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METHOD ON PARTIAL AVERAGING FOR
FUNCTIONAL-DIFFERENTIAL EQUATIONS WITH HUKUHARA'’S
DERIVATIVE

TERESA JANIAK AND ELZBIETA LUCZAK-KUMOREK

1. Introduction

In classical system of functional-differential equations it is possible to mid-
dle both complete and partial equations. Complete averaging was presented by
Bogolubov ([1]).

In this paper, we use a partial middling method in the case of functional-
differential inclusions with Hukuhara’s derivative, i.e. for inclusions of the form

DpX(t) € F(t, Xy,) (1)

where D, X denotes a Hukuhara’s derivative ([2]) of a multivalued mapping X,
X::0 - X (©)=X(t+0) for © € [-r,0], r >0, F is a map from [0,7] x Cp into
CC(R™), and () is a metric space of all continuous mapping ® : [—r,0] — Conv(R™).
The application of this method leads to a reduced form of the initial equations
system and is useful in the case when the means of certain functions do not exist.
The results of this paper generalize the results of V. A. Plotnikov ([5]), where
the generalized system &(t) € F (¢, x) was investigated.

2. Notations and definitions

By Conv(R"™) we will denote the family of all nonempty compact and convex
subsets of the real n-dimensional Euclidean space R™ with the Hausdorff metric H
defined by:

H(A,B) = inf |[a —b inf |a — b
(A4,B) maX{zlég;gBla |’f‘£$2A|“ I}

for A, B € Conv(R"), where | - | denotes the Euclidean norm.

It is know that (Conv(R™), H) is a complete metric space ([3]). Let CC(R"™)
denote the space of all nonempty compact but necessarily convex subsets of Conv(R").
By d we will denote the distance between two collections A, B € CC(R") i.e.

d(A, B) = max {max min H (a, b), max min H (a, b)} for a,b € Conv(R").
ac€A beB beB acA
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Let us denote by p a distance between A € CC(R™) and B € Conv(R")
defined by:
p(A, B) = max {21613 blgjg H(a,b), Egg grelg H(a, b)}
Let X : [0,7] — Conv(R™) be a given mapping. Using the definition of the
difference in Conv(R™) the Hukuhara derivative D, X ([2]) of X may be introduced
in the following way:

DpX(t) = lim 1/h(X(t+h) - X(t)) = lim 1/h(X(t) - X(t—h)  (2)

where X is assumed to belong to the class D of all functions such that both differences
in (2) are possible.
The mapping X : [0,7] — Conv(R™) will be called Hukuhara differentiable
in [0,T] if Dy X exists for every t € [0, T].
A function X : [0,7] — Conv(R") is called absolutely continuous if for every
positive number ¢ there is a positive number ¢ such that
k
ZH(X(@-),X(O@-)) <& whenever a1 < f1 <as < B2 < ... < ap < Ok
i=1

k
and Z(ﬂz — ;) < 0.
i=1

The Aumann-Hukuhara’s integral for multifunction F : [0,T7] — CC(R") is
a collection G € CC(R"™) defined by:

G = {g € Conv(R") : g = /Ot F(t)dt for f(t) € F(t)}

where f:[0,7] — Conv(R™) and integral of f on a set [0, 7] is the Hukuhara integral
defined in the paper ([2]).

Finally, denote by C, a metric space of all continuous mapping V' : [-r, a] —
Conv(R™) where a > 0,7 > 0, with metric p, defined by:

pa(V1,Va) = sup H(Vi(t), Va(t)) for V1, V5 € C,.
—r<t<a

We say that X is a solution of (1) with the initial absolutely continuous
multifunctions ® : [—r,0] — Conv(R") if X is an absolutely continuous function from
[—7, T] into Conv(R™) with the properties:

X(t) =®(t) for t e[-r0]

and X satisfies the inclusions (1) for a.e. t € [0,77] .

3. The theorem on partial middling

Let F': [0,00) x Cop — CC(R") (i = 1,2) satisfy the following conditions:
1° Fi(-,U):[0,00) — CC(R") is measurable for fixed U € Cy

2° there exists a M > 0 such that d(F(¢,U),{0}) < M for (¢,U) € [0,00) x C

3° Fi(t,-): Co — CC(R") satisfies for fixed t € [0, 00) the Lipschitz condition of
the form:
d(F'(t,U), Fi(t,V)) < Kpo(U, V)
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where K >0, U,V € C

4°  there exists a limit

1 T T
lim —d F(t,U)dt, / F2(t,U)dt | =0
T—oo T 0 0
uniformly with respect to U € Cj.

In this part we shall study differential inclusions of the form

DpX'(t) e eF*(t,X}) forae. t>0 (3)
and
DpX?(t) € eF?(t,X}) forae. t>0 (4)

where € > 0 is a small parameter.
We shall consider (3) and (4) together with the initial conditions

XYt) = X%(t) = ®(t) for t € [~r,0] (5)

where @ : [—r,0] — ConvR" is a given absolutely continuous multifunction.

In paper ([4]) the following theorem has been proved.

Theorem 1. Let 6 : [0,T] — R be a non-negative Lebesgue integreable
function and let ® € Cy be an absolutely continuous. Suppose that F : [0,T] x Cy —
CC(R"™) satisfy the following conditions:

1) F(-,U):[0,T] - CC(R"™) is measurable for fired U € Cy

2) there exists a M > 0 such that d(F(¢,U),{0}) < M for (t,U) € [0,T] x Cp

3) F(t,-): Co — CC(R™) satisfies for fizred t € [0,T] the Lipschitz conditions of
the form
where K : [0,T] — R is a Lebesgue integrable function, U,V € Cy.

Furthermore let Y : [—r,T] — Conv(R"™) be an absolutely continuous
mapping such that

4) Y(t) = ®(t) for t € [0,

5) p(DRY (t),F(t,Y;) <46(t) forae. tel0,T].
Then there is a solution X of an initial-value problem:

{ DpX(t) € F(t, X;) for ae. t € [-r,0],
X(t)=®(t) for t € [-r,0]

such that H(X (t),Y (t)) < &(t) for t € [0,T]
and H(DpX (t), DLY (t)) < 0(t) + K(t)&(¢) for a.e. t € [0,T)
where £(t) = fot 5(s) exp[m(t) — m(s)]ds and m(t) = fg K(r)dr.

Now we can prove the main result of this paper, where in Theorem 2 by
CC(R™) we will denote the spaces of all nonempty compact and convex subsets of
Conv(R").

Theorem 2. Suppose F* : [0,00) x Cqg — CC(R"), (i = 1,2,) satisfy the
conditions 1° — 4°. Then, for each n > 0 and T > 0 there exists a €°(n, T) such that
for every € € (0,€°] the following conditions are satisfied:

(i) for each solution X*(-) of (3) there exists a solution X2(-) of (4) such that:
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H(X'(t),X*(t)) <n for te [—7‘, Z] (6)

(ii) for each solution X?2(-) of (4) there exists a solution X'(-) of (3) such that (6)
holds.
Proof. Let X'(-) be a solution of (3) on [—7,0]. In order to prove the
theorem we shall consider the solution X?(-) of the inclusion (4) in such a way that
for t € [-r,0], X'(t) = X2(t) = ®(t), hence H(X'(t),X?(t)) = 0 < n. We will

prove inequality (6) on the interval [0,Z]. To do this divide the interval [0,Z] on
m-subintervals [t;, t;11], where ¢; = %, i=0,1,...,m—1 and write a solution X!(-)

in the form:
X(t) = ®(t) for t€[-r,0]
t
X1(t) :Xl(ti)—l—e/ Vi(r)dr for t € [t tiiq] (™)
t.

i

where V1(t) € F1(t, X}).
Let us consider a function Y!(-) defined by

Yi(t) = ®(t) for t € [—r,0]

t
Yl(t) = Yl(t,‘) + E/ Uil_,’_l(T)dT for te [ti7ti+1] (8)
t;
where U} (), i = 0,1,...,m — 1 are measurable functions such that Ui1+1(t) €
F'(t,Y}!) and
H (V0,0 (0) = p (VIO UL Y)) = min  H(V'(0),U()).

U(t)eF! (t,Ytli)

By virtue of (7) for every t € [t;,t;1+1] we have

H(X'(t),Y'(t;)) =H (Xl(t,») + a/t VI(T)dT,Yl(ti)> <

t;
< H (X'(t), Y (t) +eM(t —t;) < 6 +eM(t —t;)
where §; = H(X'(t;),Y'(t:)),i=0,1,...,m — 1.

Furthermore, for ¢ € [t;, t;11], we have

H(VH(), Uy (1) < d (FHEXG), FH (Y (8)) < (9)
S KpO(tha}/ti)
But
pO(tha Ytll) < pO(thvthi) + pO(XI}N}/t}) =
=SUp_, << H (Xl(t +38), X(t; + s)) +sup_, <o H (Xl(ti +38), Y(t; + s))

By the definition of X!(-) and the properties of multifunction F(¢, X}) we
have:

MT
sup H (X'(t+s), X' (ti+s)) < —— for tE€ [ty tisi]
m

—r<s<0
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Furthermore by the definition X!(-) and Y!(-) and using of (7) and (8), we
have

sup H (Xl(ti—i—s),yl(ti +5)) = sup (H(Xl(T)a(Yl(T>> =

—r<s<0 ti—r<t<t;

=  sup {H (Xl(ti)—i—e/: Vl(s)ds,Yl(ti)—ks/t; U}H(s)ds>} <

ti—r<7T<t; i
< sup {H (X'(t:),Y'(t;)) +eH </ Vl(s)ds,/ Uil+1(5)ds)} <
ti—r<T<t; t; i

<ot s [ d(F(s XD F s Y) ds <

ti—r<7<t; t;

<d0;+ sup ¢ {/T [d(F'(s,X1),{0}) +d (F'(s,Y}"),{0})] ds} < 6; +2eMr.

ti—r<rt<t;
Therefore, inequality (9) for ¢ € [ti, ti;11] can be written as follows
MT
H((V'(t),Ul (1) <K (m +4; + 2£M7") . (10)

By virtue of (7), (8) and (10), it follows

IN

_H<X1(ti1)+5/ti Vl(T)dT,Yl(ti1)+6/ti Uil(T)dT>

ti—1 ti—1

IA

<H(X1(ti1),Y1(ti1))—|—EH< " Vl(T)dT,/ti Uil(T)dT>

ti—1 i—1

b MT
<;_1+ 6/ H (Vl(T), U}(T)) dr < 6;_1 + EK(ti - tifl) ( + 61+ 2€M’I“>
m

ti—1

K-T (MT KT KT (MT
:6i—1+ <+51‘_1+2€M7”) :51'_1 <1+) + (+2€MT‘)
m m m m m

m

where a = KT and b = KT(MT +25Mr).

m
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Hence
b a b b
< — — — - <
5 <0 (1+ )+m (1+2 ){512(1+ )+m}+m
i—1 b
< (1 1 — L— =
<(eg) b+ (e0) S+em
b a a1 b a\?
:m(1+(1+)+ +(1+ ) ) =a<(1+) —1) <
b M
< (e —1)=—(2 )5 -1
< 2et 1) = o (gemr + YT 1),
where 1 =0,1,...,m — 1.
For t € [t;,t;+1] we have
HOC X 0) = 1 (X0 +e [ Ve X)) <
¢ T MT
§6H</V()d7'{0}> M—f—
t; m
and H(Y(t),Y'(t;)) < %
Hence, we obtain
H(X(t), Y1) < H(X'(8), X' (1) + H(X' (), Y (1)
2MT M (11)
FHY (6), Y (1) < == + —(2emr + T)(e"" — 1)
Now we shall consider the function
Y2(t) = ®(t) for t e [-r,0)
t (12)
Y2(t) = Y3(t;) + 5/ U2, (r)dr  for t € [t; tit1]
ti
where Ufﬂ('),i =0,1,2,...,m — 1, are measurable functions such that Ufﬂ(t) €

F2(1,Y)).
Let us notice that by virtue of condition 4° for each 17, > 0 and T > 0 there
exists a €”(ny, T) > 0 such that for every ¢ < % we have the following inequalities:

iT iT
d <i?/o FL(t, Y, )t i—?/@m F2(t, Y, )dt) Zi (13)
and
G+DT G+D)T
where 1 =1,2,...,m — 1. Let us observe that % =t;y1 and % =t;.
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By virtue of (13), (14) and the Hausdorff metric condition we have

tit1 tit1
(/ F'(t,Y}) dt,/ F?(t,Y}) dt) <
ti

ti

tit1 tit1
<d (/ F'(t,Y}) du/ F?(t,Y}) dt> +
0 0
ti ti
+d </ F! (t,y;})dt,/ F2 (¢, Yﬁ)dt) <
0 0

< iT m T(i+1) _mT

SH

=% em 2G40 em em

tiv1 tit1 T
H (/ UilJrl(T)d7—7/ Ui2+1(7')dt) <o
ti em

i

Then

and
H(Y (tig1), Y2 (tir1)) < HY'H (1), Y2 (1)) +

tit1 tit1
e ( [ utaean | U3+1<r>dt) < (15)

ti

< HY ), V) + 2L < <.
m

where : =0,1,...,m — 1.
Using the inequality (15) and the fact that for t € [t;,t; 1]
MT
H(Y'(t),Y ;) < — and H(Y?(t),Y?(t;)) < —
m m
we have

HY' (1), Y2(t) S HY' (1), Y () + HY' (1), Y?(t:))
OMT (16)
+H(Y?(t;),Y2(1) < —.— tmT
By assumption 3° it follows that
d(F?(8, Y2 )F(,Y,)) < Kpo(Y2,Y,))
Similarly, as in the proof of the inequality (9) and making use of the inequality
(16) we obtain
2 y1 2 y2 2 1
pO(Y; 7}/;51) < pO(Y; 7Y;5 ) + pO(Y;fﬂY;l)

i

MT  2MT 3MT
S —+——+mT="——+nT
m m m

Hence d(F?(t, Y2, ) F*(t,V}})) < K (375 +mT).
By virtue of (12) we have:

p (DRY2(t),eF2(t,Y2)) = p (DrY?(t),eF? (t,Y}"))

+d (eF? (t,Y}) ,eF? (t,Y?)) < Ke (3]\/‘[; +771T> .
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Now, using existence theorem (see Theorem 1) there exists at least a solution
X2(-) of (4) such that for t € [0,T/¢]

H(Y?(t), X2(t)) < /t Ke (M + 171T> expleK(t — s)]ds <
0 m
< (?MmT +mT) (5T — 1> .

Using the inequalities (11) and (16) it follows
H(X'(t),X?(t)) <H(X'(t),Y'(t)) + H (Y'(t),Y?(t)) + H (Y*(t), X*(t))

L AMT er

+ 2eMreST 4 TeXT,
m

12MTeX™
+,171 = 37—'6% and € < W we get the

Therefore, choosing m >
inequality
H(X'(t),X?%(t)) <n for t€[0,T/e].
Adopting now the procedure presented above we get the condition (ii). In
this way the proof is completed for ¢ € [—T, %]
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