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ITERATES OF STANCU OPERATORS, VIA CONTRACTION
PRINCIPLE

IOAN A. RUS

Dedicated to Professor D.D. Stancu on his 75" birthday

Abstract. In this note we prove that some Stancu operators are weakly

Picard operators.

Let o, € R, 0 < a < [ and let n € N*. We consider the Stancu operators

(7], [2])
Prop:C[0,1] — C[0,1]

[ Pn,a,ﬁ(f)

where
n

k+a\ (n\ & K
P, . = rre 1— z)" k. 1
st =3s (575) (1) -» 1)
Let B}, 5 be the mth iterate of the operator P, , 5. We have
Theorem 1. Let n € N* and § > 0. Then for all f € C[0,1],

Plos(f)(x) = f(0) as m — oo,

uniformly with respect to x € {O, n} .
n+ 3

Proof. Consider the Banach space (C [O, Zﬂ} - ||C) where || - || is
n
the Chebyshev norm. Let

n
X, = C |0, —— 0) = R.
L ={reclu ] o=} ae
We remark that
(a) X, is a closed subset of C [O, nL

} Y ER;
+
(b) X, is an invariant subset of P, g g for all 8 >0, n € N*, v € R;
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n n
C 10, = Xy i tition of C' |0, ——|.
(c) [ n+ 5} vLeJR + 1s a partition o [ Y ﬁ}

Now we prove that
Prop: Xy — Xy

is a contraction, for all n € N*, 8 > 0 and v € R.
Let f,g € X,. From (1) we have

[ Pr0,6(F) (@) = Poo,p(9) ()] = |Paos(f = 9) (@) <

< @ (Z)xku - >> 1f = gllo =

= a-a-ais—gle < (1- (1= ) ) 1 - gl

From this we have that

1Pasah) ~ Paostolle < (1= (1= 25) ) 17 = dle,

for all f,g € X,.
We remark that 1 — <1 — n) <1
n+p
On the other hand the constant function v € X, and is a fixed point of P, o 3.
Let f e C {O, —tﬁ] Then f € Xy and from the contraction principle
n
([5]) it follows that

P 5(f)(x) — f(0) as m — oc.

Theorem 2. Let n € N* and o > 0. Then for all f € C0,1],

Plaalf)(@) = f(1) as m — oo,

n,o,o

uniformly with respect to x € {a, 1} .
n—+ao

Proof. Let X, := {f eC [a,l} | f(1) :7}, v € R. Then
n—+«

(a) X, is a closed subset of C {a’ 1], for all v € R;
n—+ o

(b) X, is an invariant subset of the operator P, o q, for all v € R, @ > 0 and

« «
C 1| = X, i titi fC|——1].
(c) {n+a, } VLe_JR , i a partition o |:TL+C¥’ }

Let us prove that
Pn,a,a

X . X’Y — X,y
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is a contraction, for all n € N*, @ > 0 and v € R.
Let f,g € X,. From (1) we have

a n
1Prinalf) = Pral@lle < (1= (52 ) ) If = gl

On the other hand the constant function 7 is a fixed point of P, o and
v € X,.

Now the proof follows from the contraction principle.

Remark 1. For the case a = 8 = 0, see [4] and [6].

Remark 2. Let (X, d) be a complete metric space. By definition an operator
A : X — X is weakly Picard operator (briefly, WPO) if the sequences (A™(x))men
converges, for all x € X, and the limit (which may depend on z) is a fixed point of

A.
For an WPO we consider the operator A defined by

A*®: X - X, A®(z):= lim A™(x).

m—0o0

In the terms of WPOs we can formulate the Theorem 1 and 2 as follow
Theorem 1°. Letn € N* and 3 > 0. Then the Stancu operators P, o g are

WPOs on C [0, n}
n+p

Theorem 2’. Letn € N* and oo > 0. Then the Stancu operators P, o o are
WPOs on C {a’ 1} .
n—+«
Remark 3. The applications of the contraction principle to study the iter-

ations of other approximation operators ([1]-[3]) will be presented elsewhere.
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