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WHEELER-FEYNMAN PROBLEM ON A COMPACT INTERVAL

VERONICA ANA DARZU

Abstract. In this paper the problem (1)4(2) is studied.

1. Introduction

In the paper [1] and [3] the author study the Weeler-Feynman problem on R.

In this paper we consider the following Weeler-Feynman problem:

2'(t) = f(t,x(t),z(t — h),z(t + h)), tE [a,b], (1)

z(t) = p(t), t € [to — h,to + hl, (2)
where ty € [a,b], a <to—h,to+h <band ¢ € C[tg— h,to + h]
2. Remarks and examples

2.1. By a solution of (1) we understand a function x € Cla — h,b + h] N C*[a, b]
which satisfies the relation (1) for all ¢ € [a, b].

22. Leta, 8, YER, B#0, v#£0, ty € [a,b]. We consider the following problem:
o'(t) = ax(t) + Bz(t — h) +yz(t + 1)), t€lab], (3)

2(t) = @(t), t € [to — h,to + I, (4)

where tg € [a,b], a< [to — h,ty + h] <b.

We shall apply the method of steps on intervals [to, b] and [a, t] to find some
”if and only” conditions for the existence of a solution of problem (3)+(4).

Let t € [to,to + h]

¢'(t) = ap(t) + Be(t — h) +yz(t + h)
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Then:
z(t) =21 (t) = %[agp(t — h) + Bt — 2h) — @' (t — h)], t € [to + h, to + 2A]
Let t € [to + h,to + 2h]
21 (t) = a1 (t) + Bt — h) +ya(t + h)
Then:
x(t) == xo(t) = %[a:cl(t —h) + Bp(t — 2h) — 2 (t — h)], t € [to + 2R, to + 3h]
By the same way the final step on [to, b]:

1
T, (1) = ;[amnb,l(t —h) + B, _2(t — 2h) — x;rl(t —h)], t € [to+ nph,b]

where n;, = [2512].

By the same way on [a, tg] we find n, = [t°;“]~

Let n := maxz{ng,np}.
Let ¢ € C"—H[to — h,to + h]

Let x € C"[a — h,b+ h] N C™*1[a,b] be a solution of problem (3)+(4).
We have:

2 V(1) = az® () + Bz (t — h) +42F) (t+h), k€0,1,...,n
For t = ty, we have:
" (1) = ap®(to) + 8™ (to — h) + 7™ (to + 1), k € {0,1,...,n}
Then the problem (3)+(4) has a solution if and only if:
D (to) = ap (to) + B0 (to — h) + 7™ (to + 1), k€ {0,1,...,n}.

2.3. For the case in which 8 =0 or v = 0 see [2].
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3. The main result

In what follow we consider the problem (1)4(2). We need the following
conditions.

Let ng = [972], n, = [2522], n = maz{nq, n}.
Let f € C"*([a,b] x R?).

(Cl):For all uy € [a,b], uz,ug,us € R, there exist a unique us€R, uz =
fl(u17u27u47u5)7 f160n+1([a7b] X R3)7 such that7 Us = f(ulau27u37u4)~
(C2):For all w; € [a,b], u2,us,us€R, there exist a unique us€R, uy =

fo(ur,uz, u3, us), f2€C™" 1([a,b] x R3), such that, us = f(uy, uz, uz, us).

We have
Theorem 1. Let f € C"([a,b] x R3) satisfies (C1) and (C2). If ¢ €
C"*tL[tg — h,to + h|, then the problem (1)+(2) has a unique solution if and only if ¢

satisfies the following condition:

"D (to) = [f (o), ot = h) ot + WE,,, ke {0, 1nk (5)

Proof. By the method of steps we construct the solution of (1) +(2) as follows.
Let t € [to,to + h]

'(t) = f(t, (1), 0(t = h),z(t + h))

From (C2) we have
x(t) :=21(t) = fo(t — h,o(t — h), ot — 2h),¢'(t — h)), t € [to + h,to + 2h] .
By the same method we find the final step:

Ty (8) = f(E = hyZpy—1(t — h), Xy —1(t — 2R), 2/, —1(t — h)), t € [to + nph, b]

where n;, = [2512].

We must have:

o(to +h) =z1(to + h)

Qip(to + (p+ 1)h> = .%‘p+1(?f() + (p—|— 1)h), p<mny—1
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By the same way we have the solution on [a, ty] with the condition
(p(to — h) = x_l(to — h)

z_p(to—(p+1)h) =2_pen(to— (p+ 1)), p<n,—1
where n, = [{=2].

So the solution is:

T_p,(t) dacd t € [a,tog—nyh]
x_r(t) dacd te€[to— ( )h,to —kh],1 <k <n,—1
z(t) = o(t) dacd t€ [to— h,to+h]
zp(t) dacd teto+khto+ (E+1h], 1<k<n,—1
T, (t) dacd t € [to + nph, b

Let n = max{ng, ny}.

Now we prove the necessity of the condition (5). Let z € Cla — h,b+ h] N
C1[a, b] a solution of the problem (1)+(2).
Then z € C"[a — h,b+ h] N C™"1[a,b] is a solution.

We have:

e F @) = [f(t,2(t), z(t — h),z(t +h)]P, t € la,b], ke {0,1,...,n}.

For t = tg, we have (5).
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