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UNIVALENCE CONDITIONS FOR CERTAIN INTEGRAL
OPERATORS

DANIEL BREAZ, NICOLETA BREAZ

Abstract. In this paper the result of V. Pescar and S. Owa, on univalence
conditions of integral operators, is extended to the case of n univalent

functions. New results are presented in theorems 1 and 3.

1. Introduction

Let A be the class of functions f, which are analytic in the unit disc U =
{z€C;|z| <1} and f(0) = f/(0) —1 = 0 and let us denote with S the class of
univalent functions.

Theorem A. [4] If f is the univalent in U ,a € C and |a| < § then the

function

18 univalent in U.
Theorem B. [3] If the function g € S ,a € C, |a| < 4 then the function
defined by

is univalent in U forn € N*.

Theorem C. [2] Let a,a € C,Rea >0 and f € A.

If
LR )
Rea f1(2)
(V)z € U then (V) B € U,Re > Req, the function
z %
Fa()= |8 [ 17

0
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is univalent.
Theorem D [1]. If the function g is olomorphic in U and |g(z)| <1 in U,
then for all £ € U and z € U the following inequalities hold

g(qu(z) < f*j (%)
1—g(2)g(§)] ~ 11—%¢
and ,
o <
the equalities hold in case g (2) = e{5=% where || =1 and |u| < 1.

Remark E [1]. For z = 0, from inequality (*) we obtain for every £ € U

96 90| _
1-4g(0)g (&)
and, hence
€] + 19 (0)]
9 Ol= 5 onel
Considering g (0) = a and £ = z, then
21 + o
9 < T

for all z € U.

Lemma F (Schwartz). If the function g is olomorphic in U,g(0) = 0 and
lg(2)| <1(V)z €U then result:

lg (2)| < |z|,(V) 2z € U and |¢' (0)] <1 the equalities hold in case g (z) < ez
where |e| = 1.

Theorem G [5]. Let a,v € C,Rea=a>0,g€ A,g(z) =2+ b22? + ... .

If

W) zeU

3=

and

n+ 2a n+ 2a 2a
< —5 ~< >

then (¥),0 € C,Re > a,the function

n

Gpn(2) =1 8 / g ()] d
0

is univalent (V)n € N*\ {1}.
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Theorem H [5]. Let a,v € C,Rea=b>0,g€ A, g(2) =2z + a2 + ... .

If
9" (2)
<1,VM)zeU
9 (2) )
and
il < :
N= %o
1-]z* 1, . z1+2las]
gll%}i{ c E 1+2[as]|z]
then (V) 8 € C,Re > b, the function
z B
Gao () =45 [0l ()" at
0

1s univalent.

2. Main results

Theorem 1. Let a,y, € C, (V)i = 1,p,Rea = a > 0,f; € A, fi(2)

z+ab2? + .., (V)i=1,p.

If
fi'(2)
fi(z)

and

+2 +2a) %
h1..“.%)|Sn2a.(n a)

then (V) 8 € C,Re 8 > a,the function

Q=

z

G(z)=1{8 / L [ ()] d

0
is ungvalent (V)n € N*\ {1}.
Proof. Let

h(2) / L [ ] e
0

1 h' (2)
Yo, P(2)

p(z) = {

where |7, - ... - 7,| satisfies (3).
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We have
v n- L. 1 (") Vp n-2"1. fI’” (27
p(z) = : Ton ot ' (o
Iv1 - Yl fi(zm) [ve - vl fy(z™)
Applying the relations (1) and (2) we obtain:
. sn—=1 £ n .an—=1_r1 (. n
Iva - vl fi(zm) 71 [y (z)
et
RIREERM
Considering Schwartz’s lemma we have:
1 h' (z) ' (z)
. <" < |z| & <lyy oy |- V7Y e
‘71'~-~"7p| h’(z) ‘ ‘ h’(z) ’ 1 p’ ‘ ‘
1— |z zh (2) 1—|z*
& : <y ey | ) e 4
< a W) |~ |'71 7p| p 12" (4)

Let's the function Q : [0,1] — R, Q (z) = (#) ahr = |z
We have

Q)< 2 ("ff”)ﬂ(\f)xe 0.1

According to the conditions (3) and (4) we obtain:

(=)

so, according to Theorem C, G is univalent.

Corollary 2. Let o, 3,7, € C,Red =a > 0,f,g € A, f(2) = 2z + a2 +

zh" (2)

Wi | =

g (2) =2+ b2 + ...
If

and
laB] <
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then (V)~ € C,Re~y > a,the function

z el

Do n () = w/ﬂ*»fwm”MW%fﬁ
0

is univalent (V)n € N*\ {1}.

Proof. In Theorem 1, we consider p =2, f1 = f, fo =¢,71 = a,75 = 0,7 =

Remark. If in Theorem 1, we consider p =, f1 = ¢g,7; = 7,7 = 5, we

obtained Theorem G.

Theorem 3. Let a,v, € C,(V)i = 1I,n,Rea = b > 0,f; € A, f;(2)

z4ay2? + .., (V)i=1,n.

If
fi' () ,
c <1,M)zelUi=1n
O
[v1] + - + |7, <1
71+ e Y
and
el € !
Lol = 1— 2 |z[+2c]
mae [ 55 121 £
then (V) 8 € C,Re > b,the function
z B
H@Fzﬂ/”*iﬁ@ﬁwwwum“ﬁ

0
is univalent (V)n € N.
Proof. Let

where |y, - ... - 7,| satisfies (7).

We have
R 10 )
P =T W T el e

p is olomorph and |y - ... -7, | satisfies the relation (7) implies |p(2)] < 1

according to (5) and (6).
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_ fyla% + . 7,08 _

p(0 =
© 71 e Yl
2] +2]c| 1 zh” (2)| _ 12l + 2]
p2)) < ———, V)2z2elU < . < , (V) zelU &
e EIER r ol |7 | S T Y
1— 122\ |2h" (2) 1— |z 12| +2|c|
: <y vl 2l - <1
( ) R RO L A T ]

so, according to Theorem C, H is univalent (V),n € N.
Corollary 4. Let a,3,7,0 € C,Red =c¢ > 0,f,g € A, f(2) = 2z + a22® +
g (2) =2+ b2 + ...

If
f// (Z)
<1, (VzeU
‘f’ (2) (v)
1
%@)SLWMEU
g (2)
11
+ <1
laf |3
and
lap| < 1
(0%
o [ Lol ) R
[2]<1 c 1+2%|2|

then (V)y € C,Rey > ¢, the function

z

Fapo () =30 [ 07010 @ g ()

0
is univalent.
Proof. In Theorem 3, we consider p =2, f1 = f, fo = ¢,7; = a, 7, = 0.
Remark. If in Theorem 3, we consider p = 1, f1 = ¢,v, = 7,7 = 3, we
obtained Theorem H.
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