STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume XLVII, Number 2, June 2002

A UNIVALENCE CONDITION

DORINA RADUCANU AND PAULA CURT

Abstract. In this paper we obtain a sufficient condition for univalence
concerning holomorphic mappings of the unit ball in the space of n-complex

variables.

1. Introduction

Let C™ be the space of n-complex variables z = (z1, ..., 2, ) with the Euclidean

n
inner product (z.w) = zpwg and norm ||z|| = (z,z>%.
k=1
Let B™ denote the open unit ball in C"ie.B" = {z€ C": |z| < 1}.We

denote by £ (C™) the space of continuous linear operators from C" into C™,i.e.n X n

complex matrices A = (A;x) with the standard operator norm
[Al = sup {[|[Az] - [[2]| <1}, A e L(C")

I = (1) denotes the identity in £ (C™).
Let H (B™) be the class of holomorphic mappings

f(2)=(f1(2),0 fn(2),  z€B"

from B"™ into C™. We say that f € H (B") is locally biholomorphic in B™ if f has a

local holomorphic inverse at each point in B™ or equivalently, if the derivative

Df(z) = <ag€ziz>>1g,kgn

is nonsingular at each point z € B™.

A mapping v € H (B") is called a Schwarz function if ||v (2)| < 2|, for all
z € B™.

If f,g € H(B™) then f is subordinate to g(f < g) in B™ if there exists a
Schwarz function v such that f (z) = g (v (2)), z € B™.
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A function L : B™ x [0,00) — C" is a subordination chain if L (-,t) is holo-
morphic and univalent in B™, L (0,¢) = 0, for all ¢ € [0,00) and L (z,s) < L(z,t),
whenever 0 < s <t < o0.

The subordination chain L : B™ x [0,00) — C™ is a normalized subordination
chain if DL (0,t) = €'I, for t € [0, 00).

A basic result in the theory of n-complex variables subordination chains is
due to J. A. Pfaltzgraff.

Theorem 1. [5] Let L(z,t) = e’z + ... be a function from B™ x [0,00) into
C" such that:

(¢)L(-,t) € H(B"), for allt € [0,00)

(i) L (2,t) is a locally absolutely continuous function of t, locally uniformly
with respect to z € B™.

Let h (z,t) be a function from B™x[0,00) into C™ which satisfies the following
conditions:

(#ii) h (-, t) € H(B™),h(0,t) = 0,Dh(0,t) = I and Re{h(z,t),z) > 0, for
allt € [0,00) and z € B™.

(iv) For each T > 0 and r € (0,1) there is a number K = K (r,T) such that
|h(z,t)|| < K (r,T), when ||z|| <r and t € [0,T].

(v) For each z € B™, h(z,-) is a measurable function on [0, 00).

Suppose h (z,t) satisfies

OL (z,t)

pra DL (z,t)h(z,t), a.e t €[0,00), for all z€ B" (1)

Further, suppose there is a sequence (tm),,~o,tm > 0 increasing to oo such

that

lim e 'L (z,t,) = F(2) (2)

locally uniformly in B™.

Then for each t € [0,00), L (-, t) is univalent in B™.

P. Curt obtained a version of Theorem 1 for subordination chains which are
not normalized .

Theorem 2. [2] Let L(z,t) = a1 (t)z + ...,a1 (t) # 0 be a function from
B™ x [0,00) into C™ such that:

(¢) L(-,t) € H(B™) for allt € [0,00)
62



A UNIVALENCE CONDITION

(it) L(z,t) is a locally absolutely continuous function of t, locally uniformly
with respect to z € B™

(iit) a1 (t) € C*0,00) and tlinolo lay ()] = oo.

Let h (z,t) be a function from B™x [0, 00) into C™ which satisfies the following
conditions:

(i) h(-,t) € H(B™), h(0,t) =0 and Re (h(z,t),z) > 0, for all t € [0,00)
and z € B"

(v) For each z € B™, h(z,-) is a measurable function on [0, 00)

(vi)For each T > 0 and r € (0,1), there exists a number K = K (r,T) such
that ||h (z,t)|| < K (r,T), when ||z|| <r and t € [0,T].

Suppose h (z,t) satisfies

% = DL (2,t) h(z,t),a.e.t € [0,00), for all z € B" 3)

Further suppose there is a sequence (tp,),,~q,tm > 0 increasing to oo such

that
L(z,tm)

m—oo @ (tm)

= F(2) (4)

locally uniformly in B™.

Then for each t € [0,00), L (-,t) is univalent in B™.

2. Univalence conditions

By using Theorem 2, we obtain an univalence condition which generalize some
n-dimensional univalence criteria [2], [3],[5].

Theorem 3. Let f : B"™ — C™ be a locally biholomorphic function in
B™ f(0) =0,Df(0) =1 and let a : [0,00) — C be a function which satisfies the
conditions:

(i) a € C0,00),a(0) = 1,a(t) #0, for all t € [0,00)

(i6) Jim [a (1)] = o0

(i) Re £ > 0, for all t € [0, 00).

If

max (@ (8) = [12) (DF () DF (2) (=) +
RUGERIU 5

for all t € [0,00), then f is an univalent function in B™.
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Remark

The second derivative of a function f € H (B™) is a symmetric bilinear op-
erator D2f (2) (+,+) on C™ x C"™ and D?f (z) (w,-) is the linear operator obtained by
restricting D2f (2) to {w} x C™. The linear operator D?f () (z,-) has the matrix

representation

D?f(2)(z,-) = <Z nggiz) zm>
m=1 ~"J7m 1<j,k<n
Proof. We define
L(z,t)=f(e"2)+ (a(t)e' —1) e 'Df (e7'2) (), t€[0,00),2€ B" (6)

We wish to show that L (z,t) satisfies the conditions of Theorem 2 and hence
L (-,t) is univalent in B™, for all ¢ € [0, 00). Since f (z) = L (z,0) we obtain that f is
an univalent function in B".

It is easy to check that a1 (t) = a (t) and hence a; (t) # 0,limt — oco|ay (t)] =
oo and a; € C0, 00).

We have L (z,t) = a; (t) z+ (holomorphicterm). Thus tlim La(lz(tt)) = z, locally
—00

uniform with respect to B"and hence (4) holds with F' (z) = z. Obviously L (z,t)
satisfies the absolute continuity requirements of Theorem?2.

Straightforward calculations show that

oLt = U pp ety - B (), (7)

where, for each fixed (z,¢) € B™ x [0,00), E (z,t) is the linear operator defined by
t)—a (t
E(z,t):—ia() (),
a(t) +a' (t)
a(t)—e? —t N\~ 2 (-t —t
—2——— (D D . 8
e (DF () DR () () ®
For t = 0, we have
2 n
I*E(Z,O):HTI(O)I, fOraHZGB (9)
Since 1+ a’ (0) # 0, we obtain that I — F (z,0) is an invertible operator.
For t > 0,E(-,t) : B® — L(C",C") is holomorphic and from the weak
maximum modulus theorem [4] it follows that || E (z,t)|| can have no maximum in B™
unless || E (z,t)|| is of constant value throughout B™. If z = 0 and ¢ > 0 we have
t)—ad (t
-]

12001 = | ST o
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We also have
120l < ma. 12 .|

t

If we let u = e 'w with ||w|| = 1, then |ju]| = e~* and by using (5) we obtain

12 (=0l < mas |1 (. 8)] =

t

200 =1l (1 r vt D2 (a2 D= 0)
S Ty (DF @) D ) )+ S

Since ||E (z,t)|| < 1 for all z € B™ and t > 0, it follows I — F (z,t) is an

= max |lu|| = e~

<

invertible operator,too.

Further calculations show that

OL(z,t) a(t)+d (1) —t —
o~ . Df (e7'z)[I — E(z,1)] () =

DL(z,t)=[I — E (2, )] ' [T+ E(2,1)] (2).

Hence L (z,t) satisfies the differential equation (3), for all z € B™ and t €
[0, 00), where
h(z,t)=[—E(z,t)] " [I+E(2,)](2) (10)
It remains to show that h(z,t) satisfies the conditions (iv),(v) and (vi) of
Theorem 2. Clearly h (z,t) satisfies the holomorphy and measurability requirements
and h (0,t) = 0.

Since
b (z,8) = 2| = |1 E (2, 1) (b (2,8) + 2)| < [E (2 01l - 12 (2, 8) + 2]l < [|h(=,8) + ]|
We have (Reh (z,t),z) >0, for all (z,t) € B™ x [0, 00).
By using the inequality
l1-Eeo| <n-1Beon

we obtain

1+ [[E(z,t)]
1—|E (2]
The conditions of Theorem 2 being satisfied it follows that the functions

1h (2, )] < 121l

L (z,t),t > 0 are univalent in B™. In particular f (z) = L(z,0) is univalent in B™.

Remarks
1) Ifa(t) = €', t € [0,00), then Theorem 3 becomes the n-dimensional version
of Becker’s univalence criterion [4].
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2) For a(t) = etirfc_t,t > 0,c € C\ {-1},]¢| <1, Theorem 3 becomes the

n-dimensional version of Ahlfors and Becker’s univalence criterion [2].

3) Ifa(t) = %,t > 0,c € C\{-1},|¢] £ 1 and a € R with

« > 2, we obtain the generalization of Ahlfors and Becker’s n-dimensional

criterion of univalence due to P. Curt [3].
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