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INTERPOLATION RESULTS FOR SOME CLASSES
OF ABSOLUTELY SUMMING OPERATORS

CRISTINA ANTONESCU

Abstract. K. Miyazaki, [9], has introduced the class of (p, g; r)-absolutely
summing operators, which generalize the class of (p, ¢)-absolutely summing
operators, introduced by Mitiagin and Pelczynski in 1966.

We establish an interpolation result for (p, ¢; r) —absolutely sum-
ming operators and also for some other operator classes which generalize

Miyazaki”s classes.

1. Introduction

The interpolation properties of the p—summable and the (p,q)-absolutely
summing operators are well known. Miyazaki has extended the result concerning the
interpolation stability for (p,q)—absolutely summing operators to the more general
ideal of (p, ¢; r)-absolutely summing operators, which he introduced [9]. In this paper
we will look at his result, because it relies on the presumption that the ideal of (p, ¢;7)-
absolutely summing operators is normed, which in general does not happen, this
ideal being only quasi-normed. N. Tita [11], [12] has introduced and studied ideals
of operators which are (®, ¥)-absolutely summing, where ® and ¥ are symmetric
norming functions, and which are more general than the (p, ¢)-absolutely summing
operators and the largest part of the ideals studied by Miyazaki. Due to the non-
linearity of the symmetric norming functions, nothing could be ascertained regarding
the interpolation properties of these ideals of operators. For this reason we ask the
question of existence of ideals of operators more general than those of Miyazaki, and
which still satisfy the stability result proved by him. In order to answer to the above
question we construct a class of absolutely summing opetators, which is based on the

Lorentz-Zygmund spaces of sequences.

Key words and phrases. p-absolutely summing operators, p-q absolutely summing operators, symmetric

norming function, Lorentz-Zygmund sequence ideals.
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The present paper is a revised and extended version of [1]. This revision
became necessary as we had not, at the time of writing [1], been aware of Myazaki”s
work, and we realized that the class we had introduced was not satisfactorily moti-

vated nor exhaustively treated.

2. Preliminaries

We first introduce some notation and recall a few known results. Throughout
the paper N denotes the set of all positive integers, while F/, F' are Banach spaces over
I', where I is the real or the complex field. By F (E) we denote a finite set of vectors

z1,...,2, in E. We denote

L(E,F):={T:E— F: T is linear and bounded},

and we let E* be the dual space, E* = L(E,T'). By Ug we denote the unit ball
{reE:|z|| <1}. For a € E* and = € E, let (x,a) := a(x). We denote by I

the set of all scalar sequences, {z,},, with the property |z|| = sup|z,| < oo,
neN

and by c¢o the set of all scalar sequences, {x,}, , with the property lim |z,| = 0.
n—oo

For 0 < p < oo, we let [, denote the set of all scalar sequences {z,}, such that

o0 b

Iz, == <Z mnp> < 00.
Tﬁg i)perator classes, which are the subject of this article, are closely related

to some vector-valued sequence spaces. For this reason we shall recall here a few

definitions and results about these spaces.

Definition 1. ([5]) Let 1 < p < oco. The vector sequence {z,}, in E is strongly

p—summable if the corresponding scalar sequence {||z,|}, is in l,. We denote by

[strond (E) the set of all such sequences in E.

It is clearly a vector space under pointwise operations, and a natural norm is

1
(oo} P
given by H{xn}H;tmng = (Z ||mn||p> , respectively [[{z, }||>™ := sup ||z, -
=1 n

Definition 2. ([5]) Let 1 < p < oo. The vector sequence {z,}, in E is weakly
p—summable if the scalar sequences {[(z*,x,)[},, are in [, for every z* € E*. We
denote by l;"eak (E) the set of all such sequences in E.
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It is clearly a vector space under pointwise operations, and a norm is
1

o8] P
given by [{z,}|"*"* = sp <Z|<x*,xn>|p> , respectively [{z,}]2* =
z*€Upx \ =1
sup sup[(z* wn>|—sup||:cn||—II{mn}IIS”‘"’g
z*€Ugx n

Definition 3.([13]) For z = {z,},, € l, let
Sp (z) :=inf{o >0:card{i: |zx;| >0} <n}.

Proposition 4. ([13]) The numbers s, (x) have the following properties:

(1) . x|l oo = s1(x) > s2(x) > ... 20, for all x = {z,,},, € loc;

(2) Snamo1 (2 +1) < 50 (@) +5m (1), for all & = {1}, € loory = {3} € o
and n,m € {1,2,...}, where x +y = {x; + ;},;

(3). swimo1 (0+9) < 50 (2) - 5m (9), for all & = {22}, € loo,y = {i}, € loos
and n,m € {1,2,...} , where x -y = {z; - ¥},

4). f z ={zn},, € lo and card{m : z,,, # 0} < n then s, (z) = 0.

If the sequence © = {x,}, € ls is ordered such that |z, | > |z,41], for any
natural n, then s, (z) = |z,|, [13].
Definition 5. (Lorentz sequence spaces) ([9]) Let 1 < p < 00, 1 < ¢ < o0, or

1 < p < 00, g = 0o. The vector sequence {z,}, in E is strongly (p,q) —summable if

q
Z [ . ||x||)} is finite, respectively supi¥ - s, (Jlz|]) is finite, where
n

sn ([[2ll) = sn ({ll2ill 5 },) -

The space of all such sequences in E will be called the Lorentz sequence space
and will be denoted by I57°"9 (E) . In particular, if £ =T, then [5'7°"9 (T") is denoted
lp.a.

It is clear that l;fgong (E) is a vector space under pointwise operations, and
a natural quasi-norm is given by

oo

a3y = (Z (777 s <||x||>}q> :

n=1

respectively
I} lyne™ —Supzp sn ([[z]]) -

It is important for our future considerations to recall the lexicografic order
of the Lorentz spaces.
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Proposition 6. ([7], [9]) (1) Let 1 < p < 00, 1 < ¢ < q1 < oo. Then 57" (E) C

[strond (E) and for every {x;}, € I577"9 (E),

e} I35 < o (v, @) - I Hlpte ™™

(2) Let 1 < p <pp <00, 1< ¢q,q1 <oo. Then [57°79 (E) C 3709 (E) and,

P1,91
for every {z;}, € 15779 (E),

{zn i ar? <E(m,pra,an) - [{zn} 5" -

We now recall, from [6], some basic facts about the classical real interpolation
method, called the K-method. An interpolation method is a method of constructing
interpolation spaces from a given couple of spaces. For the reader interested in finding
an introduction to interpolation theory we recommend, for example, [2], [6], [15].

We counsider couples (A, A1) of topological vector spaces Ag, A1, which are
both continuously embedded in a topological vector space A. We denote this by
A; — A, i=1,2 and we say that (Ag, A1) is an interpolation couple.

If (Ao, A1), (Bo, B1) are two such couples with Ag, Ay — A, By, By — B
and if A and B are two other spaces with A — A and B — B we say that A and
B are interpolation spaces with respect to the couples (A, A1) and (By, By) if the
following interpolation property is fulfilled:

For every linear operator T" such that T : Ag — By, T : A1 — By it follows
that T: A — B.

Here we let the symbol T : A — B denote that the restriction to A of the
linear operator 7' is continuous.

Let (Ap, A1) be an interpolation couple of quasi-normed spaces. For every
a € Ag + A1 we define the functional

K(t7a7A0aA1> = K(taa) = in

oot (laolla, +¢ - llarlla,) »

where a; € A;,i=0,1, and 0 < t < oo.

For 0 < 6§ <1 and 0 < ¢ < oo the spaces

(Ao, A1)y, = {a;a € Ag+ A (/OOO [t=%. K (t,a)]" Cff) < oo},
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if ¢ < 00, and
(Ap, A1)y o = {a;a € Ag+ Ay ssupsupt™? - K (t,z) < oo}
’ t>0

with the quasi-norm

1
o dr\ s
lallcagary, . = (/O [t G.K(t,a)]qt> :

respectively
_ -6
lall ag,a1), . = Sup supt™" - K (t,7),

are interpolation spaces. We have the following fundamental interpolation theorem.
Theorem 7. ([6]) If (Ao, A1), (Bo, B1) are two interpolation couples of quasi-normed
spaces and if T is a linear operator such that T : Ag — By, T : Ay — By are both
bounded, having the quasi-norms bounded from above by My and M, respectively, then
T: (A07A1)9,q — (BO,Bl)Q,q is also bounded, and its quasi-norm is bounded from
above by M for which we have the so called convexity inequality M < M(%*a - MY,
Theorem 8. ([13]) Let 1 < py < p1 < 00, 1 < qo,q1,9 < 00, 0 < 6 < 1. If

1 _ 1-6 %) stron stron
*—pT‘prlthen (l 9(E),l g(E))e

__ Jstron .
» Poad0 e =1y (E). Moreover, the quasi-

a
norms on both sides are equivalent.

We can now introduce some classes of absolutely summing operators.
Definition 9. ([5]) Let 1 < p < co. An operator T € L(E, F) is called absolutely
p-summing, we write T' € II,(E, F), if there is a constant ¢ > 0 such that

p

<Z||T~Ti|p>p <c- sup <Z|<l‘i’a>|p> 7

acUgx

for every finite family of elements z1, ...z, € E.

For T € II,(E, F') we define 7, (T) := inf ¢, the infimum being taken over all
constants ¢ > 0 for which the above inequality holds.

Note that 7, (-) is a norm on the space of absolutely p—summing operators,
[5], [10].

The most deep result concerning absolutely p—summing operators is given
by the following statement called the domination theorem.
Theorem 10. ([5], [10]) Let 1 < p < o0, T' € L(E,F) and K be a weak*-compact
norming subset of Ug~. Then T € I1,(E, F') if and only if there is a constant ¢ and a
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reqular probability measure p on K such that

el < ([ Qe iyrane)’
Upe
for every x € E, and w, (T) = inf c.
We conclude this section by recalling the definition of the (p, g; r) —absolutely
summing operators
Definition 11. ([9]) For 1 < p,q,r7 < oo an operator T € L(E,F) is called

(p, q; ) —absolutely summing provided there exists a constant ¢ > 0 such that
t k
I{T @i}, < e [{aibll, ™

for every {z;} € F (E). We denote by II,, ., (E, F) the space of such operators acting
between E and F.

The smallest number ¢ for which the above inequality holds is denoted by
Tpqsr (1) -

It is observed in [7] that 7,4 (-) is a quasi-norm on the space of (p,q;r)-

absolutely summing operators.

3. Results

We are first concerned with the interpolation result for (p,g;r) —absolutely
summing operators established in [9], as we also indicated in the introduction.
Theorem 12. Let 1 < p; < ps < 00, 1 < q1,¢2,¢,7 < o0 and 0 < 6 < 1. If

1% = 1;10 + p% then (Ip, gy (B, F)  Ilpy g050 (E’F))07q C g (B, F).

Proof. We shall use an idea owed to H. Konig, see Proposition 3 from [8], but first
we must prove that (Il 4,.» (B, F),II;, .. (E, F)) is an interpolation couple.
Let T € II,, q,.r (E,F) and {z;}, € F(E). It follows that there exists a

constant ¢ > 0 such that H{Ta:,»}H;t:ZILg <c- ||{x1}||:}eak .

But we know that [{Tx,}|3)7" < - [{Tan}|[; 0", Thus we obtain

Tz IS <& [{Tan H[2er? < @ [[{zi}]2°** . In conclusion T' € Iy, g0 (E, F)

and Il g, (B F) C Iy gp0 (B, F)
Let now T € T, 4o (B, F) and take {z;}/, € F (E) with |[{z;}]|“*** = 1.

The estimate of the K —functional
K(t,T, Hm,ql;r (E7F)aHp2,qz;T (E,F)) =
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=inf{mp, qu5r (S) + 1 Tpy o (T = 5) : S € 1Ly, gy (B, F)} >
inf {[{SaI5er? + ¢ I{(T = S)aiHlpron® s § € Ty guir (B, F) } =

P1,91 P2,92
. stron stron
inf {1y e+ 1{Tws = g Ier® s yn e € F =
= K (b ATwid yige (F) g (F)

implies that

||TH(le,ql;,.(E,F),Hp21q2;,.(E,F))91q >c- ||{TI1}| (lgtlw:Z;Lg(F) l;trzgg(F))B

2q

But we know that ||[{Tz;}|

(lbt’V'O’!LJ(F) latrvovzg(F))G , 2 E ||{T$Z}||l;f;-ong(F) . Therefore,

P2,92

by taking the supremum over all {z;}7_, € F (E) with ||[{z;}[|*"* = 1, we get that

HTH( > ¢ Tpqr (1)

My qy5r (B, F) My o (B, F)) )

In conclusion (Ilp, g, (E, F) , I, goir (B, F))g , C Iy g (B, F) , as wanted. O

We now recall some results concerning the Lorentz-Zygmund sequence spaces,
which were introduced by C.Bennet and K. Rudnick, [3], and generalize the Lorentz
sequence spaces.

Definition 13. ([3], [4]) Let 1 < p,q < o0 and —oo < 7y < 0o. The Lorentz-Zygmund

sequence spaces are defined as follows
11 il q
lpary = {5 {€nt, € o Z[ »~a - (1+4logn) 'Sn(f)} <OO},
if ¢ < 0o, and

lp ooy = {§ ={{,},€co: Slrllp [n% (14 logn)w - Sp (ﬁ)} < oo} .

Remark 1. ([4]) The formulas

Hmﬁ:<whi?a+mm”%wﬁ,

Q=

n=1
respectively
[y = 50D [ - (14 Togm) -5, ()]
define quasi-norms on [, 4 ~, respectively on I, o -
The lexicografic order of the Lorentz-Zygmund sequence spaces is impor-
tant for our proofs so we establish it here.
Proposition 14. The following inclusions hold:
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L lpo.grvg € lpyigiy,s for 1 <pp < p1 <00, 1< g <00, —00 < 79,7 < 005

2.1 Clpgyy, for 1 <p<oo, 1< gy <qp <oo,y>0.

P;qo,y =

Moreover, in the first case, there is a constant c¢; such that

llz|| c1- |z for every z € 1, 4,4, and in the second case there

<
pP1,4,%1 — P0:49,%0

<ol

iy S for every x € lp g,

is a constant ¢y such that ||z|| Doy
140,

To prove this proposition, we shall need the following results.
Theorem 15. ([4]) Let 0 < q¢ < oo and let p,p € B ap < Pz Then A\ (p)is

continuously embedded in A\ (p), where

A (p) = {f = {6} €co: ) [p(n) s () 07t < OO} ;
n=1
i< o0, and X () = {€ = (€., € o - swplip () 5, (] < o0
In [14] N. Tita has established a relation between Lorentz spaces and Lorentz-
Zygmund spaces, which is content of the next result.
Theorem 16. Let 1 <p,q < 00,0 <y < oo and §{ ={¢,}, € co. Then & €l 4 <

{2% - Sgn—1 (f)} € l,q where v = % — %. Moreover, there are constants ¢(p,q,7)
n

~ n—1
and @ (p,4,7) such that & (p,q,7) - ||[{27" - 520 <s>}nHw < 1€l g <

n—1
<e(p,a:7)- {2 7 Syn (5)} :
7.q
Proof of Proposition 14. 1. Consider ¢ : (0,00) — (0,00) defined

n

by ¢(t) = t7o - (1+log|t))™ and p : (0,00) — (0,00) defined by p(t) = toi -
(1+1loglt])™ . Then ¢,p € B and 35 = p%’ ap = p%’ [4] . Hence if 0 < py < p1 < 00,
then a; < 6@ and Theorem 15 applies to give the desired inclusion.

n—

To prove 2., note that by Theorem 16 £ € [, 40 & {2 o - Son—1 (§)}n €

lyy,q0 Where v = L qio Let g1 > qo and r; such that v =

To

% — LTt follows that
1 q1
n—1
ro < ri; and further on I, 4, C l;, q,- SO Wwe obtain that {2 P Sgn—1 (5)} €lrg
n

which then implies that £ €, 4, ~-

Remark 2. We must give here an explanation. In [14] there were given results for the
operator ideals L;(f;,, , where s is an additive and multiplicative s-scale, an s—scale
being arule s : T € L(E,F) — {s, (T)} € lo which assigns to every linear and

bounded operator a bounded scalar sequence with the following properties:
1. [T =51(T)>52(T)>...>0,forall T € L(E, F);
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2. Spam—1 (T+S) < 55 (T) + s (5), for all T, S € L(E,F) and n,m €
{1,2,...};

3. Spim—1(T08) < s, (T) sm (S), for all T € L(F, Fy),S € L(E,F) and
n,m € {1,2,...};

4. s, (T) =0, dimT < n;

5. 8p (Ig) =1, if dimE > n, where Ig (z) = x, for all x € E.

We call s, (T) the n-th s—number of the operator T. For properties, examples
of s—numbers and relations between different s-numbers we refer the reader to [10],
[12], [13].

If we take account of the similarity between the axioms of the sequence
{sn (1)}, , where s is an additive s-scale, T € L(E,F), and the properties of
{sn ()}, , where = {z,},, € l, wWe can transfer the result obtained in [14] by
N. Tita from Lz(it)z,’v t0 Ip,g,y-

In [14], an interpolation result for the Lorentz-Zygmund operator ideals Lgf,%ﬁ
is also established. We can also transfer this to the sequence spaces case, as follows.
Theorem 17. Let 1 <py <p; <00, 1 < gy <q1 <00,1<g<00,0< 55,7 <o
and 0 < 0 < 1. Then

cl

(lpo7q07’Yo7lP1>Q17“/1>97q = "P:4q,7»

1_1-0_ 0 —
where & = =54+ = and y = (1 —0) vy +6-71.

Moreover for every & € (Ipy.go.vy» lp1.a1v, ) , the following inequality is true

0,

12[lp,q,, < € (Pya,7) - 12l

lpg.a0.70:tp1.a1.71 )9,(1

We start now our construction which generalizes Miyazaki’s spaces..
Definition 18. Let 1 < p < o0, 1 < ¢ < 00, —0 < 7 < o00. The vector se-
quence {z,}, in E is strongly (p,q,7v)—summable if {||zy|}, € lyq~. We denote
by 155799 (E) the set of all such sequences in E. Tt is easy to see that [579"9 (E)

is a vector space under pointwise operations, and a natural quasi-norm is given by

st 3
{zn gy = [I{llznll}

Remark 3. It is not hard to verify that all the above results for I, ,~, can be

|P7‘17’Y '

transferred to 5799 (E) .
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Definition 19. Suppose that 1 < p,q,r < 0o and —o00 < v < oo. An operator
T e L(E,F)iscalled (p, q,7; r) —absolutely summing provided there exists a constant
¢ > 0 such that H{Tacm}H;tgo;lg < - {mm}| P, for every {z,,},, € F(E). We
denote by II, 4 ~.r (E, F) the space of such operators acting between E and F.

The smallest number ¢ for which the above inequality holds is denoted by

Tp.qyr (T) -

Remark 4. It is routine to verify that the constant coming from |-||>"°™

p,q,y can be

used to prove the triangle inequality, and thus 7 q.~.» () is & quasi-norm on the space
of (p, q,7;r) —absolutely summing operators.

Theorem 20. Let1 <p; <p2 <00, 1 <q1 <qa<00,1<¢q,7<00,0< 7,7y <00

and 0 < 6 < 1. If%:1];9+1% and y=(1—0) v, +0-v, then

(th%,’h;r (Ev F) 7HP2,¢127"/2;T (Ea F))OJJ C HP#I,’Y;T (Ev F) .

Proof. We shall use the idea from the case of (p, ¢; r) —absolutely summing operators.
First we must prove that (I, g, v, (B, F),p, g5, (B, F)) is an interpolation
couple.

Let T € Iy, 4, 4, (B, F) and {2;}, € F (E). It follows that there exists a
constant ¢ > 0 such that ||[{Tz;}||”"°" < ¢- ||{:z:1}||7:)eak But [|{Tz,}||°"™

P1,91,71 — D2,92,7Y2 —

c- H{Twn}H;tf;?%l . Hence we obtain

t — t ~ k
T}, gery < € KT} 005, < € il
2 1

(From this it follows that T' € IIp, g, ~,: (E, F), and therefore II,, 4, v . (E, F) C
Wps g2 705 (B, F) -

Let now T € I, 4, .. (E, F) and pick {z;}/", € F (E) with |[{z;}]|"“** =
1. The estimate of the K —functional K (t,T, I, ¢, . (B, F) I, g3y (B, F)) =
inf {7, g1 7,5m (S) F - Tpyqeiygir (T —5) 1 S €My, gy (B, F)} >

inf {|{SwiHlprord, + ¢ 1T = S)aidlyers, S € Ty gy e (B, F) } =

P1,91,71 P2,92,72
. st st
inf { | {w} 5o, + - T2 = yitlprend, < 91,estn € F} =
= K (t.ATwi}, irens (F),Bsirens (F)), implies that

> @ {Taitl g

T, tr .
(HP1v‘ll7’71%7‘(E7F)aHP2,qz,“/zzr(EaF))s’q 178??71 (F)’l:igyzgag’m (F))e,q
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But we know that H{T%}H(zgf’“ong(F),l“”"g(F))e > c ||{T37i}||8tmng- Taking the
2q

1,91 P2,92 P.q,y

supremum, over all these {z;}!" | € F (E), we get

||T||(Hp1’qlﬁwl:,‘(E,F),sz‘qzYWZ;T(E,F))evq >c Tpqr (T).

In conclusion (ITp, g, v, (B, ) Tpy gs,7ar (B F))g’q Cpgr (B, F). O

We can further on generalize the Miyasaki operator classes. First we introduce
some vector-valued sequence spaces.
Definition 21. Let 1 < p,q < 00, —00 < 7 < 0o. The vector sequence {x,}, in F is
weakly (p, ¢,y) —summable if the scalar sequences {|(z*,z,)|}, are in I, 4 for every
z* € E*. We denote by [¥*¥ (E) the set of all such sequences in E.

Proposition 22. Suppose that 1 < g <p <oocand vy < 0,orl <g<p< o
and 0 < v such that % — % > 7. Then l;if}f‘ff (E) is a vector space under pointwise

operations, and the formula

weak = 1_1 7 * q ‘
[}l = sup ( (775 (1+ 1ogn) |<x,zn>|}>

weak | jweak (E)

defines a quasi-norm |||, " : {7’07
t ) 2

Proof. The first step is to show that the quantity in the right side of the formula
is finite. We shall apply the closed graph theorem like in the case of absolutely

p—summing operators, cf. [5]. Let z = {x,,}, € (2% (E) and associate with it the

map u: E* — 1, 4~ given by u (z*) = {(z*, z,,) },, . Note that u is a well-defined linear
map. Consider now a sequence {7}, which converges to zf in £*.Then for each n,
the scalar sequence {(z},zy)}, converges to (x(,xy). Thus, if we take into account
the fact that {n%_% (1+1log n)w} € ¢g, for which purpose we have made the choice
of p,q and -y, we obtain as a consequence, that u has closed graph. Therefore, u is

bounded. In other words

1
(oo} - q q
ull = sup (S0 [nbh 1+ togn) e m)l] ) < oo
z*cUpx* o
weak

: : weak
p.q~ 18 @ quasi-norm on [ (E). O

Now it is easy to check that ||-|| b

Definition 23. Let 1 < p,q < co and —oo < v < co. Suppose that 1 < s < r < o0

anda<0,0r1§s<r<ooand0<aaresuchthat%—%Za.Anoperator
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T € L(E,F) is called (p,q,~;r,s,a) —absolutely summing if there exists a constant

¢ > 0 such that |[{Tz;}| ;f;?,?g <c- ||{9cz}\|:f)§aoiC for every {x;} € F (E). We denote by

IT, g.~:r.s,a (B, F) the space of such operators acting between E and F.

The smallest number ¢ for which the above inequality holds is denoted by

Tp,ayimsia (1) -

strong

Remark 5. It is straightforward to verify that the constant coming from ||| " "

can be used to prove the triangle inequality and thus 7 ¢ 4ir.s,o (+) is @ quasi-norm on
the space of (p, q,v;r, s, ) —absolutely summing operators.

Remark 6. Using the domination theorem it is routine to prove that
HPJI#Y;P,Q»’Y (Ev F) :—) Hq (Ev F) .

Moreover 7q (T') > Tp.gyip.q~ (T) for every T € I, (E, F) .

If the sequence a, = {n%_l -(1+ log n)w'q} is a decreasing one then
Ip.q,4ip.qy (£, F) is of the type Ilg ¢ (E, F') , where ®, ¥ are symmetric norming func-
tion.

The following theorem, which is a representation result for our class of oper-
ators, will be the essential ingredient in our main theorem.

Theorem 24. Let 1 < p,q < o0 and —oo < v < 00. Suppose that 1 < s < r < oo
and a <0, orl <s<r <oo and0 < a are such that % — % > «. Then an operator
T € L(E,F) is (p,q,7v; 1, s, ) —absolutely summing if and only if f(lweak (E)) 18

8,0
contained in 137909 (F) , where T: {a;}; = {Tx;},. In this case

|75z (B) — 5t ()| = mpgprsn (7).

The proof is similar to the case of p—absolutely summing operators, cf. [5],
so we omit it.

We are now ready to state our main result.
Theorem 25. Let 1 < p,qg < o0 and —oo < v < 00. Suppose that 1 < s < r < oo
anda <0, orl<s<r<ooand0<a aresuchthat%f%ZOz. Let also 0 < 0 < 1.
Then

(leylh,’hﬂ“ysyoé (Ea F) ;Hpg,qg,'yz;r,s,a (Ev F))e,q g HZD’%’Y;T,S,& (E> F) ’
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1_1-0 0 —
where & = 54 = and y = (1—0) -7, + 67,

Proof. We shall use an idea owed to A. Pietsch, see [10], Proposition 1.2.6. First
we must prove that (ILy, ¢ v irsa (B, F),Hp, g0 ysimsa (B, F)) is an interpolation

couple.

Let T € 11, 4, im0 (B, F) and {z;}, € F (E). It follows that there exists

a constant ¢ > 0 such that ||{sz}||;?;?%1 <e- ||{:UZ}||:ffaO]éc But we know that
H{T:En}H;t;;:%z <¢c- ||{T9t7n}||;t;2:lgVl . Therefore

st - st k
T}l a0ty < T IH{T@i}p 0rs, < - [z}l -

In conclusion T' € Tlp, gyirs,0 (£, F) and Il g, v irs,0 (B, F) Cp, g0rpirs.0 (B, F).
Let now {z;}, € 1*¢% (E). We define the operator X : T € L(E,F) —

8,0

{Tx;},. It follows from the preceding representation theorem that {Tz;}, €

Bireng (F), if T € Ty gymyinsa (B, F) and {Ta}, € Brons (F), if T €

Hquzwz;r,s,a (E, F) . Thus

X HP17¢11771§T’75704 (E7 F) - lzi”:gﬁgl (F) ’

X 0 s goygirsia (B, F) — Isireng (F),

P2,92,72

are linear and bounded.

It now follows from the interpolation Theorems 6 and 8 that

X: (HP17QI7’Y1§7'7570¢ (E,F) s govaims,0 (E,F))o,q -

(lstrong (E) lstrong (E)) C lstrong (E)

P1,91,71 77P2,92,Y2 0,q p,q;Y
)

Hence the assertion follows from the representation theorem. O
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