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ON NEARLY-COSYMPLECTIC HYPERSURFACES IN
NEARLY-KAHLERIAN MANIFOLDS

M. BANARU

Abstract. It is proved that the type number of a nearly-cosymplectic
hypersurface in a nearly-Kahlerian manifold is at most one. It is also
proved that such a hypersurface is minimal if and only if it is totally

geodesic.

1. Introduction

The theory of almost contact metric structures occupies one of the leading
places in modern differential-geometrical researches. It is due to a number of its
applications in modern mathematical physics (e.g. in classical mechanics [1] and in
theory of geometrical quantization [10]) and to the riches of the internal contents of
the theory as well, and also to its close connection with other sections of geometry.

One of the most important examples of almost contact metric structures, wich
appreciably determines their role in differential geometry, is the structure induced on
an oriented hypersurface in an almost Hermitian manifold. Well known scientists
such as D.E. Blair, S. Goldberg, V.F. Kirichenko, S. Sasaki, S. Tanno were engaged
in studying almost contact metric hypersurfaces in almost Hermitian manifolds.

In the present note, nearly-cosymplectic hypersurfaces in nearly-Kéahlerian
manifolds are considered. We can mention that the class of nearly-K&hlerian manifolds
is one of the most important classes of almost Hermitian manifolds [9]. A great
number of significant works is devoted to its studying. For not going in details of
such an extensive subject, we remark only, that the six-dimensional sphere with a
nearly-Kéhlerian structure is considered in [7], [8], [11], [15] etc.
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The present work is a continuation of researches of the author, who studied
cosymplectic hypersurfaces in six-dimensional submanifolds of Cayley algebra before

(see [3], [4]).

2. Preliminaries

We consider an almost Hermitian (AH) manifold, i.e. a 2n-dimensional man-
ifold M>" with a Riemannian metric g = (-,-) and an almost complex structure .J.

Moreover, the following condition must hold
(JX,JY)=(X,Y), X,Y eX(M?"),

where R(M?") is the module of smooth vector fields on M?". All considered manifolds,
tensor fields and similar objects are assumed to be of the class C*°. We recall that the

fundamental (or Kéhlerian [14]) form of an almost Hermitian manifold is determined

by

F(X,Y)=(X,JY), X,Y eRr(M").

Let (M?",J,g = (-,-)) be an arbitrary almost Hermitian manifold. We fix a
point p € M?". As T,(M?") we denote the tangent space at the point p, {J,, g, =
(-,-)} is the almost Hermitian structure at the point p induced by the structure {.J, g =
(,-)}. The frames adapted to the structure (or A-frames) look as follows [2]

(p’€17"'7€n75/i)"'7€ﬁ)7

where ¢, are the eigenvectors corresponded to the eigenvalue i = /—1, and e5 are
the eigenvectors corresponded to the eigenvalue —i, e5 = ;. Here the indice a ranges
from 1 to n, and we state @ = a + n.

The matrix of the operator of the almost complex structure written in an

A-frame looks as follows:

where I, is the identity matrix; k,7 = 1,...,2n. By direct computing, it is easy to
obtain that the matrixes of the metric g and of the fundamental form F' in an A-frame
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look as follows, respectively:

o |1, 0 \ i,
(grj) = , (Fiy) =
L |0 il \ 0

As it is well-known [9], an almost Hermitian manifold is called nearly-

Kéhlerian (NK), if
Vx(J)Y +Vy()X =0, X,Y € R(M?"),
where V is the Levi-Civita connection of the metric.

Let N be an oriented hypersurface in an almost Hermitian manifold M?",
and let o be the second fundamental form of the immersion of N into M?". As it is
well-known [16], the almost Hermitian structure on M?" induces an almost contact
metric structure on N. We recall [16], that an almost contact metric structure on an
odd-dimensional manifold N is defined by the system {®,&,n, g} of tensor fields on

this manifold, where £ is a vector, 1 is a covector, ® is a tensor of the type (1,1) and

g is a Riemannian metric on N such that
n€) =1, € =0, no®=0, ®=—id+{®,

(@X, 0Y) = (X,Y) —n(X)n(Y), XY e R(N).

The almost contact metric structure is called nearly-cosymplectic, if
Vx(@)Y +Vy(®)X =0, Vx(nY +Vy(n)X =0, X, Y eR(N).

At the end of this section, note that when we give a Riemannian manifold
and its submanifold, the rank of the determined second fundamental form is called

the type number (see, for example, [12]).

3. Three theorems
Now, we can state the main results of this work.

THEOREM A. The type number of a nearly-cosymplectic hypersurface in

a nearly-Kdahlerian manifold is at most one.

Proof.
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Let N be an oriented hypersurface in a nearly-Kéhlerian manifold M?2". We
use the first group of Cartan structural equations of an almost contact metric structure

induced on a hypersurface in an almost Hermitian manifold [16]:

dw® = wj A w? + B WY Awg + B*PTwg Aw, + (\@Bo‘"ﬁ + iag) WP A wt

~ 1 1
+ (ﬁB”QB — \—@BQ'B” - EBaﬁn + ioo"@> wg A w,

dwy = —w’g ANwg + BagTwy A Wi+ Bag,ywﬁ ANw? + (ﬁBanﬁ — iag) wg N\ w+
7Balgn - iaa5> WP N w, (1)

+ _\/iéna - 7Ba n
( R
dw = \/ﬁBnaﬁwo‘ AwP? + V2B By, A wg+

1 1

+ (\@B"aﬂ — \@Bnﬁa — 2@'023‘) WP A wa+
+ (Engn + Bng" + ianﬁ) wA W’ + (E"ﬁ” + B", — iaﬁ) w A wg,

where

mabe _ i a n _ i a .

B - _it]’l;)@ Babc - §Jb,cv

Babc = _Ea[bc], Bape = _Ea[bc];
a i a c i a

B bC = —5 B,C’ Bab == 5‘]17,6'
Here and further, the indices a,b, ¢ range from 1 to n and the indices «, 3, range
fromlton—1;a=a+n. {B“bc}7 {Babc} and {B“bc}, {Bap°} are the components
of Kirichenko virtual (KV') and Kirichenko structural (K.S) tensors, respectively [5].

Taking into account that an almost Hermitian structure is nearly-Kéahlerian
if and only if [6]
B+ B* =0, Bape+ Baey =0, B.=0, Bap® =0,

we can rewrite the Cartan structural equations (1) in the following form:

dw® = wg A w? + BV wg Aw, + iagwﬁ A w+

~ 1
+ (—\/iBmﬁ — —B*" 4 ia(w> wp A w,
V2
dwy = fwg Awg + Baﬁvwﬁ ANw? — iaﬂwg A w+

«

~ 1
+ (_\/iBnaﬁ — EBQI@*” — iaa6> WA w, (2)

dw = \/§Bna5wo‘ AW + V2B By, A wg—
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—Qiagwﬁ Nwq + (Bngn + ich) wAW + (B”ﬁ" — iaﬁ) w A wg.

Compareing (2) with the Cartan structural equations of a nearly-cosymplectic struc-

ture [16]:
dw® = w§ AW’ + D¥Vwg A w,, + Dwp Aw,
dwe, = —wg ANwg + Daﬁvwﬁ Aw? + Daﬁwﬁ Aw, (3)
2 2
dw = — = Dapw® AwP — ZD*Fuy Awp,
3 3
where
apy — f a = _f o
DY = 2<I>[[§ﬁ]’ Dapy = Qq)[ﬁ,v]’
3 3. 5a
aff __ —_ P = ——1P%
D™ =5195, Das=—51%m

we get the conditions, whose simultaneous fulfilment is a criterion for the structure
on N to be nearly-cosymplectic:

< 2
1) BT = D7 2) — \%B"aﬁ +i0%® = —DB 3) \2B"f = -3

4)05 =0, 5) 00 =0 (4)

D7,

and the formulae, obtained by complex conjugation (no need to write them down
explicitly).
From (4)3 we have

3
D = - —_pneb,
V2

We substitute this value in (4)s:
3

~ 3
——=B" 4 jg*F = —_pBnoP,

2 V2

Since

Bnaﬁ _ _En[oeﬂ] _ _1 (Enaﬁ _ énﬁa) _ _Enoeﬁ
2 b

we obtain 0,5 = 0. That is why we can rewrite the conditions (4) as follows:

1) By — Daﬁ’y’ 2) pras _gl)aﬁ7 3) o8 — 0,

We have that the conditions
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are necessary for the structure, induced on an oriented hypersurface in a nearly-
Kéhlerian manifold M?", to be nearly-cosymplectic. So, the matrix of the second
fundamental form of the immersion of a nearly-cosymplectic hypersurface into a

nearly-Kéahlerian manifold looks as follows:

0
0 : 0
0
(0ps) =1 0...0 | 6pp | 0...0 |, pPs=1,...,2n—1 (6)
0
0 : 0
0

As it is evident, rank o < 1, i.e. the type number of the hypersurface is at most one,
Q.E.D.

()

Considering the matrix of the second fundamental form of the immersion of

N into M?™, we come to another result.

THEOREM B. A nearly cosymplectic hypersurface N in a nearly-Kdhlerian

manifold M>" is minimal if and only if

a(&,§) = 0.

Proof.

Let us use a criterion of minimality for an arbitrary hypersurface [13]

g0, =0, p,s=1,...,2n—1.

Knowing how the matrix of the contravariant metric tensor looks [16]
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0
0 1,
0
(9*)=1 0...0 1 0...0 |,
0
1, 0
0

we have
gpso.ps = gaﬂaaﬁ + gaﬂaaﬁ + gaﬁaaﬁ + gaﬂaa/@\ + gomo-om + ganaan + gnnonn = Onn-

Therefore gP°c,s = 0 < 0,, = 0. The equality o, = 0 means that ¢(£,§) = 0,
Q.E.D.
o

THEOREM C. If N is a nearly-cosymplectic hypersurface in a nearly-
Kihlerian manifold M>™ and t is its type number, then the following statements are
equivalent:

1) N is a minimal hypersurface in M?",

2) N is a totally geodesic hypersurface in M>",

3)t=0.

Proof.
If a nearly-cosymplectic hypersurface is minimal, then in view of THEO-
REM B 0,, = 0(£,£) = 0, and consequently the matrix (6) vanishes. This indicates
that the hypersurface is totally geodesic. It is evident that type number vanishes at
its every point.
Conversely, if t = 0, then the matrix of the second fundamental form vanishes,
i.e. the hypersurface is totally geodesic. As o, = 0, N is a minimal hypersurface in
M?",
u
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4. Some additional results

Taking into account that the class of nearly-Kéahlerian manifolds contains all
Kéhlerian manifolds [9] as well as the class of nearly-cosymplectic manifolds contains
all cosymplectic manifolds [16], by force of THEOREM A we come to the following

results:

Corollary 1A. The type number of a nearly-cosymplectic hypersurface in a

Kéahlerian manifold is at most one.

Corollary 2A. The type number of a cosymplectic hypersurface in a nearly-

Kéahlerian manifold is at most one.

Corollary 3A. The type number of a cosymplectic hypersurface in a

Kéahlerian manifold is at most one.
Similarly, by force of THEOREM B and THEOREM C we have:

Corollary 1B (2B, 3B). A nearly-cosymplectic (cosymplectic, cosymplec-
tic) hypersurface in a K&hlerian (nearly-Kéhlerian, Kéhlerian) manifold is minimal if

and only if o(£,€) = 0.

Corollary 1C (2C, 3C). If N is a nearly-cosymplectic (cosymplectic,
cosymplectic) hypersurface in a Kéhlerian (nearly-Kéhlerian, Kéahlerian) manifold
M?™ and t is its type number, then the following statements are equivalent:

1) N is a minimal hypersurface in M?",

2) N is a totally geodesic hypersurface in M?",

3)t=0.
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