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CERTAIN SUBCLASSES OF MEROMORPHIC UNIVALENT
FUNCTIONS WITH MISSING AND TWO FIXED POINTS

S.R. KULKARNI AND MRS. S.S. JOSHI

Abstract. The systematic study of some novel subclasses Qy; (c, 5, i, 20),

(i = 0,1) consisting functions of the type
f(z) =aoz "t + Z apinz”T™, a0 > 0,ap4n > 0,pEN
n=0

which are meromorphic and univalent in U* = {z : 0 < |z] < 1} is pre-
sented here. The various results for example coefficient estimates, radius
of convexity, distortion theorem are obtained for f(z) to be in the above

mentioned classes.

1. Introduction and Definitions

Let © denote the class of functions of the form
o0
f(Z) = aozil + Z anzna ap >0 (1.1)
n=1

which are analytic in the punctured disk U* = {z : 0 < |z| < 1}. Further, Q* is the
class of all functions in €2 which are univalent in U*. We denote by €27, a subclass of

Q* consisting functions of the form
f(z) =apz™ + Z apin2?™", ag > 0,ap4n > 0,p € N, (1.2)
n=0
N={1,2,3,--}.
Definition. A function f(z) belonging to the class {2 is in the class Q(«, 8, ) if it
satisfies the condition

22f'(2) + ag
pz2f(z) —ap + (1 + p)aag

<P, (1.3)
forsome 0<a<1l,0<f<land 0<pu<1.
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For a given real number zo(0 < 2o < 1). Let (i = 0, 1) be a subclass of 2}
satisfying the condition zof(z9) = 1 and —23 f’(z0) = 1 respectively.
Let
Qpi(, B, 1, 20) = (e, B, 1) N Qi (i = 0,1). (1.4)
In our systematic investigation of the various properties and characteristics
of the class Q;i(oz, B, 1), we shall require use of number of other classes of functions
associated with 7. First of all, a function f € 27 is said to be meromorphic starlike

of order v in U™ if it satisfies the inequality

SOV 0 et o<a
Re{ f(z)}> ,zeU"0<a< 1. (1.5)

On the other hand, a function f € (27 is said to convex of order a in U, if it satisfies

the inequality
21"(2)
f'(z)

For other subclasses of meromorphic univalent function, one may refer to the

Re{1+ }>a,zeU*,O§a<1. (1.6)
recent work of Aouf [1], Aouf and Darwish [2], Cho et al [3], Joshi et al [4], Srivastava
and Owa [5]. In the present paper we obtain coefficient estimates, distortion theo-
rems, closure theorems and radius of convexity of order (0 < § < 1) for the classes
Qi (a, B, 11, 20) (i = 0,1). Further, we look for necessary and sufficient condition that
a subset B of the real interval [0, 1] should satisfy the property U, epQ5(a, B, 1, 2r)
and U, e5Qp1 (@, B, 1, 2-) each forms a convex family. The techniques used are similar

to Uralegaddi and Ganigi [6].

2. Main Results

Coefficient Estimates
Theorem 1. Let the function f(z) be defined by (1.2) is in the class Qy(a, 3, p) if
and only if

o}

> (o +n) 1+ pB)apin < Bag(l — a)(1+ p). (2.1)

n=0

The result is sharp and is given by

o, B )Lt pagert
I = v " 22)

Proof. The proof of Theorem 1 is straightforward, hence omitted.
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Theorem 2. Let the function f(z) be defined by (1.2). Then f(z) € Q5 (c, 3, 1, 20)
if and only if

— [(p+n)(1+pb) p+n+1:|
S [ErR0Eid) o] oy 29)
~ [ 1—a)(1+4p)
Proof. Since f(z) € Q5y(a, B, 1, 20), we have

p+n+1
20f(20) = ao + Zap+nz , a0 >0, apyn >0,
n=0

which gives
ag=1-— Z I S (2.4)

substituting this value of ag (given by (2.4)) in Theorem 1, we get the desire assertion.

Theorem 3. Let the function f(z) be defined (1.2). Then f(z) € Q,(cv, B, 1, 20) if

and only if
- 1
Y (p+n) {ﬁ(l(_;l;lﬁ)m - ZémH] apyn < 1. (2.5)
n=0

Proof. Since —z3 f'(z0) = 1, we have
ao =1+ (p+n)apnf ™ (2.6)
n=0
Eliminating ag from (2.1) and (2.6) we get the required result.
An immediate consequence of Theorem 2 and Theorem 3 may be stated as
the following.
Corollary 1. Let, f(z) given by (1.2) be in the class 25 (c, 3, i1, z0) then

fA+pwd=a)

i = (p+n)(1+ 1) + B+ p)(1 — )bt (2.7)
The equality in the (2.7) is attained for the function f(z) given by
) = (p+n)(1+ pB) + B+ p)(1 — a)zptnt! o
zZ[(p+n) 1+ pb)+ L0+ )1 — a)zg+"+1]’
p € N,n=>0.

Corollary 2. Let the function f(2) given by (1.2) in the class Q% (a, B, 1, 20) then

B+ (1 - 0) |
p+n)[(1+pB) — B+ p)(1 — )"+

The equality holds for the function f(z) given by
1 1 pntl
(2) = 2+ pb) + 501+ p)(1 = )Z;D-i-n-i-l (2.10)
2(p+n)[(L+pB) = B+ p)(1—a)zg "]

Aptn < ( (2.9)
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3. Distortion Theorem

In this section, we prove distortion theorem associated with the classes intro-
duced in section 1, we first state the following theorem.
Theorem 4. Let f(2) € (25(a, B, i1, 20) then,

o) > 20t nd) = 50+ (= a)rt™!
rlp(L+ ) + B+ m)(1 — a)zf ]
for 0 < |z| = r < 1. The result is sharp.

(3.1)

Proof. Since f € Qy4(a, 3, i, 20), by applying assertion (2.3) of Theorem 2, we obtain

3 a B+ p)(1—a)
7;) i = p(1+uB) + 61+ p)(1 — )bt (3.2)

Further from (2.4), we have

oo
— p+n+1
ap=1- E Ap+n 2
n=0

(1+uB)p
. 3.3
= (4 ) + B+ (1 — )l (33
Hence we have
FE = ar™ =173 apn
n=0
p(].+,U,/B) _ﬁ(1+u)(1_a)rp+l (34)

(L ) + B+ p)(1 - @)z
by using (3.2) and (3.3). Further, the result is sharp for the function f(z) given by

p(1+pB) — B+ p)(1 — a)2P*!

= . 3.5
e 2[p(1+ pB) + B+ p)(1 — )z ] (32
Theorem 5. If f(z) € Q5 (, B, i1, 20) then
o P +up)+ B0+ p)(1 = a)r?t 26
IS e ud) = a0+ T =) 0
for 0 < |z| = r < 1. The result is sharp.
Proof. It follows from assertion (2.5) of Theorem 3, that
- B+ —a)
pn < 3.7
,;Oa TPl ) — B+ (1 - @)z (-0
and
- A+ —a)
+n)apin < . 3.8
2 S ) B - .
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From (2.6) we have

ap =1+ Z(p + )y b (3.9)
n=0

< (14 pp)
< .
[(1+pB) = B+ p)(1—a)zf™]

Hence we have

o
()] < aor™ + 1741

n=0

p(1+ uB) + B(1 + p)(1 — a)rPtt

< : (3.10)
rpl(1+ uB) — B+ p)(1 — a)2f™]
by using (3.7) and (3.9). Further the result is sharp for the function given by
1 1 1—a)zPtt
(o= PUERO) + A0 1t s
2p[(L+ ppB) — B(1+ p)(1 — )z ]
4. Closure Theorems
Let the functions f;(z) be defined, for j =1,2,--- ,m by
i — .
fj(z) = % + Zap_t,_n’ijJrn (a07j > O7ap+n,j > O) zeU". (41)
n=0

Theorem 6. Let f;(z) defined by (4.1) be in the class Q25y(a, 8, 1, 20). Then the
function h(z) defined by

h(z) = Z djfj(z), (d; = 0) (4.2)
3=0
is also in the same class €27 («, B, 11, 20), where

dj=1. (4.3)

M

<
I
=)

Proof. According to the definition (4.2) we have

b oo
h(z) = 2+ ) bpen2™, (4.4)
n=0

where

bO = Zdjao,j and bp+n = Zdjap+n7j’ (’n, =0, 1,2, - 7WL).
j=0 J=0

Since f;(z) € Qpo(a, 8,11, 20) (j =0,1,2,---,m), using Theorem 2 we have

S (4 m)(@ 4 18) + AL — 0)(1+ p)el ™) < B — o)L+ )
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for every j =0,1,--- ,m. Therefore we have

Z{p+n)(1+uﬁ)+5(1—a)(1+u et Zd pin,;)

n=0

= Zd {Z p+n)(1+pB) + B(1— ) (1 + )2 Hayyn;}

7=0 n=0

< Zdj Bl —a)(1+ p)
j=

= B -a)(1+p)

which shows that h(z) € Q5 (a, B8, 1, 20)-

Theorem 7. Let the functions f;(z)(j = 0,1,--- ,m) defined by (4.1) be in the class
Q1 (v, B, p, z0) for every j = 0,1,---,m. Then the function h(z) defined by (4.2) is
also in the same class (2 (@, B, i1, 20), under the assumption (4.3).

Proof. The proof of Theorem 7, can be given on using the same techniques as in the
proof of Theorem 6, using Theorem 3.

Theorem 8. The class Q54(a, 3, i, 29) is closed under convex linear combination.
Proof. Let f;(2)(j =0,1,--,m) defined by (4.1) be in the class Q25 («, B, 1, 20), it
is sufficient to show that the function H(z) defined by

H(z) = Mi(2) + (1= N fal2), 0< A< 1, (4.5)

is also in the class Q54 (a, 3, i, 20). Since

H(z) = 201F (i =02 4 5 (i + (1 Aagina) ™
n=0
with the aid of Theorem 2, we have
i{(p +n)(L+ uB) + B = )L+ )zt A + (1= Naprno]
n=0
<A - a)(1+p) (4.6)

which implies that H(z) € Q5(a, 8, 1, 20). In a similar manner, by using Theorem 3,
we can prove the following Theorem.
Theorem 9. The class O, (a, 3, i, 29) is closed under convex linear combination.
Theorem 10. Let

fo(z) = 1/z (4.7)
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and

foon(z) = A pB) + 5+ (1~ o)t
’ 2[(p+n) (14 uB) + B+ p)(1 — o)zt

then f(2) is in the class €2 (c, B, i1, 20), if and only if it can be expressed in the form:

n>0 (4.8)

2) =Y Anfn(z), where A, >0, (4.9)
ANi=0(i=1,2,---,p—1,p>2) and Z)\nzl. (4.10)
n=0

Proof. Assume that
fz) = anfn(@

A (p+n)(1+ pf) + B(1+ p)(1 — a)zP TN, 4,
O/Z“‘nz% p—‘rﬂ 1+uﬁ)+ﬁ(1+u)( )] g+n+1

oo

1 (p+n)(1+ puf)Apin
— A
z O+Z [(p+ 1)1+ puB) + B(L+ p) (1 — )z

B+ p)(1 — a)AnypzP ™"
5 (p+n)1+pB) + B+ p)(1 - a)h

Then it follows from theorem 2, that

i (p+n)(1+pp) + B+ p)(1 — )z ™" BA+ (A = a)Apin

+

AL+ p)(1 - a) (p+n)(L+ pf) + AL+ p)(1 — )zt

n=0

oo
=Y Mppn=1-X <1
n=0

Also by definition we have zq fp1n(20) = 1. Therefore

ZOf ZO Z A +n20fp+n ZO Z )\p-i-n =1

This implies f € 0, so by theorem 2, f(z) € Qy5(a, 3, p, 20).
Conversely, assume that the function f(z) given by (1.2) belongs to the class
Qo(a, B, p, z0). Then

B+ 1)1 - )
S ) + A0 a2

Setting

A = (PEMA+ D) + B+ (A= a)zg™ ]

B+ —a)
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and
o0
Ao=1=> Apin-
n=0

Hence, it is observed that f(z) can be expressed in the form (4.9). This completes
the proof of Theorem 10.
In a similar manner, we can prove the following Theorem.

Theorem 11. Define

(4.12)

fo(z) = %

and
(p+n)1+pb)+ L1+ p)(l— a)zp+n+1
z(p+n)[(1+pB) = B+ p)(1 - oz)ngr"Jrl] ’

then f(z) is in the class Q3 (, 3, i, z0) if and only if it can be expressed in the form

(4.9) where A\, > 0 and (4.10).

fpin(2) = n>0 (4.13)

5. Radius of Convexity

In this section we determine the radius of convexity of order §(0 < § < 1) for
the class (v, 3, i, 20) (i = 0,1).
Theorem 12. Let the function defined by (1.2) be in the class Q5 («, B, 1, 20) or
Q51 (o, B, 1, 20), then f(2) is convex of order (0 <6 < 1) in 0 < |z| < R*(a, B, i1, 9)
where

(1-0)(1+ pB) Vel
(1= )3+ ) p+n+2-19)

R*(«, B, u,0) = inf {

The result (5.1) is sharp.
Proof. It is sufficient to show that

<(1-9),0<68<1,

for 0 < |z] < R*(«v, B, 1, 9).
We have
‘f’(Z) + [=f'(2)]
f'(z)

z

< i (p+n)(p+n+ Dayyn|zP*
T a0 = Xatop A+ n)apya Pttt

n=0

Thus
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if

S @+ n)p+n+2—8)apin|zPT < (1-6)ag (5.2)

n=0

when f(z) € Qyg(a, B, i, 20), using (2.4) we find that inequality (5.2) is equivalent to

i{(p +n)(p+n+2—=0)zPT 4+ (1-6)28T" Yap i, < (1-9). (5.3)

n=0
But Theorem 2 ensures

Sty | BEDEEIT et ay < 1=, (5.9

n=0

Hence (5.3) holds if

{p+n)(n+p+2=0)zP™ + (1 -6)28"" " Yapin

or if

_ 1/(p+n+1)
(1-96)(1+ub) } n>o0.

< [T W 7D
Thus f(z) is convex of order §(0 <6 < 1) in 0 < |z| < R*(«, B, u, 9).
In other case when f(z) € Q% (a, 3, i1,20) using (2.6) we find that the in-
equality (5.2) is equivalent to

ST+ +n+2- 07 — (1 - 625" M apen < (1-6). (5.5)

n=0
Therefore, in view of Theorem 3, the inequality (5.5) holds if
(p+n)(p+n+2=8)z"" " — (1—6)25 " M apin

< =00 [y e

or if

_ 1/(p+n+1)
(1—0)(1+ppb) } n>o0.

1< | et W T
This completes the proof of theorem 12.
Sharpness for the class 2% (a, B, i1, 20) follows by taking the functions f(z)
given by (2.8), whereas for the class 0 (o, 3, i1, 20), sharpness follows if we take the
function given by (2.10).

Remark. The conclusion of Theorem 12 is independent of zj.
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6. Convex Family

Let B be a nonempty subset of a real interval [0,1]. We define a family
Q;O(aa ﬁa K, B) by

Q;O(aa ﬁaua B) = UZTEBQ;O(aaﬂa i,y Z?")'

If B has only one element, then Q5(«a, 3, 1, B) is known to be a convex family by
Theorems 6 and 8. It is interesting to investigate this class for other subset B.

We shall make use of the following
Lemma 1. If f(2) € Qyg(a, B, p, 20) N Qo (e, B, 1, 21) where 2z and z; are distinct
positive numbers then f(z) = 1/z.

Proof. If f(z) € Qyo(a, B, 1, 20) N (v, B, 1, 21) and let

o0
f(z) =apz"' + Zap+nz”+", ag > 0,apn > 0,p € N,

n=0

then
o0 oo
_ p+n+l __ p+n+1
ap=1- E Ap+n =1- E Ap+n?]
n=0 n=0

since aptn > 0,20 > 0 and z; > 0, this implies apy, = 0 for each n > 0 and
f(z) = 1/z. Hence the proof of lemma is complete.

Theorem 13. If B is contained in the interval [0, 1], then Q7 (v, 8, u, B) is a convex
family if and only if B is connected.

Proof. Suppose B is connected and 29, 21 € B with 29 < z;. To prove (2, (o, B, s, B)

is a convex family it suffices to show, for

oo
f(Z) - a’OZ71 + Zap+’rbzp+n S Q;O(a7ﬂ7uvzo)7
n=0
oo
g(Z) = b0271 + Z bp+nzp+n € Q;O(a’ ﬂa M,y Zl)a
n=0

and 0 < A < 1, that there exists a z3(29 < 22 < z1) such that

h(z) = Af(2) + (1 = A)g(2)
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is in the Q;()(a,ﬂ,,u,ZQ). Since f € Q;O(avﬂaﬂsz) and g(Z) € Q;O(avﬂvuazl)' We

have

o0
p+n+1
ap 1-— E AptnZp
n=0

o0

+n—+1

by = 1—pr+nzf .
n=0

Therefore we have

t(z) = zh(z)

= Xag+ (1= Mo+ A)_ apn2”™ + (1= X)) by
n=0

n=0
= A T e+ (1= ) Y = AT (61)
n=0 n=0

t(z) being real when z is real with t(z9) < 1 and #(z1) > 1, there exists zo € [20, 21],

such that ¢(z2) = 1. This implies that

zoh(z2) = 1 for some 22,29 < 22 < 21, that is h(z) € Q.
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Now, in view of (6.1) and z2h(z2) = 1, we have

oo

Dol + )1+ puB) = B = a)(L+ @) {Aapn + (1= Mbpen}
n=0
=AY [+ )1+ puB) = B(1 = a) (1 + w)z5" " MNapn

n=0

Z p+n)(1+puB) = B(1 = a)(1+ )t " by

A1 - @)L+ A S T

n=0
+B(1 - a)(1+ p)(1 Z A |
=2 (e +n) 1+ puB) + 81— a)(1 + w25 Hapyn
n=0

Z p+n)(1+pB) + A1 — a)(1+ ) by,
n=0

SAB(L—a)(I+p) + (1= N1 =) (1 + p)

=B —a)(1+p)

by Theorem 2, since f(z) € Qyg(a, 3,1, 20) and g(2) € Qi(a, B, p1,21). Hence we
have h(z) € Qyo(a, 3, 1, 22), by Theorem 2. Since 29,21 and zp are arbitrary, the
family Q7 (a, 3, p, B) is convex.

Conversely, if B is not connected, then there exists zy, 21 and 2o such that
20,21 € B and 2o ¢ B and zp < 22 < 21. Assume that f(2) € Qo(, B, 1, 20) and
9(2) € Qyo(a, B, i1, 21) are not both equal to 1/z. Then, for fixed 23 and 0 < A < 1,

we have from (6.1)

t(A) = t(z2,\) = 1+ Z o (2T (1) Z by g (AT Ly
n=0

Since #(z2,0) < 1 and ¢(z2,1) > 1, there must exists; \p,0 < Ag < 1, such that
t(z2,A0) = 1 or z2h(z2) = 1, where h(z) = Aof(2) + (1 — Ag)g(z). Thus h(z) €
Do, B, p, z2).  From Lemma 1, we have h(z) € Qyg(a, 3,u, B). Since 2 € B
and h(z) # z. This implies that the family 25 («, 3, 1, B) is not convex which is a
contradiction.
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