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QUANTITATIVE ESTIMATES FOR SOME LINEAR AND POSITIVE
OPERATORS

ZOLTAN FINTA

Abstract. The purpose of this paper is to establish quantitative estimates
for the rate of convergence of some linear and positive operators. The most

of them are generated by special functions.

1. Introduction

For the Bernstein operator
Balh) =Y [ ")t —artr (B), recn, o= viioo
n(f,x) = By x x ~ ) ], e(z) = Ve T

k=0

it is well - known that there exists an absolute constant C' > 0 such that
n

1B.(5) = £l < C o (f\/g ) @

(see [2, p. 308, Theorem 3.2] and [3, p. 117, Theorem 9.3.2], respectively). Here

Bu(f.2) — f(@)] < Cuw (f, “‘”) ze01] 1)

and

wa(f,0) = sup sup  |f(z+h) —2f(x) + f(x — h)|

0<h<d z,x2+he(0,1]

is the usual second moduli of smoothness and

w3 (f,0) = sup sup —|f(z + he(x)) = 2f(z) + f(z = he())],
0<h<d zthe(z)€[0,1]
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o(x) = /x(1 —z), z € [0, 1] is the second modulus of smoothness of Ditzian - Totik.
Furthermore, we shall use the first and second moduli of smoothness of a function
g : I — R as defined by

wi(g,0) = sup  sup |g(xz+ h)— g(x)],
0<h<é z,x+hel

wz(g,6) = sup  sup |[g(z+h)—29(z) +g(z - h)],
0<h<$ z,xthel

and the following Ditzian - Totik type moduluses of smoothness:

)

wi(g,0) = sup sup ‘ g (m + hw(x)) —9 (93 - hw(w)>

0<h<8 zthe(x)€[0,1] 2 2

g€ C[O’ 1]a§0($) = :C(l - iL’),

w$(9,8)0c = sup sup l9(x + ho(x)) — 29(x) + g(x — hp(x))],
0<h<d zthep(xz)e[0,00)

ge CB[O»OO)W(UC) = \/57

where Cp[0, 00) denotes the set of all bounded and continuous functions on [0, co).
The aim of this paper is to establish pointwise and global uniform quantitative

estimates for some linear and positive operators using the above mentioned moduluses

of smoothness, obtaining estimates similar to (1) and (2). These operators are the

following:

1. Stancu’s operator [9]:

S:(0) = S waste.)f (). 7 COAL a0
k=0
and

15 (@ +ia) [T2E" (12 + ja)
k 1= (1+7a)

3

Wp (2, ) =

2. Lupas’ operator [5]:

>, 1 ! nx—1 n(l—z)—1
Bu(f,x) = )~/O (1 1) FO A, ze 1)

B(nz,n —nx
and B, (f,0) = f(0), Ba(f,1) = f(1);
3. Mihesan’s operators [7):
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a) if 9 Fy(a,b, ¢, z) is the hypergeometric function and in the integral form

1 1
. tafl 1 _ c—a—1 1 _ —b
e /O (1= == (1 — )" dt,

a,bc,z€R, |z <1, ¢£0,—-1,-2,...and ¢>a >0 then

i k,b, k
F* fa Z 2L 2F1+(x b 1+n ’Z) 'wn;k(x’a)'f(>a

=0 ’oc’) n

fecCo,1], x€0,1], a>0, b>0, 0<2z<1;

2F1(a7b7 C,Z) =

b) if 1 Fi(a,c, 2) is the confluent hypergeometric function of the first kind
and in the integral form

1 1
—_ . tafl 1—1¢ c—a—1_zt dt
B(a,c—a) /0 ( ) ¢ ’

a,c,z€R, c#0,-1,—-2,...and ¢>a >0 then

1F1(a’5 ¢, Z)

1 x 11—z
* o N N (t) at
f”(f’x)zz - 1 ,z_4 1=z _ 9 ¢ ’
o \ k Jo te Tt (1 —t)= lert dt
fecip,l], z€[0,1, a>0, z>0;
<)
e = (na) mc—l—l) (nx+k-1)
L* — na . )
nlfs) kZ:O (na+1)...(na+k—1)

k
- 1F1(na — nx,na+ k,na) - f () ,
n

feCl0,00), z€]0,al;
)

i b\ S b(b+1) . (b+E—1)
Ln(fﬂ‘r) - ( c ) I;) c(c—|—1)...(C+l{1—1)

nx(nx+1)..]€.!(nx+k_1) . (bic)k.

b k
.2F1(nx+k,c bC+k’b+ ) f(n>,

f€C|0,00), 2 €[0,0) 0<b<e.
4. Furthermore, we define a generalization of Goodmann and Sharma’s oper-

ator as follows:

Up (fi2) = fF0)wpo(z, @) + f(1)wpn(z, )+
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n—1

+Z wn}k(x,a)/o (n—1)

k=1
fecio], a>o0.

n—2

k—1

A e (R

Remark 1. a) For b = ¢ we obtain

Lo(foz) = 277 Z nm(nm+1)2.l;.]<(:;1x+k—l) f(k>

k=0

n

This operator was introduced by Lupasg in [6].
b) Here we mention that throughout this paper C' denotes absolute constant and not

necessarily the same at each occurrence.

2. Theorems

Before we state our results let us observe that the operators introduced in 1),
2), 3a), 3b) and 4) are generated by special functions. Indeed, if B, : C[0,1] — C]0,1],

Jo BTN f() dt

JytEt -t tdt

Ba(f,l‘) =

g, C[0,1] — C[0,1],

L E 1 =) - 2t) b f(t) dt

0
Sy tETN (=)= T (L - 2t) 7 dt

and F&:C[0,1] — C[0, 1],

Fy (f,x) =

Jo N1 - 0T et () de
11—z

Jy 51— et dt

Fo(fx) =

then, in view of [9, Theorem 3.1] and [7, Propozitia 2.18 and Propozitia 2.19] we have

Sy (f, @) = Ba(Bu(f), 2); (3)
Un (f,2) = Ba(Un(f), ), (4)
where
Un(fi2) = f(0)(1 —2)" + f(1)2"+
n1 ) g . . o
+k§::1 aF(1 - z) /0 (n—1) . 11— 1) F(t) dt,
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feClo,1], isthe Goodman - Sharma’s operator [8];

Bn(fvx) :B%(f,l'); (5)
Fo(f,x) = Fy.(Bu(f), @) (6)

and
Falf,x) = F2(Bulf), 2). (7)

Furthermore, let us consider the following notations

_ 1—x) _ ax(l —x)
1 — )~ +1) wd-2) 1)+ A )
(1-2) 7o T2 T a

2 (1—2)~+D. (1 —(1— 2)2“’“)) 22

1
B(TL,m,Oé,b,Z) - ﬁ
+

€[0,1],a>0,6>0,0<2<1;

z(1—x) ax(l —x)

1
V(H’x’a’z):ﬁez' 1+a +et 1+a +2¢€* (1—e %) a?,
re[0,1,a>0,2>0;
1 1 1 o
! b — (1)) = )
Fin,ob2) 4n( 2 1+a+4( 2 1—|—o¢Jr
+2(1—z) 0D (1 (- 2)2(b+1)7)
a>0,0>0,0<z2<1and
1 1 1
Y(n,oz)=-—e€ ——+ =€ - 7+26(1—€_2Z)a

in l1+a 4 14+«
a >0, z > 0, respectively.
The next theorem contains the local approximation results for the above

mentioned operators:

Theorem 1. For all f € C[0,1] we have

a) 12(f.2) = f@) < Cwn (£, /oS a(l-2) ), =01
b) US(f,2) — f(2)] < Cw <f\/ (2 + )3&) v e [0,1]
) 1B, = ) < (£ ) w1

a) 1F;(f.2) = f@)] £ Con (£ VB z0b,2) ), 20,1
&) \Falf,2) — f@) < Cwi (fVAna2) ), weo1]

For all f € C[0,00) we have

IN

IN
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F) L (f,2) = f (@)
9) [Lu(f,2) = f(2)|

IN

ng(f, ‘””—i—ﬁii??), x € [0, al;

nz?(c [
CwQ(fa\/ +#)7 J?E[0,00).

IN

With the notations | f|| = sup {|f(x)| : « € [0,1]} for f € C[0,1] and
1flloc = sup {|f(z)

be included in the following theorem:

:x >0} for f € Cp[0,00), the global approximation results can

Theorem 2. For all f € C[0,1] and ¢(x) = \/z(1 — z) we have

a) I15300) — £l < € wf (1[5 )

b) US(f) ~ fll < Cuwf QW)
¢) |Bu(f) - fll {w2 (f [)wg (f,\/:)}

d) |E;(f) = fI < Cwf (f./Fmab7) ),
o) IF:(f) = fll < Cwf (£ 3/ (maz) ).

For all f € Cgl0,00) and ¢(z) = /T we have

IN

D L) = floe < Cwf (£,3/1)  whenb=c.

3. Proofs

Proof of Theorem 1. The statements a), b), ¢) can be proved with the same method,
therefore we shall give the proof for b). In fact a) was proved in [4, Lemma 4], when
0<a(n)-n<1(n=12,...), obtaining the estimate (1) for Sg.

At first, let us observe that U preserves the linear functions. Indeed, by (4),
[8, (2.2)] and definition of B, we get

Uf(u—x,2) = B (Un(u—2x,t),x)

= Ba (Un((u—1)+(t—2),1),2)
Bz )
BED

a’ o

= B,(t—z,z)= —xz=0. (8)
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Moreover, by (4) and [8, (2.2) - (2.3)] we obtain

U2 (u—=)?2) = Ba(Un((u—12)21),2)
= By (Un((u—t)>+2(u—t)(t —z)+ (t — ) t),)
= Ba(Un(u—t t)+ (t— )% 2)
_ Ba(%?i . x)
B(g+1.55+1)  B(£+2°3%)
e Rt iy o=
(fi(;‘ll?los) +m2~§g’13 (nj—lJra)'x(llJr_j) (9)
Finally, by (4) and [8, (2.4)] we get
US(f.2)] < Ba(Ualf.t)],2)
< ULH] - Baliz) = U] < £
Thus
ol < 1. (10)
Now, let g € C2[0,1]. By Taylor’s formula we have
o) = gla) + (=) @)+ [ (w=0)g”(0) do (11)

Hence, by (8) we have

Un(g,2) —g(z) =US </; (u—v)g" (v) dv , x) .

ug (‘ / lu —v|-|g" (v)] dv ,x)

Then, by (9)

Un(g,2) — g()]

IN

IN

Hence, by (10)

2 z(l—=z
a )2 ol — .
Uz (w-0) 1"l = (2 +a) - 20

gl

U (fiz) = f(o)] < |UR(f —g,2) = (f —9) (@) + U7 (g, 2) — g(x)]

2 z(1—x)
21 =gl + (2 +a) - TS

IA

gl
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Thus

Uz (f, ) = f(2)]

IN

. 2 x(1—x) "
2 Hglf{|f 9||+<n+1+a> Tra 19"

12 00) 252

Using the equivalence between K (f,d) and wo(f,v/d ) (see [2, p. 177, Theorem 2.4])

we obtain that

U(f2) — f@)] € C (f’ﬂniﬁa) o) ) |

In view of [7, Lemma 2.22] and [7, (2.50)] we have that L* and L,, preserve

the linear functions and

. x  z(a—x)
Li((u—2)?2) = o + a1

and

Ly((u—2)? 2) = % y oz ;bb()cicl()b + e

respectively. Using the same idea as above, we get
lx  xz(a—x)
L* _ < B Sl
| n(fvx) f(.’E)| = Cw2<fa ’I’L+ na + 1 )

~ z  nxZ(c—b) +clb+ 1)z
L (f,2) = f(2)] < C ws <f7\/n+ nb(c + 1) )

Thus we have proved the f) and g) statements.

and

For d) and e) we use the standard method:
[f(u) = f(@)] S wi(f,|u—2]) < (1 +6%(u—x)%) wi(f,d),
where u,z € [0,1] and § > 0. Hence
[Fa(f.2) = fl2)] < 14677 Fr((u—2)*2)] - wi(f,0) (12)

and

Falfom) = f(@)] < [14672 Fi((u— )% 2)] - wi(f,9), (13)
respectively. Therefore we have to estimate F*((u — x)%, 2) and F}((u — z)?, 7).
These estimates can be found by (6) and (7), if we determine an upper and lower
bound for Fy*, (f,x) and F2'(f,z), respectively.
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Let b > 0 and f > 0 on [0,1] ( for b = 0 we receive back the Stancu’s
operator using the definition of F¥ ). Then there exists a natural number m such
that m<b<m+1.From0<1—-2<1-2t<1(0<2z<1,0<¢t<1)we obtain
(1 —2t)m*Tt < (1 —2t)® < (1 — 2¢t)™. Hence

Jo it tﬁ“l(lf £~ f(t) d

Fl?jz(fv z) < fol -1 — t) (1—2t)~™ dt
O ET =) e (L — 2072 (1) dt
=) s (1) e
< (1- 2 Jo TN O)TE A AT () dE

f te=l(1 — )5 11 — 2t) el gt

Using (m — 1)— times the last inequality, we obtain

. e e I A O R
F < 1—
b,z(fax) = ( Z f tifl(l—t)lurfl dt
< (1— )+, Jo £ A dt (14)
- =
In similar way
z_1 12 1
o 1 )bt fo ta= (1 —t)= T f(t) dt. 15
R e = (15)
Analogously, from 1 < e** <e* (2>0,0<¢t<1)and f >0 on [0,1], we get
o . Jo —t)l_“lf( t) dt
. 16
=== (16)
and
o . hotra *t)k“lf( t) dt
Fo(f,x) = , 17
) 2 e Lt ()

respectively. Now, by (6), (14) and (15) we have
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(Bn((u—x)Q,t),a:)
= F, (Bn((u—t) +2u—t)(t—xz)+ (t—m)g,t),x)
(Bal(u— £2%,6) + (¢ - 2)2.)
= F, <t(1n_) +t2 — 2ut + 2? :v)
l (1 - z)f(bJrl) B( ':j gw) ) +(1— Z)f(bﬂ) .
B(5+1,2%)
B(%,%3 )

a’

Sy
|~

olrlRly —|RI8

IN

— 1=zt 2. +(1—2)" D 52,

W &

—_—

_ 1—1x) _ az(l —x)
1o -0ty 2d=2) 0 ey ez(l-2)
(1-2) 5o TA-2) 1T

1
n
F2 (1= 2) 0+, (1 —(1- Z)z(bﬂ)) 22

= B(n,z,a,b,z).
Hence, by (12) and choosing 62 = 3(n, z,a,b, z) we get for C = 2
‘F:(f,l’)*f(l’” S Cwl <fa vﬂ(ﬂ,I,O&,b,Z) ) .

Analogously, by (7), (16) and (17) we have

Fr ((u—x)27x) = FY (Bn((u—m)Q,t)7x)
(B

IN

S|

\
° |

I
[\~
8

Hence, by (13) and choosing 62 = y(n, z, a, z) we get for C' = 2

Falfia) = f@) < Con (fvA(m7a2) ),
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which completes the proof of the theorem.
Proof of Theorem 2. For the proof of a) see [1, Theorem A]. The proof of b) is a

standard one [3, Chapter 9]: using (11), (8), [3, p. 141, (9.6.1)] and (9), we obtain
for g € C?[0,1] :
o)

\Un(g,2) — g()]

IN

o (| [ B @l ao

2 1
< L 2//'
- <n+1+a) 1+ gl

Hence, by (10), we have

U (f, ) = f(2)]

IN

U (f = g:2) = (f = 9) (@) + U5 (g, 2) — g()]

2 1
2 o e L. 2//.
If g||+(n+1+oc> Ta lle=g"|l

IA

Using [3, p. 11, Theorem 2.1.1] we obtain

() - fll < Cwf (f,\/lja<njl+a)>.

For ¢) we can write:

1Bu(f) = £ < 1Bulf) = St (F)]l + 1195 (F) — £-

On the other hand, by (3), (5), (2) and a), we have
|B7l(f7 I) - S'E (f7 l’)| <

1
fol tnx—l(l _ t)n(l—x)—l dt

IN

1
/ [f(#) = Ba(fit)] - "1 (1 =)™ 797
0

IN

If = Ba(HIl < Cwf <f7 1)

n

and

1 2
o _ < ® .
I8E(f) = fl < € wf <f, n+1>
In conclusion

1Bu(f)— fIl < C {w;" (f\/D +wf (f» nL)}

For the proof of d) and e) we use

[f(u) = f(@)] Swi(f, |u—2]) < (14067 u—2)*) wi(f,0%),
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where u,x € [0,1] and § > 0. But, in view of [3, p. 25, Corollary 3.1.3] we have
wl(.f) 52) <C wf(fa 6)7
where ¢(z) = /z(l —z), x € [0,1]. So
[f(u) = f(z)] < C (146 *(u—2)*)f(f,0).
Hence
[Ex(fox) = fa)] £ C 1+ 67 Fi((u—=)* 2)] wi (f.9) (20)
and
\Fulfrz) = f(@)] < C [1+071F((u—a)*2)] wf(f,0). (21)
By (18), (19) and B(n,z,a,b,2) < ' (n,a,b,2), y(n,z,a,z) < v (n,a, z) for all z €
[0, 1], we obtain
F;((u - Z‘)2, Z‘) < ﬁ/(na a, ba Z)
and
Frllu=2)*2) < '(n,a,2).
In conclusion, by (20) and choosing 6* = 3'(n, a, b, z) we get for C' = 2 the assertion
d) of Theorem 2, and, by (21) and §* = /(n, a, ) we obtain for C = 2 the assertion
e) of Theorem 2.

For f) we use again the standard method [3, Chapter 9]: if g € Cp[0,0) is twice
differentiable such that ¢’, 2¢” € Cp[0,00) then, by [3, p. 141, (9.6.1)] and [7, (2.50)]

(] [ e o)

T v

= [(u—1x)? 2

Ln ( ——, ) - [l£°9" o0 = = - 679" [l so-
X n

Because L, (1,z) = 1 (see [7, (2.50)]) we get | Ln(f)lloo < | flloc, f € Cp[0,00). Thus

for b = ¢, we have

|Ln(g,2) — g(2)]

IN

IN

||I~/n(f) —fllo < ”I:n(f —9) = (f =9l + ”in(g) — 9lloo

2
21f = glloo + ~ 16°9" |l o-

IN

Hence

o0

82



QUANTITATIVE ESTIMATES FOR SOME LINEAR AND POSITIVE OPERATORS

(see [3, p. 11, Theorem 2.1.1] for the equivalence between K3 (f,%) and

wf (F4J5) -
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