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ON SOME Q-PURE EXACT SEQUENCES OF MODULES

IULIU CRIVEI

Abstract. Let R be an associative ring with non-zero identity. We shall
consider a family Q of left R-modules of the form R/Rr", where r € R
and n > 1 is a natural number depending on 7 such that r™ # 0 for
each 7 # 0. We shall characterize Q-pure exact sequences of right R-
modules and absolutely 2-pure right R-modules. We shall also establish

the structure of Q2-pure-projective right R-modules.

1. Introduction

In this paper we denote by R an associative ring with non-zero identity and
all R-modules are unital. By Mod-R we denote the category of right R-modules.
By a homomorphism we understand an R-homomorphism. The injective hull of an
R-module A is denoted by E(A).

Let Q be a class of left R-modules and let

0—ALl.ptc—o (1)

be a short exact sequence of right R-modules, where f and g are homomorphisms.
If the tensor product f ®z 1p : A®r D — B ®r D is a monomorphism for every
D € Q, it is said that the sequence (1) is Q-pure. If A is a submodule of B, f is
the inclusion monomorphism and the sequence (1) is Q-pure, then A is said to be an
Q-pure submodule of B.

A right R-module M is called projective with respect to the sequence (1)
if the natural homomorphism Hompg(M,B) — Hompg(M,C) is surjective. A right
R-module is called injective with respect to the sequence (1) (or with respect to the

monomorphism f) if the natural homomorphism Hompg(B, M) — Hompg(A, M) is
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surjective. A right R-module P is said to be Q-pure-projective if P is projective with
respect to every Q-pure short exact sequence of right R-modules.

Following Maddox [2], a right R-module M is said to be absolutely pure if
M is pure in every right R-module which contains M as a submodule.

If Q ={R/Rr|r € R}, then an Q-pure exact sequence (1) is called RD-pure
[5].

Denote by N the set of natural numbers, by Z the ring of integers, R* =
R\ {0}, N* =N\ {0} and by P(N*) the set of all subsets of N*.

Let ¢ : R — P(N*) be a function such that for every r € R* and every
n € (r), r™ #£0.

In this paper we shall consider the family of left R-modules

Q={R/Rr* |re R, nep(r)}.

Notice that if the exact sequence (1) is RD-pure, then it is Q-pure. Also, if p(r) = {1}
for every r € R, then Q-purity is the same as RD-purity.

We shall characterize 2-pure short exact sequences and we shall determine
the structure of Q-pure-projective right R-modules. Also, we introduce the notion of

absolutely Q-pure right R-module and we establish some properties for such modules.

2. Basic results

We shall recall two results which will be used later in the paper.

Theorem 2.1. [4, Proposition 2.3] Let T be a set of right R-modules which
contains a family of generators for Mod-R and let p~*(T) be the class of all short
exact sequences in Mod-R with the property that every R-module in T is projective
with respect to them. Then:

(i) For every right R-module L there exists a short exact sequence
0—N-—M-—L—0

in p~1(T) with M € T.
(ii) Every right R-module which is projective with respect to each sequence in
p~Y(T) is a direct summand of a direct sum of R-modules in T.
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Lemma 2.2. [6, Lemma 7.16] Consider the commutative diagram with ezact

rows i Mod-R
f1 f2

My M, Ms 0
\L ¥1 \L P2 \L »3
g1 g2
0 Ny Ny Ny

The following statements are equivalent:

(i) There exists a : M3 — No with gacx = @3;

(i) There exists 8 : My — Ny with 8f1 = ¢1.

Now we can characterize (2-pure submodules.

Theorem 2.3. Let A be a submodule of a right R-module B. Then the
following statements are equivalent:

(i) A is Q-pure in B.

(i) For every r € R* and every n € ¢(r),
Ar" = AN Br".

(iii) For every r € R* and every n € ¢(r), ¢ = br™ € A for some b € B
implies ¢ = ar™ for some a € A.
Proof. (i) < (ii) A is Q-pure in B if and only if for every r € R* and every n € ()
the sequence of Z-modules

f®LlR/Rrrm 9g&1R/Rrn

0— A®p R/Rr™ B®g R/Rr" C®rR/RF™—0 (2

is exact, where f : A — B is the inclusion homomorphism. It is known the isomor-

phism of Z-modules
D®rR/K = D/DK ,

where D is a right R-module and K is a left ideal of R. Then the sequence (2) is

exact if and only if the sequence of Z-modules
0 — A/Ar™ 5 B B 25 c/or — 0 (3)

is exact, where f1(a+ Ar™) = a+ Br"™ for every a € A. But f; is injective if and only
if AN Br™ C Ar™. Since the converse inclusion is clear, it follows that A is Q-pure in
B if and only if for every r € R* and every n € ¢(r), we have Ar™ = AN Br™.
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(49) = (i4i) Assume that (i4) holds. Let » € R* and n € ¢(r). Then
Ar™ = AN Br". Let ¢ =br™ € A for some b € B. Then ¢ € AN Br™ = Ar™. Hence
there exists a € A such that ¢ = ar™.

(ii1) = (ii) Assume that (ii7) holds. Let » € R* and n € ¢(r). Let
¢ € AN Br™. Then there exists a € A such that ¢ = ar™. Then ¢ € Ar™. It follows
that AN Br™ C Ar™. Therefore, AN Br"™ = Ar™. O

Theorem 2.4. The following statements are equivalent:

(i) The exact sequence (1) of right R-modules is Q-pure.

(ii) For every r € R*, for every n € ¢(r) and for every commutative diagram
of right R-modules:

f

A —

B
T T (4)
R

r"R ——
v

where k and h are homomorphisms and v is the inclusion homomorphism, there exists
a homomorphism w : R — A such that k = wv.

(iii) For every r € R* and for every n € o(r), the right R-module R/r™R is
projective with respect to the exact sequence (1) of right R-modules.
Proof. We may suppose without loss of generality that A is an Q-pure submodule of
B and f is the inclusion homomorphism.

(1) = (i4) Assume that (¢) holds. Let r € R* and n € ¢(r). Now consider the
commutative diagram (4) of right R-modules, where v is the inclusion homomorphism.

Denote b = h(1) and ¢ = k(r™). Then
c= fk(r™) = hv(r™) = h(r™) = br".

By Theorem 2.3, there exists a € A such that ¢ = ar™. Define the homomorphism
w:R— Aby w(l) =a. Then

wo(r") = w(r™) =ar™ = c=k(r"),

hence k£ = wv.

(#9) = (4) Assume that (i¢) holds. Let r € R*, n € ¢(r) and suppose that
c="br" € A for some b € B. Define the homomorphisms h : R — B by h(1) = b and
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k:r"R — A by k(r"s) = cs for every s € R. If rs = r"t for some s,t € R, then
cs—ct=c(s—t)=br"(s—t) =0,

hence k is well defined. Let v : r" R — R be the inclusion homomorphism. We have
ho(r™) = h(r") =br" = c= fk(r"),

that is, hv = fk. Thus we obtain a commutative diagram (4). Hence there exists an

homomorphism w : R — A such that &k = wv. Denote a = w(1). Then
c=k(r") =wo(r") =w(r") = ar”.

By Theorem 2.3, the exact sequence (1) is Q-pure.
(#9) = (4i1) Assume that (¢7) holds. Let » € R* and n € ¢(r). Consider the

exact sequence of right R-modules
0— "R R-L R/rMR—0 (5)

where v is the inclusion homomorphism and ¢ is the natural projection. Let p :
R/r"™R — C be a homomorphism. Since R is projective, there exists a homomorphism
h : R — B such that gh = pq. We have ghv = pgv = 0, hence there exists a
homomorphism k : r® R — A such that hv = fk. Hence there exists a homomorphism

w : R — A such that wv = k. Thus we obtain a commutative diagram

! g9
0 A B C 0
kT Th Tp (6)
0 "R —> R . R/m™R — 0

with exact rows. By Lemma 2.2, there exists a homomorphism u : R/r"R — B such
that p = gu. Therefore R/r™ R is projective with respect to the exact sequence (1).
(#91) = (i) Assume that (i79) holds. Let r € R* and n € ¢(r). Consider the
commutative diagram of right R-modules (4), where v is the inclusion homomorphism.
We construct the exact sequence (5), where ¢ is the natural projection. Since ghv =
gfk = 0, there exists a homomorphism p : R/r"R — C such that pg = gh. Thus we
obtain a commutative diagram (6) with exact rows. Since R/r"R is projective with
respect to the sequence (1), there exists a homomorphism « : R/r" R — B such that
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p = gu. By Lemma 2.2, there exists a homomorphism w : R — A such that k = ww.

0

By Theorems 2.1 and 2.4, we deduce the following two corollaries, giving the
structure of Q-pure-projective R-modules.
Corollary 2.5. For every right R-module L there exists a short exact se-

quence of right R-modules

0O—N-—M-—L—0

where M is Q-pure-projective and N is an Q-pure submodule of M.

Corollary 2.6. Fvery Q-pure-projective right R-module is a direct summand
of a direct sum of R-modules of the form R/r" R, where r € R and n € ¢(r).

Corollary 2.7. Let r € R* and n € ¢(r). Then the following statements are
equivalent:

(i) The right ideal r™ R is Q-pure in R.

(i) The right ideal r™ R is a direct summand of R.
Proof. (i) = (i1) Assume that (i) holds. Consider the exact sequence (5) of right
R-modules. By Theorem 2.4, R/r™R is projective with respect to the sequence (5).
Then the sequence (5) splits, that is, 7™ R is a direct summand of R.

(i9) = (i) Clear. O

3. Absolutely (2-pure modules
We shall give the following definition.

Definition. A right R-module A is called absolutely Q-pure if A is Q-pure

in each right R-module which contains it as a submodule.

In the sequel we shall denote by A the class of absolutely Q-pure right R-
modules.

Theorem 3.1. Let A be a right R-module. Then the following statements
are equivalent:

(i) Ae A.

(ii) A is Q-pure in E(A).
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(i) For everyr € R* andn € ¢(r), A is injective with respect to the inclusion
homomorphism v : "R — R.
Proof. (i) = (i7) Clear.

(it) = (i4i) Assume that (i7) holds. Denote B = E(A) and let r € R* and
n € p(r). Let k : 7R — A be a homomorphism. Since B is injective, there exists
a homomorphism h : R — B such that hv = fk. By Theorem 2.4, there exists a
homomorphism w : R — A such that k& = wv. Hence A is injective with respect to v.

(#91) = (i) Assume that (4i7) holds. Let » € R* and n € ¢(r). Let B be a
right R-module which contains A as a submodule. Consider the commutative diagram
(4) of right R-modules, where f is the inclusion homomorphism. Then there exists a
homomorphism w : R — A such that wv = k, because A is injective with respect to

v. By Theorem 2.4, A is Q-pure in B, that is, A is absolutely Q-pure. O

Remark. Every injective right R-module is absolutely -pure.
Corollary 3.2. The class A is closed under taking direct products and direct
summands.
Proof. Tt follows as for injectivity [3, Proposition 2.2]. O
Lemma 3.3. The class A is closed under taking direct sums.
Proof. Let (A;)icr be a family of absolutely Q-pure right R-modules and let A =
Picrd;. Let r € R* and n € ¢(r) and let k : ¥R — A be a homomorphism.
Since k(r™R) is generated by k(r™), there exists a finite subset J C I such that
k(r"R) C ®;ejA; = D. By Corollary 3.2, D € A. Therefore by Theorem 3.1, there
exists a homomorphism ¢ : R — D such that qu = u, where u : ¥R — D is the
homomorphism defined by u(r™s) = k(r"s) for every s € R. Let a: D — A be the
inclusion homomorphism. Then agqv = au = k. By Theorem 3.1, A € A. O
Theorem 3.4. Let (1) be a short exact sequence of right R-modules and let
A, CeA. Then B € A.
Proof. Similar to the proof given for absolutely F'/U-pure modules [1, Theorem 2.7].
O
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