STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume XLVIII, Number 2, June 2003

POLYNOMIAL ORBITS IN DIRECT SUM OF FINITE EXTENSION
FIELDS

PETRA KONECNA

Abstract. Let Ki,..., K, be a finite extensions of the field F. We de-
scribe the structure of finite orbits and determine its precycle and cycle
lengths in the direct sum K; & ...® K, which are induced by polynomials
from F.

Let R be a commutative ring, k € No,! € Nand f € R[X]. By a finite orbit of
f in R with precycle length k and cycle length | we mean a sequence (1, T2, ..., Tk41)
of distinct elements of R such that
flz;)) =xi41 forall ie{1,2,....,k+1—1}, and f(zr11) = Tht1-
Elements x;,i = k + 1,...,1 are called fizpoints of f of order I. Let k € Ny. By a
k-iterate of f in R we mean a polynomial fj such that

Jo(z) = (), fr(@) = f(2), fra(z) = f(fr(2))
Let K/F be an algebraic field extension. Then Cycl(K/F) is the set of all possible
cycle lengths in K of polynomials over F. Consider an algebraic field extension K/F.
The following proposition determine the structure of finite orbits in K of polynomials
f e F[X].
Proposition 1. [1] Let K/F be an algebraic field extension, k € Ny, I € N, and

let (x1,x2,...,2p41) be a sequence of distinct elements of K. Then the following
assertions are equivalent:

a): (z1,22,...,Tk4r) 1S a finite orbit of a unique polynomial f € F[X] with
precycle length k and cycle length | such that for a certain d
k+d
deg f < [ degp(a:).
i=1

b): (z1,22,...,Zky1) s a finite orbit of a polynomial f € F[X] with precycle
length k and cycle length 1.

c): There holds F(x1) D F(z2) D ... D F(xpy1) = ... = F(xy1), there
exist d,m € N and 7 € Autp(F(zy41)) such that | = dm, ord(r) = m, the
elements x1,...,Tk4q are pairwise not conjugate over F, and

Thypdtj = T (xpyy) forall je{l,....d} and pe{l,...,m—1}.
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By proposition, let K/F be an algebraic field extension of degree n and N
the number of irreducible monic polynomials of degree n over F'. Then the set of all
possible cycle lengths in K of polynomials over F' is given by

Cyc(K/F) ={dm |1<d<N, 1 <m|n}.

In the present paper we shall describe the structure of finite polynomial orbits
and determine the set of all possible cycle lengths of polynomials over F' in the direct

sum of finite extension fields K1, ..., K, which is given by
U oy, &...8K,/F),
K;CK;

over all n-tuple (K} @ ... ® K,,) with Cycl(K; @ ... ® K, /F) are different.

As an application of this general case we can obtain the set of all cycle lengths
for special rings which are direct sum of finite extension fields, for example ring of
circulant matrices over a finite field which is very important in the coding theory.

First we recall some properties of cycles and polynomials in the following
lemmas.

Lemma 1. [1] Let F be a field, let fi1,..., fm € F[X], m € N be pairwise coprime
polynomials, and let g1, . .., gm € F[X] be any polynomials. Then there exists a unique
polynomial f € F[X] such that

deg(f) < Hdeg(fj) and f=g; modf; forall je{l,...,m}.
=1

Lemma 2. [6] Let R be a ring. If a € R, f,,(a) = a and j is the smallest integer
satisfying f;(a) = a, then j divides n. Cyclic elements of order n of f coincide with
those fixpoints of f, which are not fixpoints of fq, where d runs over all proper divisors
of n.

Lemma 3. All conjugated elements in the finite extension of the field F' have the
same cycle length of a polynomial f € F.

Proof. This follows immediately from properties of any automorphism of the algebraic
closure of K. O

Theorem 1. Let K/F be an algebraic field extension of degree n, N the number
of irreducible monic polynomials of degree n over F and s € N. Then the set of all
possible cycle lengths of f in the direct sum K* is given by

Cycl(K*/F) = {m -lem(dy,...,ds) | t < s,dy,...,ds are distinct, dy + -+ + di <
N and m|n}.

Proof. Let (Z1,...,Z;) be a cycle of polynomial f in K*® with length [, where Z; =
(xz(-l), . ,xgs)) and :cgj) € K.

Then f;(z;) = Z; and fl(:cgj)) = xl(j) foranyi=1,...,1,7=1,...,s.
(j)) _

i =

For any j =1,..., s consider the least positive integers [; < [ with f;, (z

:cgj). By Lemma 2 we have that [; divides [ and [; is a cycle length of f in K. Hence by
Proposition, [; can be written in the form I; = djm;, where d; =1,..., N and mj|n,
whence [ = m -lem(dy,...,ds), where m is a positive integer which divides n.
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From the set {di,...,ds} choose ¢ elements dy,...,d;, which are different.
Assume to the contrary that dy 4+ --- + d; > N. Then there are positive integers
Ji,je = 1,...,8,41,40 = 1,...,1,j1 ;é j2,i1 # iz such that elements z}! ,ij are
conjugated. Lemma 3 implies that cycles (7', ... ,xll) (222, ... ,xlz) must have the
same cycle length of the type d - m, it means d;, = d;,. Contradiction.

Let m,di,...,d; be positive integers such that m|n,d; < N,and dy + --- +
dy < N,j=1,...,t <s. Then there is a unique t-tuple of polynomials (), ..., f(®

over F with cycleb (xgj), ... ,acgj), .., 29 ), such that xgj), .. xffj) are pairwise non

’ md
conjugated elements. Let p(] ) be the minimal polynomials of elements xf Then by
Lemma 1 there is a unique polynomial f € F[x] such that

t dj d;
deg(f) < HHdeg (J) and f=f% mod Hpi(J) forall je{1,...,t}
j=1li=1 i=1
and _
fmd ( ) (J)
Put I = m -lem(dy,...,ds) = 1(:111(d1,...,dt)7 then f1(Z;) = Z; and so | €
Cycl(K*/F). O

Theorem 2. Let K1, Ko, ..., K, be finite extensions of the field F', s1,...,s.,7 € N.
Then
Cyc(Ki' @ --- @ Ky /F) = {lem(L;) | i € Cycl(K}'/F)}.

Proof. Let | € Cycl(K}' @ --- @ K5 /F). Then there is a polynomial f € F[z] with

the cycle ((;Egl),...jgr)),...,(El(l),.. (T’)))7 where x() eKlifori=1,...,rj=
., 1. Then
@0, 3 = f(@ED L 5) = (RED), - E).

Consider the least positive integers I; < [ with f,(z (1))

1;|l, therefore I; € Cycl(K{*/F) and [ = lem(l;).

Let I; € Cycl(K}'/F) for i = 1,...,r. Then there are polynomials f(*) over
F with cycles (:rg )7...,@(;)) such that flgi) (:fy)) = fgi) for j = 1,...,1;. Consider
polynomials p; over F' as products of minimal polynomials of non conjugated ele-
ments in the cycle (a’cgi), A i‘l(z)) Now the fact, that different /;-tuples (i:gi), ... ,i;l(z))
don’t consist conjugated elements for ¢ = 1,...,r, implies that these polynomials are
pairwise coprime and by Lemma 1 we have a polynomial f € F[z] such that

f=f9 modp; forall je{l,...,r}.
Hence f;,(z\") = 2" and if { = lem(L;), then | € Cycl(K}' @--- @Ky /F). O

g-i). By lemma 2 we have

Theorem 3. Let Ly, ..., L, are algebraic extensions of a field F, L,l, . ,L; are any
subfields such that F' C L; CL; fori=1,...,n.
Let 7, = (x(l ), .. ,xi")>, ey Ty = <a:,(€1+)l, . ,ngﬁ are different elements of the

direct sum L1 @ --- ® L,,.
Let d(L;),t(L;), N(L;) are nonnegative integers such that

d(L}) is the number of non-conjugated elements of L, in the set {:17(,:_)3_1, . ; ,)H_l}
t(L%) is the number of non-conjugated elements of L, in the set {xy’, ...,z }—
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—{x,(f:i, .. ,x,ijjg} forj=1,...,n and some jx € {1,...,n} such that L;»* = L;,
N(L,) is the number of irreducible polynomials in F[X] of degree [L, : F].
Then following assertions are equivalent:
a): The sequence (Z1,...,Tr11) @S a finite orbit of a polynomial f € F[X] in
the direct sum Ly & - - - @ L,, with precycle length k and cycle of the length
l in the direct sum Ly ®--- D L,,.

b): Fori=1,...,n, there are sequences of fields
Li 2 F(al?) 2+ 2 F(ay)) 2 F(ay) ) =+ = Faj),) = - = Fla}) = L;

where k; € No,l; € Nk = max(k;) and
l € Cyc(KS' @ --- @ K¥/F) = Cycl(L] @ --- @ L, /F) and for every i =
1,...,n it holds
(L) + > d(L};) < N(L).
L;:L;,d(L;) are distinct
Proof. Let (Z1,...,Tk4;) is a finite orbit of a polynomial f € F[X] in the direct sum
of algebraic field extensions Ly & --- & L, with precycle length k and cycle in the

direct sum L) @ --- @ L, of the length [.
Then by definition for j =1,...,k+ 1 — 1 it holds

_ 1 n 1 n 1 n _
F@) = f(@P, ) = (@), @) = @) = 2
and for j=k+1,....k+1
_ 1 n 1 n 1 n _
@) = il ) = (@) filaf™)) = @) = 2

Then for every i = 1,...,n there is a finite orbit (:cgi), .. 7517/2[) of the poly-
nomial f € F[X] in the field L;.

Consider least positive integers k; € No,l; € N such that fj, (xy)) = xg»z) for
every j > k;. Then by definition and lemma2 I; is the cycle length of i-th finite orbit,
k; is the precycle length of i-th orbit and k& = max(k;).

By proposition we obtain sequences of fields

LioF@) 2 2 F@) 2P, )= =F@{,) =L,

Let K1,..., K, be distinct fields such that {K;,...,K,} = {Lll, ce L;Ab} and suppose
that K; appears s; times, so

L@ 0L, =K'®--& K.
Now assume to the contrary that
t(L;) + > d(L;) > N(L;).
L’=L},d(L}) are distinct

Then there is a pair of conjugated elements such that one of them is in some
precycle and the second one in some other cycle and it is in contradiction with lemmag.
From b) to a) it follows immediately from Lemmal and Theorem?2.
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