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A comprehensive class of harmonic functions
defined by convolution and its connection with
integral transforms and hypergeometric functions

Sumit Nagpal and V. Ravichandran

Abstract. For given two harmonic functions ® and ¥ with real coefficients in the
open unit disk D, we study a class of harmonic functions

fz)=2z- i A" + i Bnz" (An, Bn > 0)

n=2 n=1

(f * ®)(2)

satisfying Re -————~< > a (0 < a < 1,z € D); * being the harmonic convo-
()

lution. Coefficient inequalities, growth and covering theorems, as well as closure

theorems are determined. The results obtained extend several known results as

special cases. In addition, we study the class of harmonic functions f that satisfy

Re f(z)/z > a (0 < a < 1,z € D). As an application, their connection with

certain integral transforms and hypergeometric functions is established.
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1. Introduction

Let H denote the class of all complex-valued harmonic functions f in the open
unit disk D = {z € C : |z] < 1} normalized by f(0) =0 = f.(0) — 1. Such functions
can be written in the form f = h + g, where

h(z) =z+ Z Apz™ and g(z) = Z B, z" (1.1)
n=2 n=1
are analytic in D. We call h the analytic part and g the co-analytic part of f. Let Sy

be the subclass of H consisting of univalent and sense-preserving functions. In 1984,
Clunie and Sheil-Small [5] initiated the study of the class Sy and its subclasses.
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For analytic functions ¢(z) =z + Y oo, A,z" and ¢(z) = 2+ Y o0, Al 2™, their
convolution (or Hadamard product) is defined as (¢ x¢)(z) = z 4+ > o, A, Al 2
z € D. In the harmonic case, with f = h 4+ g and F = H + G, their harmonic
convolution is defined as f* F = hx H +¢ * G. Harmonic convolutions are investigated
in [7, 8, 10, 15, 16].

Let TH be the subclass of H consisting of functions f = h + g so that h and g
take the form

z)=z— Z Apz" . g(z) = Z B,z" (An,Bp >0). (1.2)
n=2 n=1
Making use of the convolution structure for harmonic mappings, we study a new
subclass TH(®;, ¥;; ) introduced in the following:

Definition 1.1. Suppose that i,j € {0,1}. Let the functions ®;,¥; given by

=z+ anz + ( Z anz"
and

—e S w1 e
are harmonic in D with p, > w, > 0 (n =2,3,...) and n > v >0 (n=12,..).
Then a function f € H is said to be in the class H(P;, Vj;a) if and only if

(f «2,)(2)
R )0

where x denotes the harmonic convolution as defined above and 0 < o < 1. Further
we define the class TH(®;, ¥;; o) by

TH((I)Z', \Ifj; a) = H((I)l, \I/j; a) NTH.

>a (ze€D), (1.3)

The family TH(®;, ¥ ;) includes a variety of well-known subclasses of har-
monic functions as well as many new ones. For example

z 5 5 E o
TH((1—2)2 a (1—2)2’1—z+ 1_570‘> =TSk(a);
and ) 2
z+z zZ4+z P 3 -
TH((l—Z)g - 1-23(1-22 (1—2)2’a) =TKu(®)

are the classes of sense-preserving harmonic univalent functions f which are fully
starlike of order a (0 < @ < 1) and fully convex of order o (0 < v < 1) respectively
(see [11, 12, 16]). These classes were studied by Silverman and Silvia [19] for the case
a = 0. Recall that fully starlike functions of order v and fully convex functions of
order « are characterized by the conditions

89argf(7"e H>a (0<h<2m,0<r<1)
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ar ’(78‘) >a, (0<9<27,0<7<1)
()9 g (?9 -

respectively. In the similar fashion, it is easy to see that the subclasses of TH intro-
duced by Ahuja et al. [2, 3], Dixit et al. [6], Frasin [9], Murugusundaramoorthy et al.
[14] and Yalgin et al. [20, 21] are special cases of our class TH(®;, ¥;; ) for suitable
choice of the functions ®; and V.

In Section 2, we obtain the coefficient inequalities, growth and covering theorems,
as well as closure theorems for functions in the class TH(®;, ¥U;; ). In particular, the
invariance of the class TH(®;, ¥;; o) under certain integral transforms and connection
with hypergeometric functions is also established.

The study of harmonic mappings defined by using hypergeometric functions is
a recent area of interest [1, 4, 17]. Let F(a,b, c; z) be the Gaussian hypergeometric
function defined by

= n b n
F(a,b,c;z) := Z Mz", zeD (1.4)

n=0

which is the solution of the second order homogeneous differential equation
2(1=2)w"(2) + [c— (a + b+ 1)2]w' (2) — abw(z) = 0,

where a, b, ¢ are complex numbers with ¢ # 0, —1,-2,..., and (0),, is the Pochham-
mer symbol: (0)g =1 and (), =00 +1)...(0 +n—1) for n = 1,2,.... Since the
hypergeometric series in (1.4) converges absolutely in D, it follows that F(a,b,c; z)
defines an analytic function in D and plays an important role in the theory of univa-
lent functions. We have obtained necessary and sufficient conditions for a harmonic
function associated with hypergeometric functions to be in the class TH(®;, ¥;; ).
The well-known Gauss’s summation theorem: if Re(c —a — b) > 0 then
I'(e)'(c —a—b)
T(c—a)(c—10)’
will be frequently used in this paper.

Forv> —land -1 <d<1,let L, :H — H and Gs : H — H be the integral
transforms defined by

F(a,b,c;1) = c#£0,—1,-2,...

Ly[f](Z) = 7;1/Ozt’y_lh(t)dt—i—72—_:1/:“_19@)6”7 (15)
and
_ [FHO-hE) a0 900
Gslf(z) .—/0 a0 dt—i—/o T (1.6)

where f = h+77 € H and z € D. It has been shown that the class TH(®;, ¥;; ) is
preserved under these integral transforms.
For 0 < a<1,let

z

z
TZ/{H(Oé) .:TH(l—Z +§,Z,OZ)
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The last section of the paper investigates the properties of functions in the class
TUp(a). Moreover, inclusion relations are obtained between the classes TUp(«),
TSy (a) and Ty («) under certain milder conditions.

2. The Class TH(®;, V;; a)

The first theorem of this section provides a sufficient coefficient condition for a
function to be in the class H(®;, ¥;; ).

Theorem 2.1. Let the function f = h 4+ g be such that h and g are given by (1.1).
Furthermore, let

where 0 < a < 1, ,7 € {0,1}, pp > up, >0 (n = 2,3,...) and g, > v, > 0
(n=1,2,...). Then f € H(®;,V; ;).

Proof. Using the fact that Rew > « if and only if |w — 1] < |w + 1 — 2«/, it suffices
to show that

|C(2) + (1 = 2a)D(z)| — [C(2) — D(z)| = 0, (2.2)
where
C(z) = (f *®i)(2) _Z+ZAnan + ( ZBnqn
and

n=2
Substituting for C'(z) and D(z) in (2.2) and making use of (2.1) we obtain

[C(2) + (1 = 20)D(2)| - |C(2) — D(2)]

1—az+2pn + (1 —2a)un)Apz"+(— Zan I7H1 = 2a)vy,)Bnz"
n=1
- Z(p _un)A 2" + ZZ l vn)BnEn
n=2 n=1
>2(1 = a)lz] = Y (P + (1= 20)un)|Anl|2]" = D~ (an + (=1)7 (1 = 2)0,) [ By |=["
n=2 n=1
- Z — un)|Anll2" =D (@0 — (=1)70,)| Ball2["
n=1

Pn — QUp n— qn_ - l Oé’Un n—
a1 a) [1—2 et - 3 Bl ]

2(1—a>|z|[1—zw Zq"" o
n=2
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The harmonic mappings

= 1-a 1 —o o
(Z)_Z+7;2pn_01n +Z Vo, "7
where Y07, || + Yoo [yn| = 1, show that the coefficient bound given by (2.1) is
sharp. O

Remark 2.2. In addition to the hypothesis of Theorem 2.1, if we assume that p, > n
(n=23,...) and ¢, > n (n =1,2,...) then it is easy to deduce that n(l — a) <
pn—au, (n=2,3,...) and n(1 —a) < g, — (=1)"taw, (n=1,2,...) so that

an |+Zn|B |<Zp" ‘”‘"|A |+Zq"_ —1)’ Ow"|Bn|§1.

By [12, Theorem 1, p. 472], f € Sy and maps D onto a starlike domain.

Theorem 2.1 gives a sufficient condition for the harmonic function ¢; + ¢, to be
in the class H(®;, U ;) where ¢1(z) = ¢1(a1, b1, c1;2) and ¢a2(z) = ¢a(ag, ba, c2; 2)
are the hypergeometric functions defined by

¢1(z) :== zF(a1,b1,c152) and  ¢o(2) := F(az, ba, ca;2) — 1. (2.3)
Corollary 2.3. Let ay,bi,cr > 0 for k =1,2. Furthermore, let
= DPn — QUn (al)n 1 bl n 1 Z qn — ‘ Oé’Un (a2)n(b2)n < 1 (2 4)
= l-o (e1)n-1( 1—a (c2)n(D)n —

where 0 < o« < 1, 4,j 6_{0,1}, Pn > U, >0 (n=23,...) and ¢, > v, > 0
(n=1,2,...). Then ¢1 + ¢5 € H(D;, Uj;0), 1 and ¢2 being given by (2.3).

The next corollary provides a sufficient condition for 1, + 1), to belong to the

class H(®;, ¥j; ) where ¢1(z) = 1(a1,b1,c152) and 2(2) = 2(az, b, c2;2) are
analytic functions defined by

2/11 (Z) = / F(al, bl, C1; t) dt and ’lﬁg(z) = / (F(ag, bg, C2; t) — 1) dt. (25)
0 0
Corollary 2.4. Suppose that ay, by, cx > 0 for k =1,2 and

an_aun a1 )n—1( bl n—1 Z G — (1) ""awn (a2)n—1(b2)n—1 <1 (2.6)
(e)m 1-a (C2)n1(V)n  ~ .

where 0 < o« < 1, 4,j 6_{0,1}, Pn > U, >0 (n =23,...) and ¢, > v, > 0
(n=2,3,...). Then Y1 + 1y € H(P;, ¥;; ), Y1 and o being given by (2.5).

It is worth to remark that Theorems 2.2, 2.4 and 2.11 of [4] are particular cases
of Corollary 2.3, while [4, Theorem 2.8] follows as a special case of Corollary 2.4.
We next show that the coefficient condition (2.1) is also necessary for functions in

T'H((I)i, \I/j; a).
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Theorem 2.5. Let the function f = h + g be such that h and g are given by (1.2).
Then f € TH(®;, ¥j; «) if and only if

an O‘“"A +an— D e g (2.7)

11—« -

where 0 < a < 1, i,7 € {0,1}, pp > up, >0 (n = 2,3,...) and g, > v, > 0
(n=1,2,...).
Proof. The sufficient part follows by Theorem 2.1 upon noting that 7H(®;, ¥;;a) C
H(®;, ¥;; ). For the necessary part, let f € TH(®;, ¥;; ). Then (1.3) yields
0¥
o (L2006) _ )
(f * ¥;)(2)

= Re (1-—a)z+ EZO:Q(Pn — auy)Ap2" + (_1)i Ele(qn - (_1)j_iavn)Bn5n

N 2430 Apunz™ + (—1)7 37 | Byu, 2"

> (1 - OZ) - 22022(1)71 - aun)An|Z|n_1 - Ezozl(qn - (_1)j_iavn)Bn|Z|n_l

- 14300 Anunl2|"~1 + 3207 ) Bnlz[" !
The above inequality must hold for all z € D. In particular, choosing the values of z on
the positive real axis and letting z — 1~ we obtain the required condition (2.7). O

> 0.

Theorem 2.5 immediately yields the following three corollaries.

Corollary 2.6. For f = h+g € TH(®;,¥;;a) where h and g are given by (1.2), we
have
l-« 11—«
Ay < ——(n=23,...) and B, < — (n=1,2,...);
Dn — QU an — (—1)"taw,

the result being sharp, for each n.

Corollary 2.7. Let ag,bg,cp > 0 for k = 1,2 and ¢1,d2 be given by (2.3). Then a

necessary and sufficient condition for the harmonic function ®(z) = 22— ¢1(2)+¢2(2)

to be in the class TH(P;, U ;) is that (2.4) is satisfied.

Corollary 2.8. If ap,bx,cr, > 0 for k = 1,2, then U(z) = 2z — Y1(2) + ¥2(z) €

TH(D;, Uj;a) if and only if condition (2.6) holds, where ¥1,12 are given by (2.5).
Note that [4, Theorem 2.6] is a particular case of Corollary 2.7. By making use

of Theorem 2.5, we obtain the following growth estimate for functions in the class

TH((I)“ \I/j; Oé).

Theorem 2.9. Let f € TH(®;, ¥V ;a), 0p = pn —au, (n = 2,3,...) and T, =

qn — (1) v, (n=1,2,...). If {0} and {T',,} are non-decreasing sequences, then

-« — (1)t
R e e e [T

and

11—«
for all z € D, where n = min{os,I'2} and By = f3(0).

) > (1= By)e| - 17—7@ (1 g —(=1)"an B1> 122
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Proof. Writing f = h + g where h and g are given by (1.2), we have

FR) <@+ By)lzl+ > (An + By)l2|"

n=2

1—a— n n 9
<(l1+B A, B,
< (1+ By)lz| + ; E (1_a +1 = >|z|

n=2

1— = [ pn — aun, an — (=1)"tav, 9
< B+ Y (e, 22O 4

n=2

-« — (1)t
< (1 +Bl)|Z| + <1 N q1 ( ) 1Bl> |Z|2
n l1-—a
using the hypothesis and applying Theorem 2.5.
The proof of the left hand inequality follows on lines similar to that of the right
hand side inequality. O

The covering result for the class TH(®;, ¥;; a) follows from the left hand in-
equality of Theorem 2.9.

Corollary 2.10. Under the hypothesis of Theorem 2.9, we have
1 o
{w eC:|wl < ;(77 —14+a+ (g — (1) "av — 77)31)} c f(D).

Using Theorem 2.5 it is easily seen that the class TH(®;, ¥;; «) is convex and
closed with respect to the topology of locally uniform convergence so that the closed
convex hull of TH(®;, ¥;; ) equals itself. The next theorem determines the extreme
points of TH(®;, ¥;; cv).

Theorem 2.11. Suppose that 0 < a <1, 4,5 € {0,1}, pr, > u, >0 (n=2,3,...) and
Gn >vp, >0 (n=1,2,...). Set

e
hi(2) =2, ho(z2)=2— ——2 "(n=2,3..) and
1(2) = 2, (2) =2z pn—ozunz (n ) an
l-«a

gn(Z) =z+ Gn — (—1)j_iOZUn

Then f € TH(®;, U ;) if and only if it can be expressed in the form

f(z) = i(thn +Yogn)(2), X»>0, Y,>0 and i(Xn +Y,) =1 (2.8)
n=1 n=1

In particular, the extreme points of TH(®;, Vj; ) are {hy} and {g,}.
Proof. Let f =h+g e TH(®;, ¥ ;a) where h and g are given by (1.2). Setting

—(=1)"taw,

11—«

X,=Pn " g (n=23..) and Y, =2

B,(n=1,2,..),
a (n )
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we note that 0 < X,, <1 (n=2,3,...) and 0<Y,, <1 (n=1,2,...) by Corollary

2.6. We define - .
X1=1-) X, > Y.
n=2 n=1

By Theorem 2.5, X7 > 0 and f can be expressed in the form (2.8).
Conversely, for functions of the form (2.8) we obtain

o o0
z2)=2z— E 2"+ g vz,
n=2 n=1

where p, = (1_a)Xn/(pn_aun) (n=2,3,.. ) and v, = (1—-a)Yn/(gn—(— )j lavn)
(n=1,2,...). Since

an_ n+ZQn — j O[’Un :an‘f'iYn:l_Xlgla
n=2 n=1

it follows that f € T’H(CI%, U;;«) by Theorem 2.5. O

For harmonic functions of the form

z):z—ZAnz”—i—ZBné” and F(z —Z—ZA/Z —i—ZB’ z", (2.9)
n=2 n=1
where A, By, A!,, Bl, > 0, we define the product % of f and F as

(f*F _Z—ZAA'Z +ZBB’”— (Fxf)(z), zeD.

Suppose that Z and J are subclasses of T”H. We say that a class 7 is closed under
if f&*F € 7 for all f, I € Z. Similarly, the class Z is closed under % with members
of Jif f¥F € Z for all f € 7 and F € J. In general, the class TH(®;, ¥;; o) is not
closed under the product %. The analytic function f(z) = z — 222 (2 € D) belongs to
TH(z + 2%/2,2;0), but (f5f)(2) = z — 422 & TH(z + 22/2, z;0). However, we shall
show that the class TH(®;, ¥;; a) is closed under % with certain members of 7.

Theorem 2.12. Suppose that f,F € TH are given by (2.9) with A!, <1 and B}, < 1.
If f € TH(D;, U ;) then f&F € TH(®;, U ;a).

Proof. In view of Theorem 2.5, it suffices to show that the coefficients of f%F satisfy
condition (2.7). Since

an aunAA, an—— ' QU”BnB;

n=2

pn_aunA > qn — (_1)j_iavn
< _ B, <1
_7;2 1-a ”+nZ::1 11—« =

the result follows immediately. O

By imposing some restrictions on the coefficients of ®;, it is possible for the class
TH(P;,Vj;a) to be closed under the product #, as seen by the following corollary.
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Corollary 2.13. If f,F € TH(®;,¥;;) with p, > 1 (n = 2,3,...) and g, > 1
(n=1,2,...) then f*F € TH(®;, ¥ ;).

Proof. Suppose that f and F are given by (2.9). Using the hypothesis and Corollary
2.6 it is easy to see that A/, <1 (n=2,3,...) and B, <1 (n=1,2,...). The result
now follows by Theorem 2.12. O

In view of Corollary 2.13, it follows that the classes TSy («) and TKg(«) are
closed under the product %. The next corollary shows that the class TH(®;, ¥ ;a) is
preserved under certain integral transforms.

Corollary 2.14. If f € TH(®i, ¥;; ) then L,[f] and Gs[f] belong to TH(P;, ¥;; ),
where L, and Gs are integral transforms defined by (1.5) and (1.6) respectively.

Proof. From the representations of L, [f] and Gs[f], it is easy to deduce that

Ly [fl(z) = f(z)* (2— Z ”ZT—i_rlzzn—i— Z 7+ 1271) 7

n=2 :1’Y+7’L

and

. o A L -
Gg[f](2)=f(2)*<2—zll_5 ST %)’
n=2 n=1

where z € D. The proof of the corollary now follows by invoking Theorem 2.12. [

The next two theorems provide sufficient conditions for the product % of f €
TH(D;, ¥j; ) with certain members of TH associated with hypergeometric functions
to be in the class TH(®;, ¥;; o).

Theorem 2.15. Let f € TH(®;, V;;a) and ®(2) = 22— ¢1(2)+¢2(2); ¢1 and ¢ being
given by (2.3). If ag, by, > 0, ¢, > ay, + by, for k =1,2 and if
F(ay,b1,c1;1) + F(ag, b, ca;1) < 3,
then f%® € TH(®;, U ;).
Proof. Writing f = h + g where h and g are given by (1.2), note that

oo

O I e IR BECI L R

n=2 (Cl)n 1( n=1

Applying Corollary 2.6, we deduce that

Pn — QUnp (al)n 1 bl n 1 dn — Ty, (a2)n(b2)n
D R () BTG P *Z 1—a (2)n(Dn "
n 1 bl -1 - (aQ)n(b2)n
: Z - +n; (c2>n<1>n

Theorem 2.5 now gives the desired result. O



50 Sumit Nagpal and V. Ravichandran

Theorem 2.16. Let f € TH(®;, ¥j;a), ag, by > 0 and ¢, > ap + by for k = 1,2.
Furthermore, if

F(ahblacl;l) +F(a2,b2702;1) S 4:7

then f¥¥ € TH(D;, U;;a) where ¥(z) = 22 — 1(2) + ¥2(2); Y1 and s being given
by (2.5).

Proof. For f = h+g where h and g are given by (1.2), we have

(f40)(2) = i b“” +Z bQ"anz", z€D.

’ﬂ

A simple calculation shows that

= Pn — QUp (al)n—l(bl)n—l A

— dn — (_1)j_iavn (a2)n—l(b2)n—1
1-— (6% (Cl)n—l(l)n " Z

1 — (Cg)n_l(l)n

By

n=2

using the hypothesis and Corollary 2.6. Hence f%U € TH(®;,¥;;a) by Theorem
2.5. O

We close this section by determining the convex combination properties of the
members of the class TH(®;, ¥;; a).

Theorem 2.17. The class TH(®;, U;; «) is closed under conver combinations.

Proof. For k=1,2,... suppose that fi, € TH(®;, ¥,;; ) where

oo oo
z)=z— Z an, k2" + Z bz, ze€D.
n=2 n=1

For Ezozl tr =1, 0 <ty <1, the convex combination of fi’s may be written as

2) =Ztkfk(z) zz—Z”ynz"—FZ(SnZ", zeD
k=1 n=2 n=1
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where v, = Y po teank (n=2,3,...) and §,, = > po; tebn ik (R =1,2,...). Since
3 by, o 3 e ey,
-Dk(?“‘ e S
< Ztk =1,
k=1

it follows that f € TH(®;, ¥;; ) by Theorem 2.5. O

3. A particular case

For 0 < o < 1, set Up(e) :=H(z/(1—2)+Z/(1 — Z),z; ). Then Uy (a) denote
the set of all harmonic functions f € #H that satisfy Re f(z)/z > a for z € D and let
TUr(a) .= U (a) NTH. Applying Theorem 2.5 with p, —1=0=u, (n =2,3,...),
gn—1=0=wv, (n=1,2,...) and using the results of Section 2, we obtain

Theorem 3.1. Let the function f = h+ g be such that h and g are given by (1.2) and
0<a<1l. Then f € TUu(a) if and only if

<
Z 1-a + Z l—a ™ !
n=2 n=1
Furthermore, if f € TUp(a) then A, <1—a (n=2,3,...), B, <l—-a(n=1,2,...)
and

(1= B)lel = —a =Bl <|f(2) < A+ By)lz| + (L —a = By)lz* (3.1
for all z € D. In particular, the range f(D) contains the disk |w| < a.

Moreover, the extreme points of the class TUp(a) are {h,} and {gn} where
hi(z) =z, hp(2) = 2—(1—-a)z" (n=2,3,...) and gn(2) = 2+ (1—)z" (n =1,2,...).

Theorem 3.2. Let ap,by, > 0, ¢k > ap + b for k = 1,2. Then a necessary and
sufficient condition for the harmonic function ®(z) = 2z — ¢1(2) + ¢2(2) to be in the
class TUp (a) is that

F(ay,b1,c1;1) + F(ag, ba, ;1) <3 —
where ¢1 and ¢a are given by (2.3).

The upper bound given in (3.1) for f € TUy(«) is sharp and equality occurs
for the function f(z) = 2+ B1z+ (1 —a — B1)z? for By <1—a. In a similar fashion,
comparable results to Corollary 2.8 and Theorems 2.15, 2.16 for the class TU ()
may also be obtained. For further investigation of results regarding 7U i (a), we need
to prove the following simple lemma.

Lemma 3.3. Let f = h+g € H where h and g are given by (1.1) with By = ¢'(0) = 0.
Suppose that X € (0,1].



52 Sumit Nagpal and V. Ravichandran

(1) If 3500 (| An] + |Bnl) < A then f € Uy (1 — N);
(ii) If Yoo on(|An] + |Bal) < X then f € Uy(l — N/2) and is starlike of order
2(1=2)/2+ ).

The results are sharp.

Proof. Part (i) follows by Theorem 3.1. For the proof of (ii), note that

> (An| +[Bul) < 5> n(|An| + Bal) < 5.
n=2 n=2

By part (i) of the lemma, f € Uy (1 — A/2). The order of starlikeness of f follows by
[15, Theorem 3.6]. The functions z + Az? and z + A\z2/2 show that the results in (i)
and (ii) respectively are best possible. O

Using Corollary 2.13, Theorem 3.1 and Lemma 3.3(i), we obtain the following
corollary.

Corollary 3.4. The class TU () is closed under the product %. In fact
TUH()*TUR(B) C TUR(L - (1 —a)(1 - 75))
for a, 8 €10,1).

A well-known classical result involving differential inequalities in univalent func-
tion theory is Marx Strohhécker theorem [13, Theorem 2.6(a), p. 57] which states that
if f is an analytic function in D with f(0) =0 = f/(0) — 1 then

" / 1 1
() Zf(z)>— = Ref(z)>— (z € D).
e &) 72 : 72
The function f(z) = z/(1 — z) shows that all these implications are sharp. However,
this theorem does not extend to univalent harmonic mappings, that is, if f € Sy
maps D onto a convex domain then it is not true in general that Re f(z)/z > 0 for
all z € D.. To see this, consider the harmonic half-plane mapping

Re<1+ >>O = Re

z— 122 —1,2
L — 2 2
R () (e
which maps the unit disk D univalently onto the half-plane Rew > —1/2. Figure 1
shows that the function L(z)/z does not have a positive real part in D.
Denote by TS (), TK% (a) and TUY, (a), the classes consisting of functions
fin TSy (a), TKg(a) and TUp(a) respectively, for which fz(0) = 0. The next

theorem connects the relation between these three classes.

z€eD

Theorem 3.5. For 0 < a < 1, the following sharp inclusions hold:

TKY () € TUY, (%) ; (3.2)
and

Tij(a)CTU%( ! ) (3.3)

2—«
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Proof. Let f = h+ g € TH where h and g are given by (1.2). If f € TK% () then

o0 o0

S0 Ba) < 5= 3 0l — @) (Au+ Bu) < 5

n=2 n=2
using [11]. By Lemma 3.3(1ii) f € TU%((3 — @)/(2(2 — «))). Regarding the other
inclusion, note that if f € TS} () then

—

o0 o0

S (At Ba) < 5> (- )(An + B) < 5

n=2 n=2
by [12, Theorem 2, p. 474]. This shows that f € TU%(1/(2 —a)) by Lemma 3.3(i) as
desired. The analytic functions z — (1 — a)22/(2(2 — a)) and z — (1 — a)2%/(2 — )
show that inclusions in (3.2) and (3.3) respectively are sharp. O

—

Remark 3.6. The proof of Theorem 3.5 shows that if f € TIC%(O[) then f is starlike
of order 2/(5 — 3a) by applying Lemma 3.3(ii). This gives the inclusion

2
K S3y :
TKy(a) C TSy (5—3a>
It is not known whether this inclusion is sharp for « € (0,1). However, if & = 0 then
the inclusion TK%(0) C TS} (2/5) is sharp with the extremal function as f(z) =
z+ 2% /4.

FIGURE 1. Graph of the function L(z)/z.
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The functions in the class TU g («) need not be univalent in I. The last theorem
of this section determines the radius of univalence, starlikeness and convexity of the
class TUY ().

Theorem 3.7. The radius of univalence of the class TUY (a) is 1/(2(1 — a)). This
bound is also the radius of starlikeness of TU%Y (). The radius of convexity of the
class TUY (a) is 1/(4(1 — ).

Proof. Let f = h+ g € TUY () where h and g are given by (1.2) and let 7 € (0,1)
be fixed. Then r~!f(rz) € TUY (o) and we have

A, + Bpy)r" < n " )<
;m B _;(1_a+1_a)_

provided nr"~! < 1/(1 —«) which is true if » < 1/(2(1 — «)). In view of [18, Theorem
1, p. 284], f is univalent and starlike in |z| < 1/(2(1 — «)). Regarding the radius of
convexity, note that

2 An - n—1 < n n <

> nP(An+ BTt <y ) <1
n=2 n=2

provided n?r"~! < 1/(1 — «) which is true if r < 1/(4(1 — )). The function f(z) =

2 + (1 — a)z? shows that these bounds are sharp. This completes the proof of the

theorem. 0

Acknowledgements. The research work of the first author is supported by research
fellowship from Council of Scientific and Industrial Research (CSIR), New Delhi. The
authors are thankful to the referee for her useful comments.

References
[1] Ahuja, O.P., Harmonic starlikeness and convezity of integral operators generated by
hypergeometric series, Integral Transforms Spec. Funct., 20(2009), no. 7-8, 629-641.

[2] Ahuja, O.P., Jahangiri, J.M., Noshiro-type harmonic univalent functions, Sci. Math.
Japon., 56(2)(2002), 293-299.

[3] Ahuja, O.P., Jahangiri, J.M., A subclass of harmonic univalent functions, J. Nat. Geom.,
20(2001), 45-56.

[4] Ahuja, O.P., Silverman, H., Inequalities associating hypergeometric functions with planer
harmonic mappings, J. Ineq. Pure Appl. Math., 5(4)(2004), 1-10.

[5] Clunie, J., Sheil-Small, T., Harmonic univalent functions, Ann. Acad. Sci. Fenn. Ser. A.
I, 9(1984), 3-25.

[6] Dixit, K.K., Porwal, S., Some properties of harmonic functions defined by convolution,
Kyungpook Math. J., 49(2009), 751-761.

[7] Dorff, M., Convolutions of planar harmonic convexr mappings, Complex Var. Theory
Appl., 45(2001), no. 3, 263-271.

[8] Dorfl, M., Nowak, M., Woloszkiewicz, M., Convolutions of harmonic conver mappings,
Complex Var. Elliptic Eq., 57(2012), no. 5, 489-503.



A class of harmonic functions defined by convolution 55

[9] Frasin, B.A., Comprehensive family of harmonic univalent functions, SUT J. Math.,
42(1)(2006), 145-155.

[10] Goodloe, M.R.., Hadamard products of convex harmonic mappings, Complex Var. Theory
Appl., 47(2002), no. 2, 81-92.

[11] Jahangiri, J.M., Coefficient bounds and univalence criteria for harmonic functions with
negative coefficients, Ann. Univ. Mariae Cruie-Sklodowska Sect. A, 52(1998), no. 2, 57—
66.

[12] Jahangiri, J.M., Harmonic functions starlike in the unit disk, J. Math. Anal. Appl.,
235(1999), 470-477.

[13] Miller, S.S., Mocanu, P.T., Differential Subordinations, Monographs and Textbooks in
Pure and Applied Mathematics, 225, Dekker, New York, 2000.

[14] Murugusundaramoorthy, G., Raina, R.K., On a subclass of harmonic functions asso-
ciated with the Wright’s generalized hypergeometric functions, Hacet. J. Math. Stat.,
38(2)(2009), 129-136.

[15] Nagpal, S., Ravichandran, V., A subclass of close-to-convex harmonic mappings, Com-
plex Var. Elliptic Equ., 59(2014), no. 2, 204-216.

[16] Nagpal, S., Ravichandran, V., Fully starlike and fully convexr harmonic mappings of
order o, Annal. Polon. Math., 108(2013), 85-107.

[17] Raina, R.K., Sharma, P., Harmonic univalent functions associated with Wright’s gen-
eralized hypergeometric functions, Integral Transforms Spec. Funct., 22(2011), no. 8,
561-572.

[18] Silverman, H., Harmonic univalent functions with negative coefficients, J. Math. Anal.
Appl., 220(1998), 283-289.

[19] Silverman, H., Silvia, E.M., Subclasses of harmonic univalent functions, New Zealand
J. Math., 28(1999), 275-284.

[20] Yalgin, S., Oztiirk, M., On a subclass of certain convezr harmonic functions, J. Korean
Math. Soc., 43(4)(2006), 803-813.

[21] Yalgin, S., Oztiirk, M., Yamankaradeniz, M., Convez subclass of harmonic starlike func-
tions, Appl. Math. Comput., 154(2004), 449-459.

Sumit Nagpal

Department of Mathematics
University of Delhi

Delhi-110 007, India

e-mail: sumitnagpal.du@gmail.com

V. Ravichandran
Department of Mathematics
University of Delhi
Delhi-110 007, India

e-mail: vravié8@gmail.com



