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ON APPROXIMATION PROPERTIES OF STANCU’S OPERATORS

ZOLTAN FINTA

Dedicated to Professor D.D. Stancu on his 75" birthday

Abstract. The purpose of the paper is to present pointwise and uniform
approximation theorems for some Stancu’s operators using the classical
moduli of smoothness and the second modulus of smoothness of Ditzian -

Totik.

1. Introduction

One of the most studied operator (see e.g. the bibliography of [1]) is
B2 : C[0,1] — CJ0,1],
- k
Bf{(f,x) = Z wn’k(ama) . f () , N = 1727~"7 VS [Ovl]a (e 2 01 (1)
n
k=0
where

n\ IS (@+ie) T2y " (1— 2+ ja)

] (+a)(1+2a)...(1+(n—1a)

(2)

Wp (T, @) =

and « is a parameter which may depend only on the natural number n. This positive
linear polynomial operator was introduced by D. D. Stancu in [15]. In the case o = 0,
B¢ is the Bernstein operator B,, given by

n

B =3 1) a—ars (3)). ®)

k=0
The Stancu - Kantorovich polynomial operator was defined in [14] as follows:

Kg L7[0.1] - 17(0.1], 1<p< oo,

n k+1
nt1

K3 (f,z)=(n+1) W (2, @) - fu)du, n=1,2,..., x€][0,1] (4)

k

k=0 n+1
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and « and wy, (z, o) have the same meaning as above. For a = 0, K¢ is the Kan-

torovich operator K,, given by

Kha) =+ S ) ata et [T s du (5)

The spaces L?[0,1], 1 < p < o0, are endowed with the norm

1/p

1
o= { [ 1f@r e} 1<p<.
0
For p = oo we consider C[0, 1] instead of L*°[0, 1] with
1= £ lleo = sup{[f(x)] : = €[0,1]}.

The corresponding operator to Bernstein operator on the positive semiaxis is

the so - called Szész - Mirakjan operator defined by S,, : Cg[0, 00) — Cp[0, o),

Sp(f,x) = e "= > (”]f!) f(n> n=1,2...,x€0,00), (6)

where Cp[0,00) denotes the set of all bounded and continuous functions on [0, o0)

endowed with the norm

Ifllx = sup{[f ()| : 2 €[0,00)}.

The operator S,, was generalized by Stancu in [16], obtaining S? operators

Sg(m):(prnm_m/g.i (ﬁ+i)—k.x(m—kﬁ)...(x—i—(k—l)ﬁ).f<k>7 o

k! n
k=0

where 3 > 0 is a parameter depending on the natural number n.
Furthermore, in the paper [17], Stancu has introduced a generalization of the

well - known Baskakov operator  V,, : Cg[0,00) — Cg[0, 00),

e n+k—1

Va(fiz) =Y

xk(lJr:E)"k-f(z) ,n=1,2...,2€0,00), (8)

k=0 k

defined by
Y - k
Vi (f.) =3 vnple ) () 9)
k=0
where
ntk—1\ [ (@+iy) T2 1+57)
vn,k(x; ’Y) = : ntk—1 (10)
k [ Q+z+ry)
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and v > 0 depends on the natural number n.

The purpose of this paper is to establish pointwise and uniform approximation
properties for the operators (1) — (2), (4), (7) and (9) — (10). On the other hand
the paper will be a survey of some results given by the author regarding the above
mentioned Stancu’s operators.

To establish these results we shall use the following notations:

1/p

gty = sup { / 9z + 1) — g(@)P dx} ,

0<h<t
g € L?[0,1], 1<p<oo, z,x+he]0,1];

wa(g,t) = sup  sup |[g(z+h)—2g(x) + g(x — h),
0<h<t z,xxthel

geC(I), I=[0,1] or I=10,00);

wi(g,t) = sup  sup |g(x +he(x)) — 29(x) + g(x — he(z))],
0<h<t zthep(z)el

g€ C[Ov 1} and Sa(x) - \/Ma

g € Cpl0,00) and ¢(z) =+ or

g € Cpl0,00) and ¢(x) =+/z(1+ z);

1 1/p
wi (g, t)p = P, {/O 9(z + ho(x)) — 29(2) + g(z — ho(2))[P da } ;

g € LP[0,1], 1 <p < oo, =+ he(x) € [0,1]

and (z) = /2(1 —z), = € [0,1];

wi(g,t) = sup sup 9(z + ho(x)) — 29(x) + g(x — ho(x))],
0<h<t zth¢(z)€[0,00)

g € Cpl0,00) and ¢ : [0,00) — R is an admissible
step - weight function ( see [3] ).
Here we mention that throughout this paper C' and Cy denote absolute con-

stants and not necessarily the same at each occurrence.
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2. Theorems

In [5, Theorem 1] we have proved the following

Theorem 1. For f € C[0,1] and = € [0, 1] we have

e} 1+ na
|Bn(fa$)_f(m)‘ < Cwo (f,\/n(l_’_a)l'(l—x) ) .

Remark 1. We can obtain the estimate of Theorem 1 with C' = 2 using [13,
p. 255, Theorem 2.1 ].

Furthermore, by [6, p. 100, Theorem 1 |, we have

Theorem 2. Let f € C[0,1] and a = a(n) =o(n™1),an<1,n=1,2,....
Then
B~ f@) < ¢- T

holds exactly when wo (f,h) < C h%, h>0.

C.

IN

, v€1[0,1, n=1,2,...

Using [2, p. 79, Theorem A] or [6, p. 100, Theorem 3 |, we get
Theorem 3. For f € C[0,1] and ¢(z) = /z(1 — z), x € [0,1] we have

IBS(f) — f < Cwy (f, m>

The next result requires the following lemma ( see [12, p. 317, ( 2.1 )] or
[19] ):
Lemma 1. Let f € C[0,1] and p(x) = /(1 —z), z € [0,1]. Then

L@l < € 1Ba() - 111

where Cy is an absolute constant.

Then our result is ( see [7, p. 2, Theorem 3] ) :
Theorem 4. Let f € C[0,1], ¢(z) = /z(1 —x), 2 € [0,1] and o = a(n),

2Coan<1l,n=12,..., where Cy denotes the absolute constant of Lemma 1 above.

Then there exists an absolute constant C > 0 such that

CHBu(f) = Sl < IBR) = Il < CIBal)) /]
and

CTHWE(fn7 ) < B — Sl < C wE(f,n7M).
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Hence, in view of [3, p. 177, ( 9.3.3 ) |, we obtain immediately

Corollary 1. Let f € C[0,1], o(z) = \/z(1 —z), z € [0,1], & = a(n) with
2Chan<l,n=1,2,...and 0 <6 < 2. Then

IBL(f) — fI = O(m™"%) iff w§(f,h) = O(h’), h>0.

The following results will be in connection with the operator K. More
precisely, we have ( see [8, Theorem 1, Lemma 2 and Theorem 3] ) :
Theorem 5. Let f € LP[0,1], 1 <p < o0 and ¢(z) = \/z(1 —z), z € [0,1].
Then there exists C' > 0 such that
@) K2 () = flly < C {wg(f,n )+ 07 [Ifllp} -
where a = a(n) = O(n™!) and 1 < p < o0;
(@) |E3(f) = flli < C {wd(fin™ ) +n £},
where a = a(n) = O(n=%).

For the converse result we need a lemma :

Lemma 2. For f € LP[0,1], 1 < p < 00 and ¢(x) = \/z(1 —x), z € [0,1]

we have
P EAN Ty < Co NEnl) =

where Cy is an absolute constant.
Remark 2. The above Lemma does not hold for p =1 (see [8, Remark 2]).
Our result is
Theorem 6. Let f € LP[0,1], 1 < p < 00, p(z) = \/z(1 — ), z € [0,1] and
a=an),p/lp—1) Chan<d <1l n=12..., where Cy denotes the absolute

constant of Lemma 2. Then

(1 =0) [Kn(f) = fllp < IEZ() = fllp < (1 40) [[Kn(f) = fllp

and there exists an absolute constant C > 0 such that

CH B (Fn 2, + w(fn )] < IKS ()= Fly < C [Wf(Fin ™2 + w(fn )] -
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In what follows we give the theorems concerning to the operator S2 using [9,
p. 62, Theorem 1] and [10] :
Theorem 7. For f € C[0,00) and = € [0,00) we have

57 (f.2) = f@)] < 2w (f, (ﬁ+i)§>

Theorem 8. Let f € Cg[0,00) and p(x) = \/z, z € [0,00). Then
IS55) ~ fll. < € w5 (f,\/lerﬁ )

Theorem 9. Let f € Cpl0,00), ¢(z) = Vx, x € [0,00) and f = B(n),
2Cy Bn<d<l,n=1,2,..., where Cy denotes the absolute constant of Lemma 3
below. Then

(L= 0) I1Su(f) = flle < IST) = flle < L +8) [1Sulf) — [l

and there exists an absolute constant C' > 0 such that

c1 wg(f,n—l/Q) < ||55(f)—f\|* < Cw;‘o(f,n_l/Q).

Lemma 3. [19

Let f € Cp[0,00) and p(x) = /z, z € [0,00). Then

(S ()l < Co 1Su(F) = Fll+

S|

where Cy is an absolute constant.
Finally, we give the results about the operator V). This operator is linear,
positive and bounded, but it does not preserve the linear functions. Therefore we

consider the following two cases :

a)

LZ(f,l‘) = (lo(’fl) : Vgo(f,l‘) + CLl(n) : Vrzl(fam)v (11)
where
n=ng<n <An, lag(n)| + a1 (n)| < A,
ap(n) +ai(n) =1, ap(n) -nyt +ai(n) -nyt =0
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and v =v(n) < B/(4n),n=1,2,...,0 < B < 1. Here A and B are given
absolute constants. Following [11] ( see also [4] ), we have

Theorem 10. Let L) : Cp[0,00) — Cg[0,00) be given by ( 11 ), p(x) =
Va(l+zx), z €[0,00) and ¢ : [0,00) — R be an admissible step - weight function of
the Ditzian - Totik modulus and v = v(n) < B/(4n), n=1,2,...,0< B < 1. Then

B(fx)— fz wd) rfl/Q'M T 00
L) - S < Cuf (£ 2 50 s e puoo)

In particular, we obtain a local estimation of the approximation error for

p=1:

n

LA (f.2) = f(@)] < Cwh <f, x(lﬂ“))

and we get a uniform ( global ) estimation of the approximation error for ¢ = ¢ :

ILE(f) = fll« < Cwe(f,n12).

V(f0) = Iiﬂnm,w (%), (12)

n
where

ntk—1\ I (@+i)-T= (L+57)
k L2 A +z+7m)

Unk(,7) =

(13)

( see also [18] ). By [10], we have
Theorem 11. For V) : Cp[0,00) — Cp[0,00) given by ( 12 ) - ( 13 ),
f € Cp[0,00), p(z) = y/z(l+z), x € [0,00) and 0 < v < 1 we have

20 - Sl < 0 (7t 12 ).

Theorem 12. Let f € Cg[0,0), ¢(z) = /z(1+z), © € [0,00) and v =
), 2 Co- (v/(1—=7)) - n<d<1,n=12..., where Cy denotes the absolute

constant of Lemma 4 below. Then

(1=8) IVa(f) = fll« < VX)) = Flle < A46) [Valf) = £l
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and there exists an absolute constant C' > 0 such that

CThWE(fn ) < V)~ fl < C W (fn ),

Lemma 4. [19] Let f € Cg[0,00) and p(z) = Vz(1+ ), z € [0,00).

Then

NPTl < Co IVal) = fll,

where Cy 1s an absolute constant.
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