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Abstract. The present work gives descriptions of some classes of torsion-
free abelian groups which have indecomposable subgroups, and for such a

group we will present the structure of these subgroups.

All through this paper by group we mean abelian group in additive notation,
and we will mark with P the set of all prime numbers, with r(A) - the rank of
the group A and with ¢(A) - the type of A. According to [2,27.4], if a group A is
indecomposable, then it is either torsion-free or cocyclic. Since the case of cocyclic
groups (so of torsion groups) is well-known, in this paper we will present certain
classes of torsion-free abelian groups which have indecomposable subgroups, properly
constructing these subgroups.

Let G be a group of rank r and let L = {x;};c; be a maximal independent
system in G; I is a index set with |I| = . Then, according to [2,16.1], (L) = @(xﬁ
For every i € I, we mark with X; the pure subgroup of G, generated by {mi}z.e’IThen,
for every i € I, the subgroup X; is (homogeneous) of rank one and ¢t(X;) = t(z;) = t;.
Therefore any group of rank r has a completely decomposable subgroup of the same
rank. This motivates the study of our problem for completely decomposable groups.

For the beginning we have:
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Theorem 1. Let G = @Gi be a torsion-free group with the following
properties: e

1) I is at most countable index set;

2) For every i € I, G; is a reduced group and r(G;) = 1;

3) There is at most countable set Py = {p1,p2,.-,Pn,- .-} of distinct prime
numbers, with the following properties:

i) for every py € Py, Gy, is pi-divisible,

ii) there is p;, € Po \ {pr} such that Gy, is not py, -divisible.

Then G has an indecomposable subgroup A with r(A) = |P|.

Proof. Let G be a group as in the statement. For every pi € Py, we consider
the groups E,, = (p, “gr) and Hp, = (p,:‘x’gk,pl_kl?k), where p;, € Py \ {pr} and
gr € G\ {0}. Then, for every py € Py, E,, is a subgroup in Hp, and r(E,, ) = 1.

Let be A= ( @D Ep.p,'01 +,'92: 01,91 + 1, Tao 29, 'G1 + 1. G- -)- Then
prE€P
A< @ H, < @Gi and, for every pi € P, neither g nor g, is divisible by

pPrE€EPy i€l

Py, € Po\ {pe} in A. (1)

Since, for every p, € Py, all elements of E,, are divisible by every power of
Pk, and, for every ps € Po\{pr}, Ep, does not contain any such except for 0, it follows
that, for every pp € Fy, E,, is fully invariant in A. On the other hand, since, for

every py € Py, Hp, /E,, is torsion, it follows that ( @ H,)/( @ E,.) is torsion
pr€Po pr€Po
too. According to [1,1.6.12], it follows that @ E,, is an essential subgroup of A.
prEPo
(2)

We are going to show that A is indecomposable. In this way we suppose that
A = B&C. Then, according to [2,9.3], for every pi, € Py, E,, = (Ep, NB)&(E,, NC).
Since each E,,, is indecomposable, it follows that, for every p; € Py, either E,, "B =0

or £, NC = 0. So, for every p, € Py, either E,, C B or E,, C C. We suppose

k
that there is k # 1 such that E, C B and E, C C. In this case we consider the
element palgl —&—pl;lgk =b+c, with b€ B and c € C. It follows that p;, g, + 1,7, =

pi,p1, (b+¢), that is p;, (g, —pi,b) = pi, (G, — pi,.¢) = 0, which is impossible, according
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to the statement (1). Therefore, for every py € Py, either E,, C B in which case
C =0, or E,, C C in which case B = 0, according to the statement (2). It follows
that A is indecomposable and since r(A) = |Py|, the theorem is completely proved.

Corollary 2. If G = @Gi is a group which satisfies the conditions from
iel
Theorem 1 and the sets I and Py are equipotent, then G has indecomposable subgroups

of every rank m < r(G).

Now we obtain the example 2 from [3,p.123]:

Corollary 3. Let G = @Gi be a group which satisfies the conditions from
Theorem 1. If there is q € P\Poz;ich that in the condition 3) of Theorem 1, for every
i € Po, pi,, may be replaced by q, then G has indecomposable subgroups of every rank
m < |P.

Proof. Keeping the notations from Theorem 1, for every cardinal m < | Py,

we consider the indecomposable subgroup A, = ( @ E,,, q71(§1 +7s), q ! (G, +

prep{™

G3)s---+q" (G, + Gon)), where P{™ is a subset of cardinal m of P,.
Other consequences of Theorem 1:

Corollary 4. Let G = @Gp be a torsion-free group with the following

peP
properties:

1) For every p € P, G), is p-divisible and r(G,) = 1;

2) For every p € P, there is a q, € P\ {p} for which G, is not gy-divisible.

Then G has indecomposable subgroups of every rank m < r(QG).

Proof. Let G be a group as in the statement. According to the condition 1),
for every p € P, there is a g, € G}, such that hg” (9,) = oo. From the condition 2) it
follows that, for every p € P, there is a ¢, € P\ {p} for which there is a g, € G, such
that thpp (9p) = 1. Since r(G,) = 1, it follows that g, and g, are linear dependent;
SO hg” (g9p) = co. Now, for every p; € P, we consider the groups E,, = (p. >, gp,)
and Hp, = (p,?oogpwq;klgpk} Then, for every p, € P, E,, is a subgroup of index
dp, in H,, and r(E,, ) = 1. For any cardinal m < r(G), we consider the subgroup

-1 -1 —1 —1 -1 -1
A'm = < @ Epkyqpl g;lh + ng gp27q1)1 gpl + qp3 gp37 et 7qp1 gp1 + meqpm>7 Where
prEP(™)
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P(™) ig a subset of cardinal m of P. Following the same reasoning as in Theorem 1,
we obtain that A,, is indecomposable.
Corollary 5. For every p € P, we consider the group QP of all rational

numbers whose denominators are powers of p. Then the group G = @Q(l’) has
peP
indecomposable subgroups of every rank m < r(QG).

Proof. For every p € P, t(Q®) = (0,...,0,00,0,...), where oo stands at
the proper place of the p-height h,. So the group G satisfies the conditions from
Corollary 4.

Corollary 6. If I is a index set with |I| < |P|, then the group Q* = ©;Q
has indecomposable subgroups of every rank m < |I|.

From Corollary 3 it follows:

Corollary 7. We consider G a reduced, torsion-free of rank one group,
I at most countable index set and let be G* = ®;G. If there is a set Py =
{p1,02s- - Pn, ...} of distinct prime numbers with the property that, for every px, € Py
there is g, € G (not mnecessarily distinct) such that hS (gr) = oo, and there is
q € P\ Py, for which there is g, € Gy such that h§(g,) = 1, then G has inde-
composable subgroups of every rank m < |Py|.

One can notice that there is a basic condition in all the cases we have men-
tioned above: the direct summands of group G have elements of infinite p-height,
for certain prime numbers p. Afterwards this condition is replaced by another: the
existence of a rigid system in group G. For the beginning we generalize [3,88.3].

Theorem 8. Let be {H;|i € I} a family of torsion-free groups such that, for
every i € I, there is G; < H;, where {G;|i € I} is a rigid system of groups, with the
property that there is a set Py = {p;|i € I'} of prime numbers (not necessarily distinct)
such that, for every p; € Py, there is a g; € G; with hf (9;) = 1 and which is not
divisible by p; in G;. Then the group H = GBHz has indecomposable subgroups of
every rank m < |I|. !

Proof. Let m be any cardinal, m < |I| and let 1™ be a subset of cardinal

m of I. According to the hypothesis, for every i € I, there is a p; € Py for which

136



INDECOMPOSABLE SUBGROUPS OF TORSION-FREE ABELIAN GROUPS

there is a ¢g; € G; which is not divisible by p; in G;. Now we consider the subgroup

A =( @ Gi, .0, 9ir + 93, 9ins 05, 9ir + D5, Giss -2 05, 9ir + D5, 9i,,,) of H. Then,
ijEI(m)
for every p; € Py, g; is not divisible by p; in A. Since {G;|i € I} is a rigid system

of groups, for every i € I, GG; is fully invariant in H; so, for every i € I, G; is fully
invariant in A,,. We suppose that A,, = B,, ® Cp,. Then, for every i; € I (m),
Gi; = (Gi; N By,) ® Gi; N Cp,). Since each Gy, is indecomposable, it follows that,
for every i; € I0m) either Gi; N By, =0 or Gi; NCp, = 0. So, for every i; € I0m),
either G;; C By, or G;; C Cp,. We suppose that there is j # 1 such that G, C By,
and G;; C Cp,. In this case we consider the element pilgil —|—p;jlgi]. = by, + Cm, With
bm € B, and ¢, € C,y,. Tt follows that p;,|g;, and Di; \gij in A,,, which is impossible,
according to the hypothesis. Therefore, for every i; € 1 (m) | either Gi; C By, in which
case (), = 0 or Gij C (), in which case B,,, = 0, because @ Gij is essential in A,,

ij er(m)
(in this way it is straightforward to verify that A,, /( @ G, ) is torsion). It follows
1J cI(m)
that A, is indecomposable and since r(4,,) = |[I™)|, the theorem is completely

proved.

An immediate consequence of Theorem 8 is:

Corollary 9. Let {H;|i € I} be a family of torsion-free groups such that,
for every i € I, there is G; < H;, where {G;|i € I} is a family of reduced of rank
one groups, with the property that, for every iy, ia € I, i1 # ia, t(Gy) and t(Gyy)
are incomparable. Then the group H = @ H; has indecomposable subgroups of every
rank m < |I|. !

Proof. According to the hypothesis, {G;|i € I} is a rigid system of groups
and there is a set Py = {p;|i € I} of prime numbers (not necessarily distinct) such
that, for every p; € Py, there is a g; € G; with hﬁf (9;) = 1 and which is not divisible
by p; in G;. Since |I| = r(G), the statement follows from Theorem 8.

Let G = B @ C be any group and A a subgroup of G. According to [2,p.44],
there are subgroups Bs, By of B and there are subgroups Cs,C; of C such that
By < By, Oy < Cq, By ® (1 is the minimal direct sum containing A, and By @ Cs is
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the maximal direct sum contained in A, with components in B, respectively C. So
By ®Cy < A< By @ Cy and it is straightforward to verify that A is a subdirect sum
of By and C with kernels By, respectively Co. Then, according to [2,p.43,44] the

following relationships hold:

A/(By & Co) = By /By = C1/Ch (3)
(B; & Cy)/A= A)(By & Cy) (4)
A/By = C, (5)

A/Cs = By. (6)

Remark 10. Let G = B® C be any group and A a subgroup of G. If C is
free and A is indecomposable, then either r(A) =1 or A C B.

Proof. According to the hypothesis, keeping the above notation, C is free.
In this case, the relationship (4) and [2,14.4] show that Bj is a direct summand in A
- which is in contradiction to the hypothesis.

Now, we suppose that G = B@C is a torsion-free group, with r(B) = r(C) =
1. Then, according to the relationships (3), By = 0 if and only if Co = 0; in this
case, according to the condition (4), (B @ C1)/A = A - which is impossible, because
(B1 ® C1)/A is torsion and A is torsion-free. Therefore By # 0 and Cy # 0. On the
other hand, if By = Bz then Cy = C5 (see (3)) and in this case A = By @ Cs.

Of course By @ Cs is essential in A (A/(Bg @ C3) is torsion), Bs = BN A,
and Co = C' N A. Tt follows that if By is a proper subgroup of By, then also Cs is a
proper subgroup of Cy and

A= <B2@02,0,1,0,2,...> (7)

where, for every i = 1,2,..., there is a b} € By \ {0} and there is a ¢i € C;\ {0} such
that a; = b% + ¢}.

Now we can present the structure of indecomposable subgroups of completely
decomposable groups of rank 2.

138



INDECOMPOSABLE SUBGROUPS OF TORSION-FREE ABELIAN GROUPS

Theorem 11. Let G = B @ C be a torsion-free group with r(B) =r(C) =1
and let A be any subgroup, of the form (7), of G. Then the following statements are
equivalent:

a) A is indecomposable;

b) i) for every a; € A\ (Ba®Cs), there are by € B\ {0} and ¢ € Cy\ {0} for
which there are the prime numbers pb and qb (not necessarily distinct) such that bl is
not divisible by pb in Ba, cb is not divisible by ¢& in Cy and a; = (pb)~1bh + (qb) ~tcl;

ii) the subgroups By and Cy are fully invariant in A.

Proof. In view of Theorem 8, suffice it to show that a) implies b). Let
A = (By @ Cq,b1 + ¢1,ba + ca,...) be a subgroup, of the form (7), of G, where
b1,ba,- - € B\ By and ¢p,c¢q, -+ € C'\ Co. According to the hypothesis, By and Cy
are reduced and not pure in B and C respectively. Let p be a prime number and let
b+ c+ (Bs & Cs) be an element of order p from A/(Bs & C5). Then pb = x € By and
pc =1y € Cy. If x is divisible by p in B, then b € By, what is in contradiction to the

Lg. Analogously it

hypothesis. It follows that z is not divisible by p in By and b = p~
follows that ¢ = p~'y and the statement i) from point b) is completely proved.

If b+ c+ (Bs @ Cs) is an element of order p”, with » > 2, then we follow the
same reasoning.

For the proof of the second statement from point b) we distinguish two cases:

Case 1. t(Bg) and t(Cy) are incomparable. Then this gives the required
result.

Case 2. t(Bsy) < ¢(Cs). In this case there is a monomorphism f : By — Cy;
so By & f(Bs) = B3 < Cy. We consider the group A* = (B @ Cs,a}, a3, ...), where,
for every i = 1,2,... af = (pb)~H(b4)* + (g5) "k, and (by)* = f(b}) € Bj; also we
consider the subgroup C3 = (Cq,aj,a3,...) of A*. Then, for every i = 1,2,... there
is n; € N* such that n;a} € C5. We are going to show that A* = B5 @ (5. Of course
A* = B3+ 3. Let a* be any element from A*. We suppose that there are z*, y* € Bs
and there are u,v € Cy, such that a* = 2* +u+af = y" +v+aj. Let ben € N*
such that n(aj —aj) € Ca. Then n(z* —y*) = n(v — u) + n(aj —aj) = 0. Since G is
torsion-free, it follows that z* = y* and u+a; = v +aj, that is " may be written in
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a unique way of the form b* + ¢, with b* € B; and ¢ € (5. Since A = A*, it follows
that A is completely decomposable, what is in contradiction to the hypothesis.

From Remark 10 or Theorem 11 we obtain:

Corollary 12. If B is a torsion-free of rank one group, then the group
G = B ® Z has no indecomposable subgroups of rank 2.

Proof. If GG is a group as in the statement, then there is no direct sum in G
which is not made up of fully invariant direct summands. Now the statement follows

from Theorem 11.
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