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ON THE DIRECT PRODUCT OF MULTIALGEBRAS

COSMIN PELEA

Abstract. This paper presents some properties of the direct product of a
family of multialgebras of the same type.

1. Introduction

The multialgebras can be seen as relational systems which generalize the
universal algebras. In the same way as in [4] the Cartesian product of a family of
structures is organized as a structure it is possible to organize the Cartesian product
of the supporting sets of a family of multialgebras as a multialgebra (see [9]). An
important tool in the hyperstructure theory is the fundamental relation of a multi-
algebra (see [5]). The definition of this relation involves the term functions of the
universal algebra of the nonempty sets of the given multialgebra and their images for
some one element sets. These images of term functions are also used to obtain some
identities that furnishes important classes of multialgebras. We will characterize them
when our multialgebra is the direct product of a given family of multialgebras and
we will prove that such an identity holds for the direct product if it holds for each
member of the product.

We will also see that the definition of the multioperations in the direct product
is natural in the way that the resulting multialgebra is the product in a category of
multialgebras.

2. Preliminaries

Let 7 = (n4)y<o(r) be a sequence with n, € N = {0,1,...}, where o(7) is an
ordinal and for any v < o(7), let £, be a symbol of an n,-ary (multi)operation and let
us consider the algebra of the n-ary terms (of type 7) B (1) = (P (1), (fy)y<o(r))-

Let A be a nonempty set and P*(A) the family of nonempty subsets of A. Let
A = (A, (fy)y<o(r)) be a multialgebra, where, for any v < o(7), f, : A" — P*(A) is
the multioperation of arity n. that corresponds to the symbol £,. One can admit that
the support set A of the multialgebra 2l is empty if there are no nullary multioperations
among the multioperations f,, v < o(7).

Of course, any universal algebra is a multialgebra (we can identify an one
element set with its element).

As in [9] we can see the multialgebra 2 as a relational system (A, (ry)<o(r))
if we consider that, for any v < o(7), 7 is the n, + l-ary relation defined by

(a07 sy Qno—1, a’n.y) €Ery & Qn., € f’y(a07 s 7an,\,—1)' (1)
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Defining for any v < o(7) and for any Ag,..., A, _1 € P*(A)

f’y(AOa .. .,Anvfl) = U{f,y(ao,. . .,anv,l) | a; € AZ‘, Vi € {O7 coy My — 1}},

we obtain a universal algebra on P*(A) (see [7]). We denote this algebra by *(A).
As in [4], we can construct, for any n € N, the algebra 3™ (*(A)) of the n-ary term
functions on B*(A).

A mapping h : A — B between the multialgebras 20 and B of the same type
7 is called homomorphism if for any v < o(7) and for all ag,...,a,, 1 € A we have

h(fy(ao, .- an, 1)) € fy(h(ao), ..., h(an,—1)). (2)

A bijective mapping h is a multialgebra isomorphism if both kA and A~! are multi-
algebra homomorphisms. As it results from [7], the multialgebra isomorphisms can
be characterized as being those bijective homomorphisms for which (2) holds with
equality.

Proposition 1. For a homomorphism h : A — B, if n € N, p € P™(7) and
ag,...,an_1 € A then
h(p(ao, . .., an-1)) € p(h(ao), ..., h(an-1)).

Proof. We will use the steps of construction of a term.
Step 1. If p=x; (i € {0,...,n —1}) then
h(p(ao, - ..,an—1)) = h(ef'(ag,...,an-1)) = h(a;)
=el'(h(ag),. .., h(an—1))
p(h(ag), ..., h(an—1)).

Step 2. Suppose that the statement has been proved for po,...,pn,—1 € P™(7)
and that p = f,(po, ..., Pn,—1). Then we have

h(p(QOv cee 70,”,1)) = h(f'y(p07 cee 7Pn771)(ao, ceey anfl))
= h(f,y(po(a()7 - 7G,nfl), . ,pnw,l(ao, ceey an,1)>)

= h({J{f (o, b, 1) | bi € pilao, ... ,an-1), i €{0,...,ny —1}})
= | J{r(fy(bo, - - b, 1)) | bi € pila, ... an1), i €{0,...,ny — 1}}
C ({5 (h(bo), - - hl(bn,—1))) | bi € pilao, - an1), i €{0,...,ny —1}}.
Since for any i € {0,...,ny — 1}, b; € p;(ao, ..., a,—1) it follows
h(bi) € h(pi(ao, ..., an-1)) € pi(h(ao), ..., h(an-1)));

so we have,

h(p(ao,...,an-1)) € fy(po(h(ao),. .., h(an-1)),. - Pn,~1(h(ao),. .., h(an-1)))
= fy(po,- -, Pn,—1)(M(ao), ..., h(an_1))
= p(h(ag), ..., h(an—1))
which finishes the proof. =
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Remark 1. If for any v < o(7) and for all ay,...,a,,—1 € A we have equality in (2),
then

h(p(CLOa ) an—l)) = p(h(QO)v ) h(an—1)>'

The proof can be done as before, but it it also results from some properties that can
be established for the universal algebra P*(A) (see [1]).

We can easily construct the category of the multialgebras of the same type 7
where the morphisms are considered to be the homomorphisms and the composition
of two morphisms is the usual mapping composition and we will denote it by Malg(7).

Let q,r € P (7). Using the model offered by [4] and looking at the defini-
tions of the hyperstructures from [2] and also at the generalizations presented in [10],
named H,-structures, we can consider that the n-ary (strong) identity

q=r
is said to be satisfied on a multialgebra 2 if

q(ag,...,an—1) =1r(ag,...,an-1)
for all ag,...,a,—1 € A, where ¢ and r are the term functions induced by q and r

respectively on P*(A). We can also consider that a weak identity (the notation is
intended to be as suggestive as possible)

qnr#0

is said to be satisfied on a multialgebra 2 if

q(ag, - yan—1)Nr(ag,...,an-1) #0
for all ag,...,an—1 € A, where ¢ and r have the same signification as before. Many

important particular multialgebras are defined as being those multialgebras which
satisfy a given set of identities.

3. Direct products of multialgebras

Given a family of relational systems of the same type 7 = (ny + 1)y<o(r),
(i = (Ai, (1y)y<o(r)) | © € I), in [4] is defined the direct product of this family as
being the relational system obtained on the Cartesian product [],.; A; considering
that fOI" (a?)ie], “eay (a?”)iel S Hiel Ai,

Ty

((a?)iéfvuw(ai )iGI) ET,),{:}(CL?,...,CL?W) € Ty, Viel

icl

If we consider a family {2;};c; of multialgebras of type 7 and the relational systems
defined by (1), the relational system that results on the Cartesian product [],.; A
from the above considerations is a multialgebra of type 7 with the multioperations:

n~y—1 ny—1
fﬂ/((a?)ieb---a(ai )iEI):Hf’Y(a?""7a'i ) (3)
i€l
for any v < o(7). This multialgebra is called the direct product of the multialgebras

(2; | i € I). We observe that the canonical projections of the product, ef, i € I, are
multialgebra homomorphisms.

Proposition 2. The multialgebra [[,c; ;i constructed this way, together with the
canonical projections, is the product of the multialgebras (U; | i € I) in the category
Malg(7).
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Proof. For any multialgebra B and for any family of multialgebra homomorphisms

(a;: B — Aj | i € I) there is only one homomorphism a: B — [],.; A; such that
I

i

oq for any ¢ € I.
Indeed, there exists only one mapping « such that the diagram

Q; = €

I
€;
Hz’eI A; > A;

ie

B

is commutative. This mapping is defined by «(b) = (a;(b))icr. Now, all we have to
do is to verify that « is a multialgebra homomorphism. If we consider v < o(7) and
bo,...,bn. 1 € B then

a(fy(bo, ... bn, 1)) = {a(b) [ b€ fy(bo,...,bn,—1)}
= {(az(b))lel | be f,y(bo, ey bn,y—l)}~
From b € f,(bo,...,bn, 1) it follows that for any i € I,
ai(b) € a;i(fy(bos -, bn,—1)) € frylai(bo), -, ai(bn,-1)),

so we have

a(fy(bo, - bn,—1)) C [ ] £5(ilbo), ., ai(bn,—1))

iel
= fy((@i(bo))ier, - - -, (@i(bn,-1))icr)
= f’y(a(bo)y s 7a(bn7—1))
which finishes the proof. O

)ier € Hiel Aj, we

p((@iers- - (i ier) = [ [ olad, ... af ™). (4)
iel

Lemma 1. For everyn € N, p € P (1) and (a?)ier, ..., (a}
have

Proof. We will use again the steps of construction of a term.
Step 1. If p=x; (j € {0,...,n —1}) then

p((ad)iers - (@} ier) = 6?((11?)1'61, (@ Vier) = (ad)ier
=(ef(ads s ap ier = [ [ €f(af, - ai ™) = [ [ p(al, ..., a7 7).

i€l iel
Step 2. Suppose that the statement has been proved for po,...,pn,—1 € P™(r)
and that p = f,(po, ..., Pn,—1). Then we have

n—1

p((a)ier, - (@l Nier) = fy(Pos - pny—1)((@))ier, - -, (@l Dier)
= fy(po((ad)ier, - (@l Vier)s - pny—1((ad)ier, - - (alier))
= po@,....a? "), ][ ony—a(als . ™)
el el
But
(wi)ier € £ ([T polads - a7, T [ ony—1(als o ai™h)

el el
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if and only if for each j € {0,...,ny, — 1} and ¢ € I, there exists some bf €
pi(a?,...,al") such that
n,—1 n,—1
(@:)ier € Sy ((0)iers - (0] Dier) = [[ /@0, 0777,
icl
thus
p((a?)iGIﬂ BRRE) (a?il)iGI) = H f“/(p()(a’?? R a?71)7 s 7pn~/*1(a?7 s ’a?il))
iel
=T or- -y 1)@, .. a2
iel
= Hp(a?a ceey a’?_l)
i€l
which finishes the proof of the lemma. O
Proposition 3. If (; | ¢ € I) is a family of multialgebras such that qNr # ( is
satisfied on each multialgebra A; then qNr # O is also satisfied on the multialgebra
Hie] R

Proof. Let us consider that q Nr # () is satisfied on each multialgebra 2;, where

q,r € P (7). This means that for all i € I and for any a?, ..., a1 e A; we have

7

q(al,....ar"ynral,...,a’"") # 0. Using Lemma 1, it follows that

a((@)ier, - (a7 Vier) Nr((af)ier, - (@] ier)
= l_lq(a?7 cahn Hr(a?, calh
il il
= [Tta@?,....af ") nr(ad,. .. af ™) # 0
iel
and the statement is proved. O

Proposition 4. If (; | i € I) is a family of multialgebras such that q = r is satisfied
on each multialgebra 2A; then q = r is also satisfied on the multialgebra [ ;. ; Us.

Proof. Consider that q,r € P(™ (7). For all i € I and for any a?,...,a ! € A; we

et}

have q(a?, ..., a?_l) =r(a?,..., a;’_l). Using Lemma 1, it follows that
q((@)ier, s (@] Vier) = [[atal, .. af ™) = [ (el a7 ™)
i€l il
_ 0 n—1
=r((a;)ier, -, (a" )ier)
and the statement is proved. O
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