STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume XLVIII, Number 3, September 2003

A COMPARISON OF TWO SYSTEMS DESCRIBING
ELECTROMAGNETIC TWO-BODY PROBLEM

V. G. ANGELOV, AND L. GEORGIEV

Dedicated to Professor Gheorghe Micula at his 60" anniversary

Abstract. Two systems of equations of motion describing two charged
particles in the framework of classical electrodynamics are compared.

1. Introduction

The main purpose of the present paper is to compare two systems equations
of motion describing the two-body problem of classical electrodynamics [1], [2] (cf.
also [3], [4]). One can see at the end of the paper that even a small difference in the
right-hand sides of the equations generates various solutions and completely different
physical conclusions for the two-body system.

In 1940 [5] J. L. Synge proposes equations of motion describing the behaviour
of two charged particles. His derivations are based on the relativistic form of the
pondermotive Lorentz force given by W. Pauli [6] by means of Lienard-Wiechert
retarded potentials. J. L. Synge formulates the problem in the Minkowski space, that
is, in the framework of the special theory of relativity. Consequently the finite velocity
of the propagation of interaction generates delays which are, although implicitly, in
the arguments of the unknown velocities of the moving particles in the equations
of motion [5]. This does not come as a surprise because the theory of differential
equations with retarded argument is formulated about twenty years later (cf. A. D.
Myshkis [7]).

In order to overcome this difficulty J. L. Synge [5] builds a sequence of suc-
cessive approximations such that on every step one has to solve a system of ordinary
differential equations. Although there is no a convergence theorem for the successive
approximations he proposes some idea for solving of the system. In a recent paper
[8], however, we have shown that not only a convergence theorem cannot be proved,
but even a sequence of successive approximations could not be constructed in such a
way. On the base of the same method [5] J. L. Synge calculates the energy on every
step (of successive approximations) and makes a conclusion that the two-body system
is not stable (cf. p.139, [5]).
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Later in 1963 R. D. Driver [9] recognizes the system obtained in [5] as a
functional differential system with delays depending on the unknown trajectories and
obtains a correct formulation of the Synge problem even in 1-dimensional case. Since
we have taken the same point of view for the type of the delays we are able to compare
the systems for 3-dimensional case considered in [1] and [2]-[4].

Prior to begin the main exposition we want to discuss one more difficulty
concerning Synge equations. They are 8 in number, while the unknown functions
are 6 in number. The problem mentioned is not considered in [1] and related known
papers. In [4] (cf. also [2]) we show that the system of equations of motion is equivalent
to the one consisting of 6 equations. More precisely, the 4-th and 8-th equation are a
consequence of the rest ones.

In the present paper we recall some formulation from [3] and [2] in order to
obtain 3-dimensional case of J. L. Synge equations. Here we succeed to simplify the
right-hand sides of the equations in more extent than [2]-[4]. We present the equations
of motion from [1] using our denotations which makes the comparison of both systems
easier. Thus we see that equations from [1] can be turned into our ones (we pretend

1
they are Synge’s equations) if the constant & (from [1]) is chosen to be k = — ( ¢ the
c

speed of light). Then it is not surprise that the right-hand sides of equations from
[1] ( ¢ times larger than ours) generates unstable solutions. At the same time it is
shown in [2] that Kepler problem for two charged particles has a circle solution.

2. J. L. Synge’s equations of motion

As in [2)-[5] we denote by () = (z{P (1), 2$" (1), 2P (t), 2P (t) = ict) (p =
1,2) (i = —1) the space-time coordinates of the moving particles, by m, - their
proper masses, by e, - their charges, c - the speed of light. The coordinates of the
velocity vectors are u® = (u{P (t), ul” (), u (t))(p = 1,2). The coordinates of the
unit tangent vectors to the world-lines are (cf. [2], [3]):

() (p) :
a (T o (t .
)\gp) e ’Vpuc ( ) — uA( )(a:17273)’)\ip) :,L,yp: ic (1)
D D

3 3
1 1 1
where v, = (1 — = QEZI[ugp)(t)]Q) 2, A, = (- g [u®P) ()]%)2. Tt follows v, = ¢/A,,.

o=

1
By < .,. >4 we denote the scalar product in the Minkowski space, while by
< .,. > - the scalar product in 3-dimensional Euclidean subspace. The equations of
motion modeling the interaction of two moving charged particles are the following (cf.

[5]):
>

€p
My e = C—zFT(g)Aﬁf’)(r =1,2,3,4) (2)
where the elements of proper time are ds, = Vidt = Aydt(p = 1,2). Recall
p

that in (2) there is a summation in n (n = 1,2,3,4). The elements F® of the
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electromagnetic tensors are derived by the retarded Lienard-Wiechert potentials
ep AP oAy AP

(@) ), PRORNPNO
denote the isotropic vectors (cf. [2], [5])

AP = (r = 1,2,3,4), that is, F{?) = . By £P9 we

€@ = (2P (8)—a(? (t—1pq (1)), 2 (1) =2 S (t—Tpq (£)), 28 (8) —25? (=T (1)), iCTpq (£))

where (£ ¢@:9)), =0 or
3 2

1
Tog(®) = = [ Dol () = e (=m0 | () = (12),(21). (3pg)
B=1
Calculating F/%) as in [5] we write equations from (2)in the form:

N Q {ggpQ)</\(p)’)\(q)>4 — /\&Q)<)\(p)7§(pq)>4 14 ewo d\@) N
{ dsq /,

ds, c? @) £(pa))3 Sq
a) (9)
1 d)\ dA\e
(AW) glpa)y, — (AP, =) o) (@=1,23) (4o
<)\(fl) £pa))2 [ dsq dsq /4
(p) (pa) (), A\ ¢pa) (@)
>\ &5 (AP, AD)y — A ;§>\ §77)a 1+ g(pq)’dA +
)\(q)7§(pq)>4 dsq /4
N dX\@)
- - (rq) 4 _{\» 2 (pq) 44
</\(‘1),€(PQ)>4 l< L€ dsg < " ds, >4£4 ]} 44

where Q, = ejea/my,(p = 1,2). Further on, we have u(? = u(D (t,,) (tpg =t — Tpq),

A9 = (%q“gq)/cv %q“éq)/ca ’YPqU:(),Q)/Cv Ypq) = (qu)/qua uéq)/qu,uéq)/qu,ic/qu)

3 -3 3 3
where vpq = (1 - é Z[U‘(aq) (t— qu(t)]2> Apg = <C2 - Z[u‘(aq) (t— qu(t))]2>

a=1 a=1
uP)
D a2y A% ulf’
and —— = = L= P )+7< (p),ﬂ(p)>(0‘:172’3)
ds, Zdt Apdt A127 AP

i _ d) _ = £(u(p), @P)), where the dot means a differentiation in

t B :
' AN o dt ,
In order to calculate we need the derivative —— = D,,, which should
§ Pq
be calculated from the relation )
3 2

1
t—tpg = — (Z[zg’) (t) — 2@ (tpq)F) (tpy <t by assumption).

c

a=1
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L 000 05 )
So we have — — 1 = 2=1 - T
dtpg : 2
¢ (Z[xgp) (t) — xg)(tpq)F)
a=1

Since (3,4) has a unique solution (cf. [3]) we obtain
A1pg(Dpg — 1) = (PO 4Phyp, . — (£PD 4(@D) and we can solve the above equation

A1pg — (£PD (D) d d
ith t to Dpg: Dyg = ——22 Gy We have also 7 = '
with respect 10 Lpg: Lpg 2Tpg — (EPD y(P)) ¢ nave Ao dsp  Apdt
d 1 d 1 d dt Dy d

Then —— 4@
N lsy  Dpgdtyy  Dpgdidty, DAy, dt

(q) (2) d(u?@ /A M)
dAa - Dyq dXa” _ Dy M - u(q) + (u (@) u(q)>
dsq Apg dt qu dt pa A2 qu ’
(a=1,2,3);
(q) ; 2
dAy” _ icDpq <u(q)’ a(Q)>; <)\(p)7 )\(Q)>4 — <u(p)’u(q)> —c :
dsg A, Aplpg
<)\(p) f(pq)>4 <u(p) f(pq)> _ c2qu <)\(q) f(p‘n) <u(q),€(pq)> _ CQqu'
b A A b)
<§(pq) D ) D 1p <€(pq) '(q)> (P2, ul?) - g :q(q) '(q)>
= - + ut,u ;
) dSq 4 pq |:A2 , U A4 ) :| )
o, D0 D fz ®), @) (u®, u@) fq‘32< @ <q)>]
s 4 = U N ’[:L + ~ - 7 7 u 5 u .
dsq ApA%q qu

We note that in the last expressions % is 4-dimensional vector in the left-
hand sides, while in the right-hand sides £(P9) is 3-dimensional part of the first three
coordinates.

Replacing the above expressions in (4.a)) and (4.4) and performing some ob-
vious transformations we obtain for (pq) = (12), (21),a = 1,2,3:

(p) (pa) (a)
L 0wy - @ 1 = @ DG — [y — ), (D) ud”
A A 2 [Prpg — {u@ GNP
A;‘;q + Dy [qu@(m)’u(q)) + ((¢Pa) (2 — C2qu)<u(q)’u(q)>] N 5.0)
: A2 pa
Pq

[(w®, 00y — 27 1[0l + ul® (u®, WD) /A2 ]
s — (@ O]

[(u®, &@) + (), @) = 2) (@, i) /A2, 1D
(g — u®, D) }

+Dpq

)

_qu

) i) = (u®,£00) — 7, (u®, u(®)
- (27 — (u(@), EPa)Y]3

p
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_ [Azq + Dy (€7D 4@ 1 ((£PD @)y — cQqu)<u(Q),u(Q)>/A§q) + (5p4)

+ D, (u®, @D (@) u(q)>/qu — T (u®), 4Dy — 7, (uP) (D) (4 (D), u(q))/qu } .

(g — (u@, EPD)]2

One can prove (as in [4]) that (5,4) is a consequence of (5,4 ). Indeed, multi-
plying (5,q) by uff), summing up in « and dividing into ¢? we obtain (5,4). Therefore
we can consider a system consisting of the 15%,27¢ 374 5" 6" and 7" equations. The
last equations form a nonlinear functional differential system of neutral type with re-
spect to the unknown velocities (cf. [10]-[13]). The delays 7,4 depend on the unknown
trajectories by the relations (3,4).

Now we are able to present (5,4) in a suitable form in order to make further
simplifications (Recall that we shall not consider (5,4) because it is a consequence of
(Bpa)):
<u(p)7u(p)> o _ QpA, 2= <u(p))u(q)> (pa)

{ [Cszq — (ul®), £(pa)) > -

P
R Y ONTE

C2qu _ <u(p)7§(pq)> @

(a) ¢(pa) 2
. u?, coT,
ul :| |:A127q qu<§(pq)7u(q)> qu( § > Pq

(u(‘”, u(q)> +

2Tpq — (ul®), £(PD) A3
®) )y _ 2 1) ) ooy _ 2 ul?al?) o
+Dpq ((u?, §PV) — g ) + Dypg ((u'?”, £PY) — 1) A2 uy! — (6pa)
rq

 — (u®) y(9)
Abq

Let us recall that if (pg) = (12) then u(Y) = uM(¢) and u® = u@(t — 113),
while when (pq) = (21), then u® = u®) () and u") = M (t — 751). Further on from
(6pa) We obtain
) <u(p)7u(p)> (
WP+ L) =

Ap
QA0 [02 _ <u(p)7u(q)>] [Az%q 4 qu<§(pq), a(q)>] et _
02(C2qu — <u(q)’€(pq)>)2 CQqu — <u(4)7§(p4)> o

(2 — <u(P)7u(Q)>)<u(Q)7u(Q)>§(pq)
Abq ’

_c2qu _ <u(p)7§(m>>

—Dyo(u®,dl V)P + Dy (ul, u(q)>§épq)} .

_qu

u(q)7 5(pq)> _ C2qu

[qu b Dy (6%, 4@y + D, S <u(‘”,u<q>>} NOm

Tpq — (ul®), £P0) A3,
) ((u®), @Dy — 27 ) (ul@), (@)
+qu(<u(p)7§(m)> — C2qu)u&q) + Dpy Az pq ul® —
pPq
_ (¢ — (u®) u(D)) (1D ()
_qu<u(p)7u(q)>§&pq) + Dpy A2 fz(qu) )
Pq
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Obviously the second summand and the last one cancel each other and after
a re-arrangement of the rest summands we have:

(P)_4,(P)
il + “73)“3’) _
p
Qrl\, (02 _ <u(p)7u(q>>) (qu + qu(g(m)7d(q>)
) €2(e27pg — (u(®, {FD))2 CTpq — (u@ )

Aoy — (u® gy
- ’ pa) @) —
c2qu — <u(q)7€(PQ)> (qu + Dpq (&P 4 ))

_ qu<u(p)’u(q)>] §§lpq)_~_

_CQqu — (u(P) glpa)y (ul@ ¢y — 27, AR AC
P — (@, £y P A2, ’
((uP) Py — 27 ) (u(@) 4(0)

+ Dpq A2 ] ul?) + Dpg((ul?), €00 — CQqu)ugI)} :
Pa
It is easy to see that the second and third summands before u&q) cancel each
other so that we obtain the following simplified form of (6,4 ):
<u(p)7 u(p)> ®) QpA,

A% o™ = CQ(CZqu — <u(Q)’§(PQ)>)2 '

(62 _ <u(P)’u(CI)>) (qu + qu<§(pq)7u(q)>)

CQqu — <u(q)7 g(PQ)>

P
Uy, +

2 —Ay®) £(pa) 2 (rq) 4(a)
_ (C Tpg — (U 725 >) (qu + Dy (£, 01 >> qu) + Dyy ((u(p),f(M)> _ cQqu) ﬂff) )
C*Tpg — <u(4)’£(PQ)>

In the same way we can obtain more suitable (in view of next section) form
of the equations (5,4) (although we proved that (5,4) is a consequence of (5,4)):

1 (w®, @)y QA [ (u® @Dy — 7 (y®) 4 (0)) (A2 D <§<Pq>,u<q>>) -
A2 c? (27pg — (u(@, £0))° pe

qu<u(q)7u(q)> (u®) ¢Pa)y — qu<u(1’),u(Q))

— qu<u(p)’ u(a)>] £l (Tpa)

P

Al (CQqu — (ulD), g(pq)>)2
Doy (u(@, 4(9)) . (uP) ¢y — 1 (uP) (D) B Doy (u®, 0(D) o
Az%q (CQqu — <u(q)’§(19q)>)2 (CQqu _ <u(‘1),§(m)>)2
o (), 0) = Gle . (T)
A7 2 (21pq — (ul@), £(Pa)))

(<u(p)’§(pq)> — qu<u(P)7u(Q)>) (A127q + qu@(m)’a(q)))

C2qu — <u(Q)7 f(Pq)>

— DypyTpq (u®), a(q)>]
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3. Equations of motion from [1]

Now we consider the equations of motion, considered in [1], p.79-80, using
his denotations:

zx(s) - the position of the particle k in R? at the instant s (k = 1,2);

ex, - the charge of the particle k (k = 1,2);

my, - the mass of the particle k (k = 1,2);

r; = ri(t) - the delays, which satisfy the equations:

(6) eri(t) = |wi(t) —a;(t —ri)| (5 7 9);

v; - the normalized velocities, where z} = cv; for i = 1, 2;

i(t) —x;(t—ry L .
u; = zit) Z 3t = ), vi =1 —wv;(t —r;).u; (j # 1), where ”.” indicates the
Cry;

dot of scalar product in R3.

REMARK 1: zj(s) is the restriction of the space-time vector
(;ng)(s),xék)(s),xék)(s),xik)(s) = ics), while u; corresponds to the restriction of the

(pa)

isotropic vector in 3-dimensional Euclidean subspace of the Minkowski space.

Pq
The delays r; = r;(t) and the equations (%) correspond to 7,; = 7pq(t) and
to the equations (3,,) respectively. Finally, we use the notation ulh) = u(k)(s) =

dz )
(ugk)(s),uék)(s),ugk)(s)) for the velocity vectors, where ul®(s) = zT(S) (a =
(k)
1,2,3), k = 1,2 so the normalized vector vi(s) would be equaled to u(s , if we
c
should use the notation for it (k = 1,2).
The equations of motion, given in [1], are the following:
’ 1— 2\1/2
o= S B () (s = 1) — (o) ) (+%)
m;c
where v? = |v;|*(= v;.v;) and
kce; kce;
Ej = —glui — vt = r)][L —vj(t —ri)] + #Uz < ([ui = vj(t —re)] x Vj(t —13)),

b

where 7 x 7 stands for the cross product in R, "k > 0 is a constant depending on
the units used”, and the denotation v’ (¢ —r;) most probably means a derivative with
respect to the argument of v, (¢t — r;), (in [1] there is no explanation). Rewrite the
right-hand side of (#+) in the form:

ei(1 —v?)1/?

—— {1 = (viw) | Ej + (0i-Bj) (ui — vi)}

7

mjc
and calculate the vecti)r cross product from FEj:
kce; kce; kce;
Ej = <% [1=0F (t—r)[ui—v; (t—ri) |+ =5 (w0 (t=r:) i —v; (t—r3) | = —5 0 (t—r).
T i TG
(since w;.[u; —vj(t—1;)] = |ui|* —vj(t —r;)u; = 1—v;(t—r;).u; = ;!). Consequently

the equations (#x) are equivalent to the following ones:

e (1 — p2)1/2 ce;
v; — % {[1 — (ulvl)] |:f2§[1 — ’U?(t — Ti)][ui — ’Uj(t — Ti)]-‘v-
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+%(ui.v;(t — 1) wi —vi(t —r;)] — ]:ZC:;; Vit — )| +
+ %[1 — 02(t = r)][(vius) — (w50 (E = 7))+ (8)
kce; ,
+—g (w05 (t —73))[(vi-us) — (vievj (t —13))]—
3%
-5 vt = )] s - )}

Then we can arrange the symbols, including the vectors u;, v;,v;(t — ;) and
v (t — r;) respectively and we obtain the equivalent equations:

| keie;(1—v?)1/2 {u [[1 — (ugvy)][1 — 03 (t — 7y) —l—ri(ui.v}(t—ri))]_i_

v; 5
miriy; %

N [1- U?(t — 1) + ri(ugvp(t ;;z))][(vzul) — (v (t — 1))

— (v (t — n))] -

. [[1 — 03 (t — i) + 7wVt — )] [(viiug) — (viv;(E = 74))]
Ti%i

— (0305 (t — Ti))‘| -

(1= (ug-va)][1 = 03 (t = 73) + 7iwi v (t —73))]

J
i

— i (t —r4)

— vt —r)[l - (“i'”i)]}

and finally one has

o = keiej(1 —v2)l/2 {u [[1 — (vt —m)][1 — vjz(t = 1i) +7ri(u vt — 1))

miriny; Ti%i
— (’Ul'.’U; (t — T’Z))] — (9)
. [[1 — 02t — 13) + (w0 (¢ — )] [(viawg) — (Viv;(t —14))]
‘ Ti%i

— (vivj(t — ri))] -

(1= (ug-va)][1 = 03 (t = i) + 7iwi v (t —73))]
Ti%i
To compare both systems we present the equations (9), using the denotations

from our previous section II.
We have for i = p,j = ¢q,r; = Tpq, and in view of Remark 1:

—vi(t —r;) — 05t —7ri)[1 = (uivi)] ¢

(p) ) ,m\\ Y2
wmw“;<lvwm@<uv“>> -
c c ' ¢ c
(p)
vl = W =uP /e (WP =uP (1)),
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P (t) — 2D (t — 7 1
v = 20 (t—7pg) _ 1 <§§pq>75§pq>7£§pq));

CTpq CTpq

d(ul? /c) 1 du(@ dt qua(q)

(t—r) =u'D /e Lt—r) =
vt —r)) =u'V/e; Vit —1y) dtpg c dt dty ¢
(W'D = 0Dt —71,) = ulD (tyy));

=1 <u(<1) g(pQ)> _ Py — <U(Q)’§(PQ)>.

¢ Ty Tpy ’
(P @ 2_< (») (q)>
ulP) ¢ ulP) y
1 (o (t—r)) = 1 (42 w0 e = ),
(=) =1- (L2 12) _

(@) (@) ¢a) D A
1—vf(t —r) + ri(wvf(t —rg)) 1 - <uc s > + Tpq < - ,%>

TiYi - Toa (1 _ <u<q> et >) B
B A}%q 4 qu@(pq)’u(q».
- CQqu — <u(Q)7£(PQ)> ’

glra) u(”)> _ CTpg — (u®, £pa)y

’ ’
CTpq &

l—Q%m)El—<

Tpq
(ulP) gPa)y — Tog (u®), u(2)

2
C"Tpq

('U,LUZ) - ('Ui.Uj(t — 7‘1)) =

and replacing in (9) we obtain the following 6 scalar equations:

1 D kepqup(CQqu)z

Cua B eMyTpqg (2 Tpq — (ul®), £(PD)))2 '

(pe) [ .2 2 (rg) q(9)
) o = <u(§)’u(q)> ) Az;q + Dpg(§79, 0'7) _ ng <u(p)’1‘t(q)> —
CTpq c CTpg — <u(‘1)7§(17(1)> c
ul? A2+ Dy (€D 7(2)) (u®) w0y — 1 (u®) @) D

c

. _ ey, ) y(@\]| _
ATpg — (ul®), £(PD) C*Tpq c? e >]

@ . CQqu _ <u(p)7§(pq)> . qu + qu(g(w)m(q))
c CQqu CZqu — <u(q)7 g(PQ)>

D, Y . (u® Py — 27

(@ =1,2,3; (pg) = (12), (21)),

¢ ?Tpq
The above system is obviously equivalent to the following one (with @, =
epeq)_
mp
p kcQpA,p (<U(P)7§(pq)> _ pq<u(p), u(q)>) (qu + qu<§(pq),a(q)>)
ot 2 [ 27pq — (u@), £Pa)) -

(CZqu — <u(‘1)’ 5(1”1)>)
19
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— DT (u®, u@ﬁ u®) =

_ qum(ﬁ)’ u(t])> ft(qu) _

_ keQpAp { (CQ _ (u(m,u(q))) (qu + Dy <§(Pq>7u<q)>>

(2Tpg — (u(@), £PD))? 2Tpg — (ul®), £(Pa))

(7 = (0, €09) (A3, + Do (€99,0D) ) (10,0)
CQqu - <u(q)7 f(pq)> : "

+Dpq (), €00) =2y )il (@ =1,2,3; (pg) = (12), (21)).

Conclusion remarks

Our goal is to point out the difference between the system of equations of
motion (9) (or equivalently (10,4)) from [1] and Synge’s equations (7,q), (7pa).

1) equations (9) are obtained under assumption that (7,4) should be identities
which is not discussed in [1]. On the other hand in [4] we have already proved that
(7pa) is a consequence of (7pq), @ = 1,2,3. It is not obvious that (7p4) is an identity.

2) the right-hand sides of (10,,) and Synge’s equations (7,,) differ each
other by the multiplier ¢ which is a consequence from kc = = But this means that
the right-hand sides of (10,,) are ¢3-times larger than the right-hand sides of Synge
equations (7,q), that is, they have another dimension. Therefore it is not surprised
that they possess only unstable solutions, while (7,4) have a circle solution [2].
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