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TWO-VARIABLE VARIATIONAL-HEMIVARIATIONAL
INEQUALITIES

ENDRE BUZOGANY, ILDIKO ILONA MEZEI, VIORICA VARGA

Abstract. In this paper we guarantee the solution for two-variable

variational-hemivariational inequalities and we give some applications.

1. Introduction

The aim of this paper is to establish a two-variable result concerning the
hemivariational inequalities. These inequalities appear as a generalisation of varia-
tional inequalitis, but they are more general than these ones, having applications in
several branches of mathematics, mechanics, economy engineering.

The paper is organized as follows. In the Section 2 we formulate the prob-
lem and give some notions and results which will be used later. In Section 3 we
establish the main results of this paper, i.e. we guarantee solution for hemivaria-
tional inequality. Finally in Section 4 we give some applications. More preciselly,
we obtain a Brouwer’s type variational inequality, the Schauder fixed point theorem
(and Brouwer fixed point theorem), a hemivariational inequality of Panagiotopoulos-

Fundo-Radulescu type, and a result concerning the Nash equilibrium theory.

2. Preliminaries

Let X be a Banach space, X* its dual. We consider the following hypotheses:

(Hr) T : X — LP(2,R¥) is a linear, continuous operator, where p € [1, 00),
k> 1 and Q is a bounded open set in RY.

(H;) j : @xRF — Ris a Carathéodory function which is locally Lipschitz with
respect to the second variable and there exist hy € Lﬁ(Q,R) and he € L>®(Q,R)
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such that

lw| < hy(x) + ha(z)|y|P~"

for a.e. x € Q, every y € R¥ and w € 9j(z,y), where 9j(z, y) is the Clarke generalized

gradient of j, see [4], i.e. 9j(x,y) = {w € R* : (w,z) < Jy(x,y; 2), forall z € Rk}

where jg(x, y; z) is the partial Clarke derivative of the locally Lipschitz mapping j(z, -)

at the point y € R* with respect to the direction z € R*, where z € Q, that is
J(@,y +tz) — j(z,y')

jg(x, y,z) = limsup ,/_,, .
t—0+ t

Let K beasubset of X, A: K x K ~ X*, G: K x X ~ R two set-valued
mappings with nonempty values. Under hypotheses (Hr) and (H;) the main problem
of this paper is the following

(P) Find u € K such that, for every v € K

o(A(u,u),v —u) + G(u,v —u) + /ng(x,Tu(x),TU(x) — Tu(x))dr C Ry

Here o(A(w,u),v —u) = sup {(x*,v —u). The (P) is equivalent with
z*€A(w,u)
(P’) Find w € K such that, for every v € K

o(A(u, w),v —u) + infG(u,v — u) + Ajg(m,Tu(m)7Tv($) — Tu(x))dz > 0.

The euclidean norm in R* and the duality pairing between the Banach space
and its dual will be denoted by |- |, resp. (-,-).

In order to state existence results for (P), we need some notions and prelim-
inary results.

Definition 2.1. Let K be convexz.

(i) A set-valued mapping F : K ~~ X* is said to be upper demicontinuous at
2o € K (udc at xg € K) if for any h € X, the real-valued function x — o(F(x),h) =

sup (z*, h) is upper semicontinuous at xo. F is upper demicontinuous on K (udc

a;ne;:((j)if it is udc in every x € K.

(il) F : K ~» X* is said to be upper demicontinuous from the line segments
in K if the application t — o(F(tx + (1 — t)y), h) is upper semicontinuous on the
interval [0,1], Vz,y € K, h € X.
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(iii) F : K — X* is said to be w*-demicontinuous in ug if for any sequence
{un} C K converging to ug (in the strong topology), the image sequence {F(uy)}
converges to F(ug) in the weak*-topology in X*.

Remark 2.1. (i) If F(x) = {F(z)}, that is, if F is a single valued map, then
F is udc at ug € K if and only if the operator F' : K — X* is w*-demicontinuous at
ug € K.

(ii) If F(z) = {F(x)} is hemicontinuous, (see for example [8]), then F is udc
from the line segments in K.

The h +— o(F(x),h) is a lower semicontinuous sublinear function.

Lemma 2.1. [11, Lemma 2.2] Let F : K ~~ X* be an udc set-valued map with
bounded values, i.e. sup ||z*|| < oo, Vo € K. Then the function u — o(F(u),v—u)
1S upper semicantimjo;:,(x)v ve K.

Now, we recall some notions from [1]. Let Y, Z be two metric spaces and a
set-valued map (with nonempty values) F': Y ~ Z.

Definition 2.2. F' is called lower semicontinuous at y € Y (Isc at y) if and
only if for any z € F(y) and for any sequence {y,}, converging to y, there exists a
sequence {z,}, zn € F(yn) converging to z.

It is said to be lower semicontinuous (Isc) if it is Isc at every point y € Y.

Let us consider a function f : Graph(F) — R. We define the marginal func-
tiong: Y — RU{+oo} by g(y) = sup,ep(,) f(y, 2). We have the Maximum Theorem,
see [1, Theorem 1.4.16, p.48].

Lemma 2.2. If f and F are lower semicontinuous on Y, then the marginal
function is also lower semicontinuous.

Definition 2.3. Let K be a convex subset of X and let Z be a topological
vector space. The set-valued map F : K ~» Z (with nonempty values) is convex if and
only if VY x1,20€ K, YA€ [0,1]: AF(z1)+ (1 — XN)F(z2) C F(Az1 + (1 — N)z2).

Remark 2.2. F': K ~ Z is convex if and only if V x; € K, V A; > 0 such
that > | A\, = 1,n € N*, we have Y | \iF(2;) C F (Y1, Nixy) .

Definition 2.4. The mapping F : K C X ~» X* is monotone if (f; — fo,u—
v) >0, Yu,v € K, Vfi € F(u), f2 € F(v).
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Lemma 2.3.([12, Lemma 1.]) If T and j satisfy the (Hr) and (H;) respec-
tively and Vi, Vo are non-empty subsets of X, then the mapping defined by

(u,v) — /ng(x,Tu(w),Tv(x))dx, (u,v) € V1 x V3

1S upper semicontinuous.

Lemma 2.4. [7] Let X be a Hausdorff topological vector space, K a subset
of X and for each x € K, let S(x) be a closed subset of X, such that

(i) there exwists xo € K such that the set S(xg) is compact;

(ii) S is KKM-mapping, i.e. for each x1,xa,...,x, € K, co{x1,z9,...,2,} C
U, S(zi), where co stands for the convex hull operator.

Then (N S(z) # 0.

zeK
3. Main results on Existence of Solutions for (P)

We need some additional hypotheses to obtain solution for (P).
(Hg) (1) G(u,0) SRy, Vu e K;
(2) G(u,-) is convex, Yu € K;
(3) G(+,-) is Isc on K x X;
(4) G(u,-) is subhomogenous, i.e. tG(u,y) C G(u,ty), vVt € [0,1], u €
K, yeX.
(Ha) (1) A has bounded values, i.e. sup |z*| < o0, Vu,v € K;

)
z*€A(u,v)
(2) A(v,+): K ~ X* isudc on K, Yv € K
3)
(4)

)

(

(,u) : K ~ X* is udc from the line segments in K, Vu € K.
4) A(-

A
A
A(-,u) has the monotonicity property

o(A(v,u),v —u) > o(A(u,u),v —u),Vu,v € K.

The main result of this paper is the following

Theorem 3.1. Let K be a convex, closed subset of a Banach space X and
A KXK~ X* G: KxX R, T:X — LP(Q,RF) and j : O x R¥ — R satisfying
(Ha), (Hg), (Hr) and (H;) respectively. In addition, if

(Hcoer) there exists a compact subset Ky of K and ug € K such that

{o(A(u,u),up —u) + G(u,up — u) + /ng(x, Tu(z), Tug(x) — Tu(z))dz} NRE # 0,
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for allu e K\ Ko. Then (P) has at least a solution.
Proof. For w € K, let

Ty(w) ={u€ K : o(A(u,u),w —u) + inf G(u,w —u)+

+ /jg(:c,Tu(x),Tw(x) — Tu(x))dx > 0};
Q
Th(w) = {u € Ko : o(A(w,u),w — u) + inf Glu,w —u)+

+ /j;}(:c,Tu(x),Tw(z) — Tu(z))dz > 0}.
Q
Step 1. Ti(uo) € Ko, where ug is from (Heoer). Suppose that there exists

u € T (up) C K such that u ¢ K. from the definition of T (ug), we have that
o(A(u,u),ug — u) + inf G(u, up — u) + / 3%, Tu(z), Tug(z) — Tu(z))dz > 0.
Q
But this contradicts the (Heper ). Therefore Tj(ug) C K.

Step 2. We prove that T} : K ~» K is KKM-mapping, i.e.

Ywy, ..., wy € Kt co{wy, ...,wn} C U Ty (w;).
i=1

n
Contrary, we suppose that there exist Ay,..., A\, > 0, >  A; = 1 such that w =
i=1

ST w; € Ty (w;), for i = 1,n. Therefore

i=1

o(A(w,w),w; —w) + inf G(w,w; —w)+

+/ 3%z, Tw(x), —Tw;(z) — Tw(x))dr <0, i = 1,n.
Q
Let Z = {i = 1,n : \; # 0}. Multiplying the above inequalities by \; for ¢ € Z and
using the homogenity of T', we have

o (AW, W), \iw; — A\W) + A; inf G(w,w; — W)+

+ / (2, Tw(x), ~T(Asws) () — TOT)(2))da < 0,¥i € .
Q
Adding the above relations for i € 7 and using that h — o(A(w,w),h) and h —
§%(z, Tw(z), h) are subadditive, z — inf G(w, z) is convex for all w € K, T is additive
and (Hg)(1) we get
0 < oA, W), Y Aiw; — Y Nw) + »_ \iinf G(w, w; — W)+
= ieT ieT
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+/ (z, Tw(z ZT)\U% ZT/\w ))dz < 0,
Q

€L i€L
which is absurd. Therefore, T} is KKM-mapping.

Step 3. We prove that [ Ti(w) # 0. Here, T (w) is the closure of T} (w).
weK

Indeed, from Step 1, we have that Tj(u) C Kj. Since K is compact, T (ug) is also

compact. Using the Step 2 and applying Lemma 2.4., we obtain that (| Ty(w) # 0.

weK
weK weK
(a) Let v € () Ti(w) ie. o(Alu,u),w — u) + inf Glu,w — u) +
weK

J %@, Tu(z), Tw(x) — Tu(z))dx > 0, Yw € K. From (Hper), we have that u € K.
Q

From the (H4)(4), we can write that

o(A(w,u),w—u) +inf G(u,w—u)+ [ j°(z, Tu(z), Tw(z) — Tu(z))dr >0, Yw € K,

D

ile.ue () Ta(w).
weK
(b) Let w € [\ Te(w), ie. o(A(v,u),v — u) + inf G(u,v — u) +
weK
J %=, Tu(z), Tv(x) — Tu(z))dz > 0, Vv € K. Let v € K be an arbitrary element.
Q
Let vy = tv + (1 — t)u, t € [0,1]. Clearly, v; € K. We have
o(A(vg, u), vi—u)+inf G(umt—u)—i—/ 3%, Tu(z), Tvy(x)—Tu(z))dz > 0, Vt € [0, 1].
Q

From the linearity of T', we have that
o(A(ve, u), t(v —w)) + inf G(u, t(v —u))+

—|—/ 3%, Tu(z), t(Tv(x) — Tu(x)))dz > 0, Vt € [0,1].

Q

From the (H¢) (4) and from the fact that jg(az, Tu(z),-) is positive homogeneous, we
obtain

o(A(vg, u),v—u)+inf G(u,U—u)—|—/9jo(x,Tu(m),Tv(a:)—Tu(a:))dx >0, Vt € (0,1].

Using (H ) (3), we have that limsup o(A(vg, ), v —u) < o(A(u, u),v—u). Therefore,
t—0+

o(A(u,u),v —u) + inf G(u,v —u) + /Qjo(x, Tu(z), Tv(x) — Tu(z))dx > 0.

Since v € K was arbitrary, u is a solution for (P). O

Step 5. DKTl(w) = QKTg(w).
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Clearly, (| Ta(w) € () Ti(w) from Step 4. Conversely, let v € () Ti(w).
weK weK weK

We prove that v € (] Tz(w). Since Ti(ug) C Ko, we have that () Ti(w) C K.
weK weK

Therefore, v € Ko N T (w), Yw € K.

Now, let u € K be a fixed element. Since v € T3(u), there exists a sequence

{vn} from T (u) such that v, — v. Since v,, € T1(u), we have

o(A(Vn, o), u — vy) + inf G(vp,u —vy,) + /Qjo(x,Tvn(x),Tu(x) — Ty, (x))dx > 0.
From (H 4)(4), we have

o(A(u,vy),u — vy) +inf G(vg,u—vy) + /Qjo(m,Tvn(x),Tu(:U) —Tv,(z))dz > 0.

From (H4)(1) and (2), applying Lemma 2.1 we obtain that v — o(A(u,v),u — v) is

usc, therefore

limsup o(A(u, v,),u —vy,) < o(A(u,v),u — v).

n—oo

From Lemma 2.2 (with FF = G, Y := K x X, Z =R, f((y1,92),2) = —z, where
z € G(y1,y2)) and (Hg)(3) we have that v — inf G(v,u — v) is usc, therefore
lim_)supinf G(vp,u — vp) < inf G(v,u — v).
Using the Lemma 2.3 we get the following inequality
lim_}sup/ﬂjo(a:,Tvn(:v)7Tu(33) —Tv,(z))dx < /Qjo(x,Tv(x),Tu(x) — Tv(z))dz.

Summarizing the above relations, we get

o(A(u,v),u —v) + inf G(v,u —v)+

+/ 3°(z, Tv(z), Tu(z) — Tv(z))dz > 0,
Q

i.e. v € To(u). Since u was arbitrary, we have that v € () Ta(u).
ueK
Step 6. From Steps 3, 4 and 5, we have that (| Ti(w) # @, which means
weK

that v is a solution for (P).0]
Remark 3.1 If K is compact in the above theorem, the hypothesis (Heoer)

can be omitted.
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4. Applications

As a first application, we can deduce easily the Schauder fixed point theorem
from Theorem 3.1. on Banach spaces. For the completeness, we give the proof.

Corollary 4.1 Let K be a compact, convex subset of a Banach space X and
f: K — K be a continuous function. Then f has a fixed point.

Proof. Let A=0,j=0,T=0and G: K x X ~ R defined by G(u,v) =
[+ v — F@)l = Ju— F@)]],00).

We verify (Hg). Clearly, G(u,0) = [0,00) = Ry and v ~» G(u,v) is convex,
Vv € K. Since f is continuous, the function (u,z) — ||ju+ 2 — f(u)|| — ||lu — f(u)| is
continuous also. Therefore, it’s easy to prove that (u,x) ~ G(u,x) is Isc on K x X.
The subhomogeneity of G(u,-) for t = 0 and ¢ = 1 is trivial. Otherwise, this follows
from the triangle inequality. Therefore, from Theorem 3.1 it follows that there exists

ug € K such that
[llv = fuo)ll = fluo — f(uo)ll, 00) = G(uo,v —uo) SRy, Vv e K.

In particular, we have ||[v — f(uo)| — ||luo — f(uo)|]] > 0, Vv € K. Let
v = f(ug). We have —|jug — f(ug)|| > 0, i.e. up = f(up). O

Corollary 4.2 (Brouwer fixed point theorem) Let f : K — K be a continuous
function, K being a compact, convex subset of R™. Then f has a fized point.

Corollary 4.3 [12, Theorem 1.] Let K be a compact and convez subset of a
Banach space X and j and T satisfying (H;) and (Hr) respectively. If the operator

A: K — X* is w*-demicontinuous, then there exists u € K such that
(PPFR) (Au,v — u) + / jg(gc, Tu(z), Tv(x) — Tu(z))dx > 0, Vv € K.
Q

Proof. Let A: K x K ~» X* defined by A(v,u) = {A(u)}, Yu,v € K and
G = 0. Let v € K be fixed. From Remark 2.1, A(v,-) is udc on K (with bounded
values). Therefore, (H 4) holds. Since o(A(u,u),v —u) = (Au,v — u), the assertion
follows easily from Theorem 3.1. O

The following result is of Browder’s type, see [2].

Corollary 4.4 Let K be a convex, closed subset of a Banach space, A :
K x K ~ X* be an operator satisfying (H4). Suppose that there exists a compact
subset Ko C K and ug € K such that o(A(u,u),up —u) < 0, Yu € K \ Ko. Then
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there exists u € K such that
o(A(u,u),v —u) >0, Vv € K.

Proof. We apply Theorem 3.1 for G=0, j=0and T =0. O
Remark 4.1 Similar results were obtained by Y-Q. Chen in [3] and by A.
M. Croicu and I. Kolumbén in [5].

Finally let X; and X» two Banach spaces, K1 C X1, Ko C X5 two nonempty
closed, convex sets. Let F; : K x Ky — X, ¢ = 1,2 two operators. Our aim is to
give existence result for the following problem:

Find (u1,us) € K7 x K5 such that

(NP) <F1(U1,’LL2),.’E—U1>ZO, VaceKl

<F2(u1,u2),y - u2> >0, Yy € K.

The above problem is originated from the Nash equilibrium points, see [10]
and [9].

Theorem 4.1 Suppose that

(i) for every x; € K;, i = 1,2 the mappings Fi(-,z2) : K1 — Xf and
Fy(xq,-) : Ko — X5 are monotones and udc on the line segments in K7 respective Ko
(in particular hemicontinuous);

(i) for every z; € K;, i = 1,2 the mappings Fi(-,z2) : K1 — X7 and
Fy(xq,-) : Ko — X5 are w*-demicontinuous;

(iii) there exist K? C K;, i = 1,2 compact sets and ¥ € K? such that for

every (z1,72) € (K1 X K3) \ (K) x K9)
(Fy(z1,72),2) — 1) + (Fa(21,22), 75 — 12) < 0.

Then (NP) has at least a solution.

Proof. First let j =0, G =0 and T = 0 in Theorem 3.1. Moreover, let
X :=X; x X9, K:=K; x Ky and A: K x K ~ X* be a single-valued map, defined
by

.A((Q?,y), (ZJ)) = (Fl(xvt)>F2(zvy))’ V(l‘,y), (th) € K.
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Clearly, A satisfies (H4). Let Ko := Ky x KJ and vy = (29,29) € Ko. The
Ky and wg satisfy the (Heper) condition from Theorem 3.1. Therefore, there exists

u = (ug,us) € K such that (A(u,u),w —u) >0, Vw € K. This is equivalent with
<F1(u1,uz),w1 — U1> + <F2(U1,U2),w2 — U2> > 07 Vw,» S Ki, 1= ﬁ

Substituting wy := wy and w; := wu; respectively, we obtain that u =
(u1,u2) € K is a solution for (NP). O

Remark 4.2 If K; and K, are compact sets, the hypothesis (ii7) from the
above theorem can be omitted.

Remark 4.3 From the above theorem we obtain also the Brouwer fixed point
theorem (see Corollary 4.2) choosing K = K7 = Ko , Fi(u1,u2) = —f(u1) + ue and
Fy(uy, uz) = ug — ug.
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