',t)ln 9 < 28(&3,1)),
where ||-||, is the spectral norm, then (2) holds.

The aim of this paper is to give some conditions which imply (ii).
Let A € M, (R),J the Jordan normal form of A. We know that there exist a nonsin-
gular matrix 7" such that A = TJT~!.

We shall denote:

S

= Z nk)\k,)\k eR
a — k§1
% Z ng Relg, A\i € (C\R
k=1
v = Tl |77,
mp = |J—al|g

where \j are the eigenvalues of A, nj is the number of Ay which appears in Jordan
blocks (generated by A) and ||-|| is the euclidean norm of a matrix (see [1]).

We shall use the following result given in [1]:
Theorem 2. Let o) : R — R, ¢y (a) = [|[A —al,||, ||| being one of the following
norms: ||| g5 |I-l1s IIllas |lloo- In these conditions:

o1.(@) < Vnypmp

In section 2 of this paper we shall give the main result in case of system 1 and
in section 3, using the same instrument, we shall try to improve a maximum principle
in case of elliptic-parabolic systems.

2. Main result in parabolic case

Using Theorem 2 and choosing &(z,t) = %\/ﬁwpmp, Theorem 1 becomes:

Theorem 3. Suppose that EC(x,t)E* —@%n’yfmm% 1€]1%,VE € R™, € #£ 0,

n

1/2
Y(z,t) € Q. If R(x,t) = <Z uf) attains his maximum in P, € , then R(Q) =

i=1

R(P,), for each Q € S(P,).

ap a2
as ai
restraining the generality we shall suppose that as,as > 0. In this case we shall have:
B: a1, € = as + as and:

|B—ails|l, <||B— a1l =1/a3 + a% < 2(az + a3) = V2yrmp = 2

Example 1. Let us consider the system (1) with B = ( ) and without

£C(x, E" < —%(az +a3)? ] (3)
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So if (3) holds than we have:
—p?I 0 1
where 5 = (§1a§27§37€4) € R4a§ 7& 075/ = (§37§4) € R2’§/ 7& 0.

3. Elliptic-parabolic case

Let us consider now the following system:

2 2
Lu::%—kyp%;—h‘l%—&-Bg—Z—kCu:O (4)
where L is defined in M = C*™(Q) N C*" (Q), A = (a;;(z,y)), B = (bij(z,y)),
C = (cij(z,y)) are squared matrixes defined on Q, p € Ry.

) is a domain included in the half-plan y > 0 and which has a part of frontier
laying on y = 0, between the points P(0,0) and Q(1,0). The operator L is elliptic in
Q and parabolic on ]3@

Let u € C*(Q,R") N C (Q,R™) ,u = u(z,y), be a solution of (3) and

n 1/2
R(z,y) := <Z uf) .

i=1
Theorem 4. (/3])If:
1. for each (z,y) € Q, there exist &(x,y),ﬁ(m,y) € R such that

—I, 0 0
3 0 —yP 1, 0 £ <0, (5)
A(xa y) - a(xv y)In B(SC, y) - ﬂ(xv y)In C(SC, y)
for all £ € R3", & £ 0;
2. B is symmetric such that if A\ (x,y) is the first eigenvalue, then
A1(z,0) > 0;
3. u is a regular solution of (3) and R > 0 in Q;

4. lir% %Z’y) exist and is bounded,
y—)

then R = R(x,y) cannot attain his mazimum value on I/DZZ(open).
Remark 2. If, for each (x,y) € Q, there exist &(x,y),ﬁ(x,y) € R and
e1(xz,y),e2(x,y) > 0 such that:
(DEC(x.9)E" < = (3 (w,y) +yPe3(x,w)) €]1° . V€ € R™€ #0;

(i1) [ A(w,y) = G ) ully < 221(@9), | Blw,y) = Bla,y)1,
then (5) holds.

Using Theorem 2 and choosing &1 = 1v/nypmp and e; = 1/nyEm%, the
remark from above becomes:

< 252($ay)7
2
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Remark 3. If:

o) <y | (fmd)’ + (s t)| el v e R € 20 € 0
then (5) holds.

Example 2. Let us consider the system (2) with A= B = ( Zl 32 ) .
3 a1

For @ = 8 = a1 and ag,a3 > 0, we have 1 = ¢35 = as + a3, A —a1ls =

B—al,= ( 33 “S )
If €C(x,y)E* < —(ag + a3)*(1 +y7P)||€]]*, then:
I 0 0 )
3 0 =y 0 &< 1[@3 +a3 —4(az +a3)?](L+y ) IE]° <0
A—al, B-pL, C

where 5 = (£1a§2a§37€47£57§6) € RG?& 7é 075/ = (55756) € Rzafl 7é 0.
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