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TWO INTEGRAL OPERATORS

DANIEL BREAZ, NICOLETA BREAZ

Abstract. The aim of this work is to prove the univalence criteria for

some integral operators.

1. Introduction

In this paper an equivalence criterion obtained by V. Pescar on integral op-
erators, see [5], is extended to the case of more S—class functions.
Theorem A [2]. If the function f (z) belongs to the class S then, for any

complex number 7, |y| < % the function

B )= /(f<>>

is in S.
Theorem B [3]. If the function f is regular in unit disc U, f (2) = z+a22%+...
and
1
1— 22 zf" (2) <1
(1= FF) ey | <

for all z € U, then the function f is univalent in U.
Theorem C [1]. Let o be a complex number, Rea > 0, and f(2) = z +
asz% + ... be a regular function in U. If
1_ |z|2 Rea

Rea

2f" ()
f(z)

for all z € U, then for any complex number 3, Re § > Re «,the function

Fy(2) = /ﬁ*f@ﬁ

0

is in the class S.
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Theorem D [6]. If the function g is regular in U and |g (2)| < 1 in U, then
for all £ € U and z € U the following inequalities hold

9 —9() | _|£=>= 1)
1-g(2)g ()| I1-%
and )
1—|g(2)|
9" (2)] < ——5—
1—|z]
the equalities hold in case g (z) = 612;%‘2 where |e| =1 and |u] < 1.

Remark E [7]. For z = 0, from inequality (1) we obtain for every £ € U

1-g(0)g(&)|
and, hence
€1+ 19 (0)]
g < ———=—
9= T o
Considering g (0) = a and £ = z, then
2| + |a
< Az
for all z € U.
Theorem F [5]. Let y € C, f € S, f(2) =2+ a22® + ... .
If
2f'(z) — [ (2)
— = 1 <1,VM)2zeU
O I
and
< :
- 2\ 1, . zltlas]
B [(1 ~ Il ) 12 1+|a2|-\z\}
then

P )= /<f<>)

Theorem G [5]. Let o, 3,7 € C,f €S, f(2) =2+ azz? +....

It
2f'(2) = f(2)
2f (2)
Rey > Red >0

<1,MzeU

and
1

vl <
1—|z|2Re? |z|+]az]
m [ Res— " 12l 1+|a2|~TZ|
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then

2. Main results

Theorem 1. Let o, € C, f, €S, fr (2) =z +ajz? +..,n € N*.

If
2fn (2) = fn (2)
—ns <1, V)neN*,(V)ze€U 2
e (V)n € N*, () )
laq| + |ae| + ... + |aw| <1 3)
|Oé1 st ... -Ozn|
< 1 (1)
A1 -0 ... " Op| S
112) 1. Lz
ma [ (1= af7) -1l - 5857k
where
o] = |a1a% + .+ ana§|
lag - g - g
then
H\ " W ()"
F(z):/(f1(>> (f ()) dte S
t t
0
Proof. We have f, € S,(V)n € N* and f"T(Z) #0,(V)ne N*.
For z = 0 we have (flT(z)> l(f"T(z)) T =1
Consider the function
1 F//
hz) = )
lag - ag s ap|  F'(2)
The function & (z) has the form:
1 2f1(2) — fi(2) 1 2fn (2) — fa (2)
h(z)= Qg +..t Qryy—2
(2) lag - ag - .. z2f1(2) lag - ag - o g z2fn (2)
We have:
1 1
h)= ——m— oyt + .+ —————— -, - Y
(0) lag - g - e a1-ap + +|a1~a20...~an n = @2
By using the relations (2) and (3) we obtain
|h(2)] <1
and

|a1-a§+...+an-a§" B

o - g -

7 (0)] = ]

15



where

then
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Applying Remark E for the function h we obtain

1 F" (z) 2| + |c|
. VzelU &
lon -z oo -] ‘F’(z) *1+|c\|z|( )z
F"(2) 2| + |c|
o[-0+ ]zttt (1) - 0

Let’s consider the function H : [0,1] — R

x + |c|
H(z) = (1—2? cx=|2|.
(x) ( x)o:1+|c|x,x |z]

1 3 14|

— ) ==- 0= H 0
(2) 5 a5 07 e A @) >
Using this result and the form (5) we have:

F// (Z)
2
_ C <

‘(1 12 ) TER)| S

<o -t ] - TR il

<loy-az: .. on| max [(1 || ) 2| T+ 1o 17 (V)zeU (6)
Applying the condition (4) in the form (6) we obtain:

F// (Z)
1— 2% |2 <1

and from Theorem B F € S.

Corollary 2. Let o, 3 € C, f,g € S, f (2) = z4az2?+...,9 (2) = z+by2?+...,.

If

2f'(z) = f(2)
2f (2)

zg' (2) —g(2)
zg(2)

<1,V)zeU

|as + Bba]
le| = ———
e%e]

R = [ (12)" (20) e
0

Proof. In Theorem 1, we consider n =2, f1 = f, fo =¢9,a1 = a,as = .
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Remark. If in Theorem 1, we consider n = 1, f; = f,a; = 7, we obtained
Theorem F.
Theorem 3. Let a,,,v,0 € C, f, €S, fn (2) = 2+ afz? + ...,n € N*.

If
/ —
) =G| ) e N (WzeU (7)
o | 4 Jaa| + ... + || <1 (8)
|Oé1 s (X9 ... ~Ozn|
Rey>Red >0
1
- Qg ..t O(n‘ S 17|Z|2Rc6 = 4el (9)
B [RE 1el-
where
o] = |a1a% + .+ ana§|
lag - g -
then
z Bl
(23} . t Qn
G(z) = v/ﬂ—l (flt(t)> (ft()) dt| €S
0
Proof. We consider the function
z t [e3) Y t Qn
o= [ (RO)" . (£00)
t t
0
(2) = 1 W' (z)
pie) = lag - g oo s ap| R (2)
1 ! (2) — 1 ' (2) - fn
- OO CACEIAC
lag - g - g zf1(z) lag - g - g z2fn (2)
By using the relations (7) and (8) we obtain
p(2)] <1
and
1 n
@105+ ... +ay,a
lp (0)| = | 2 d = |c|
|Oél s ..t an|
Applying Remark E for the function p we obtain
1 R’ (z) |2] + ||
. VizeU <
o on ol W) | Sk (VF
R R 4 ) 1—|o*F° |21 + Ie]
Lz < . g . . , \vd cU
Red : h(z) |~ - az ol Red 12 1+ 7] (v) 2
(10)

17



DANIEL BREAZ, NICOLETA BREAZ

Let's consider the function @ : [0,1] — R

1_x2Re5:1j x + ‘(12‘ .
Red 1+ |ag]x’

x=lz|.

Q(z) =

Q(1>>0:> max @ (z) >0

2 z€[0,1]
Using this result and the relation (10) we have:
1— 2280 | 20" (2)
Red W(z) |~
L I 2] + el
< SQg et Q| 2] - , (¥ U 11
_|a1 Qo « | glli}i Red |Z| 1+|C||Z‘ ( )ZG ( )

Applying the condition (9) in the relation (11) we obtain:
h//
(1= 1) |2 )

W (z)
and from Theorem C, G € S.

<L (M)zel,

Remark. If we consider v = 1,Red = 1 we obtain Theorem 1.

Corollary 4. Let o,8,7,0 € C,f,g € S,f(2) = z+ a2’ + ...,g(2) =

Z24boz? + ...,
If
2f'(2) = [ ()
W <1, (V)Z elU
29 (2) -
Rey > Red >0
1 1
a + E <1
o] < 1—|z\2Re§1 2+l
max [ mes— 121 HMM}
where
o = 1202 + B2
lag|
then

2=

G )= |2 [ (F2)" (20| e
0

Proof. In Theorem 3, we consider n =2, fi = f, fo = g,01 = @, 0 = [3.
Remark. If in Theorem 3, we consider n = 1, f; = f,v = 3, we obtained
Theorem F.
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