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ON THE TRANSFORMATIONS OF N-LINEAR CONNECTIONS
IN THE k-OSCULATOR BUNDLE

MONICA PURCARU AND MIRELA TARNOVEANU

Abstract. In the present paper we determine the transformations for
the coefficients of an N-linear connection on Osc?M, Osc®*M, Osc*M, ...,
Osc®M, (k> 2,k € N) by a transformation of nonlinear connections. We
prove that the set 7 of the transformations of N-linear connections on
Osc* M, (k> 2,k € N), together with the composition of mappings isn’t a
group, but we give some groups which keep invariant a part of components

of the local coefficients of an N-linear connection.

1. Preliminaries

The geometry of JFM, k € N*, the k-jet bundle, discovered by Ch. Ehres-
mann [4], was largely investigated by many scholars: P. Liebermann [9], M. Crampin
[3], A. Kawaguchi [6], I. Kolar [7], D. Krupka [8], M. de Léon [10], W. Sarlet [3], F.
Cantrjin [3], W.M. Tulczyew [19], D. Grigore [5], R. Miron [4] et al. [12, 13, 14, 15, 16].

Generally, the geometries of higher order defined as the study of the category
of bundles of jet (JFM , 7%, M) are based on a direct approach of the properties of
objects and morphisms in this category, without local coordinates.

But, many mathematical models from Lagrangian Mechanics, Theoretical
Physics and Variational Calculus used multivariate Lagrangians of higher order ac-

k
dz & (t) ), (see E. Cartan, [2], for k=2, etc.).

celeration, L(z, E( ) R e
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From here one can see the reason of construction of the geometry of the total
space of the bundle of higher order accelerations (or the oscuator bundle of higher
order) in local coordinates.

Recently, this construction was achived by R. Miron and Gh. Atanasiu in
their joint papers [13, 14].

Let M be a real C*° manifold with n-dimensions, and (OsckM7 7, M)
(k>2,k eN) its k-osculator bundle. The local coordinates on the (k4 1)n-
dimensional manifold Osc* M, (k > 2,k € N) are denoted by (2, y(M¢,y@i, _ ¢(®)7) .

Let N be a nonlinear connection on Osc*M, (k > 2,k € N) with the coeffi-
cients

NI, NI .., N;‘) J(k>2,keN),(i,j=1n).
) (k)
Hence, the tangent space of OsckM, (k > 2,k € N) in the point

u = (x,y(l),y@), ...,y(k)) € Osck M, (k > 2,k € N) is given by the direct sum

of the vector spaces:

T,0sc" M, (k> 2,k € N) = Ny (u) ® Ny (u) @ ... © N1 (u) ® Vi (u),

Vu € Osc* M, (k> 2,k eN). (1.1)

An adapted basis to (1.1) is given by:

5§ 0 ) ) Jp—
{M_, 5y 5y @ 5y(k)i}(k2 2,keN),(i=1,n), (1.2)

where

6 9 _ Ni—OQ _ Ni_O0__ _ Ni_O_

ozt ozt ), OyM)J (2), oy(2)J k), Ay (k)i >
6 _ 90 N0 _ Ni_O N i_0_

Sy T By T () By T (o) Oy (1), By

.......................................................... (1.3)
6 _ 9 _ — N 9 _

Sy(k—1)i y(k—1)i 1), By (®)3

Sy(T = gy (k >2,ke N) ) (Za] = ]-an) .
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Let us consider the dual basis of (1.2) :

{dxi,ayﬂﬂ,(sy@)i, ...,5y<k>i} (k>2keN), (i=Tn), (1.4)

where:

St = da?,

Syt = dy@i 4 MidyWi  Midad (1.5)
©F (2);

Sy Pt = dy®i 4 Midy®R =17 4+ M idyMI 4+ Mida?,
eF (k=1); (k);

where

Mi = Ni, Mi = Ni + Ni M,
@; @) @5 @) DOwd);

........................................................... (1.6)
Mi=Ni+ N iMmn+t. . +Ni M=+Ni M
(k);  (R);  (k=1),,(1); () (k=2); (1), (k=1);
Let D be an N-linear connection on OscFM, (k > 2,k € N) with the local
coefficients in the adapted basis: DI'(N) = <L§k, (C)i ) ,(k>2,keN).
)k

The terminology and notations are usually retained, which are essentially

based on the R. Miron’s book: [12].

2. The set of the transformations of N-linear connections

Let N be another nonlinear connection on Osc*M, (k > 2,k € N) with the

coefficients ((N)L , TN;, . (]1\6/')1) .Then there exists the uniquely determined tensor fields
Dj (@) j

(A)i €7f (OsckM, (k>2ke N)) , (a = 1,7) on OsckM, (k > 2,k € N) such that:

Ni— At (a=1,k)(k>2keN). (2.1)

(a)j B (a)j a (a)j

i (¢ =1,k) (k > 2,k € N) are given, then (Ni,

J J

Conversely, if (N) “ and (A

(. =1,k) (k> 2,k € N), given by (2.1) is a nonlinear connection.
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Let us suppose that the mapping N — N is given by (2.1)
Let D be an N-linear connection on OscfM, (k > 2,k € N) with the local

coefficients in the adapted basis: DI" (N) = <L;k, (6’) ) (k>2,keN).
ik
According to [12] we have:

o _ d [ R
D(;j—j 5ar = Lij 5am Dajj Syt — Lij ay(am’ (=1, ) (k>2,keN),
D S _—cm S D s _ — > 2,
ﬁ oxt (%” dxm ) 51;(#5” Sy ()i (ﬂ) 6y(‘1)7"’ ( ) k k € N)
(2.2)
The adapted basis corresponding to the nonlinear connection N is:
s _ 0 nNi__0 nNi__0 nIi_ 0
S _ 0 _NI_O8_ _Ni_8 N i_0
Sy(Di — gy (Nl)iay@)j (];Z)iay@)j (kNl) By 7 >
............................................................... (2:3)
) _ o) nNi__0
Sy(k—1i — fyk—1)1 - (JY)] By(Fi»
s _ _ 8
SyT = Py
It follows first of all that the transformations (2.1) preserve the coefficients (% i
ik
From (1.3),(2.3) and (2.1) we obtain:
5 _ 6 j_ 0 j_ 0 i_ 98
507 — 527 T (fil)J a7 T él)J gg@7 t ot (‘3): Gy 7
5y = Gy7 + (1A)] @7 T G By + . Jr(k 1): 5y (R7
............................................................. (2.4)

5 —
Sy(k—Di 5y(k )7 + fil) 3y(k)Ja

s 5
Sy(O7 — Gy

Using (2.2), (2.4)and (1.3) we have:

Dé% dy (k)i = Li Sy(k)m =Lj; W’
g 0
D 3 e N — D
5.7 Oy(k)i ST
o (%+(f>;ﬁ+(é);ﬁ+"'+(é) ) (k)l> oy
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5

— i i 1 =
Dﬁ dy (k)i + (%JD% dy (k)i + @fl)jDﬁ dy (k)i toet (%J.Dﬁ dy (k)i

)
=L"——+ A'D .8 .8 o T
LY 5y(k)m (1); 5yt +(]¥)Z EMen +(]§>; ROk +'--+(,€1§’1); 2y (T 5y(k)1

d 1
+ALD 5 - a - ) ” ) 7—‘_.—‘" AZD ) - —
(2), 5@(2)#(1}!)1 MOR +<]¥n OR +..‘+(k1y2)l aptr oy(R)i (k); sy(R) Sy(k)i

=L NrD i + A'N"D_o» 0

T~ 1N AlD T~ 1N Al 1N T~ 1N e
%] (Sy(k)m + <(1)j 5y?1)l 5y(k)z + (1)j(1)l ay(az)r 6y(k)l (1)j(2)l PG 5y(k)1 +

1) 1) )
At N ™D — AtD ——— + A'N"D —
+ (1), (k—1), gy(5k>r 5y(l~c)z> + ((2)]. Mfz)z 5y(l~c)z + (2);(1), ayfs)r §y(k)z+

A'N™D — 4.+ A" N "D — )4+ A =
* (2),(2), ancor y(k)i Tt (9),(h~2), 5,007 5y<’“>1> e (k); (k) OyR)m
:Lm7+Al0m7+AlOmL+...+ Argm O +
ToyRm (1)), oyFm T (2),(2),, dykIm (k); (k);, SyF)m
5
+AND, ) . , V5ot
(1); (1), ((Sy(w T ayme T Byt Tt (N ay(k)s> Y
+A WD . , L\ ggmi Tt
e <5y(3)”"+(]¥)i 5y (0= T8 5y +---+(ka3;%) /
+AL N 7-Cm
(1), (k=1), (k),, 6y K™
K _ 5 K )
D 5 " D s —— =D —
— k k ’ — k)i k
sym7 oyRi 1y, dy(Rm T oty Gy(k) (ﬁﬂﬁ;i@y?‘m*"'ﬂk‘i‘l); ayfw) Sy(k)i
=(Cm"—— 4+ A'D o6 ——+..+ A 'D pa) — 4 A’CML.
(1) 6yBIm = (1), a,@ gy (k)e (k=2); o= Gy KT (k=) (k) ORI
K 5 K 5
D ;5 —=00"—— D 5 ——=0D — —
—_— k)i Eym’ 5 & —%—— k)i k)i
507 3y k=1, 6y () =7 oy () (5y<k5—1‘>1‘ +<’?)_l7~ Gy(ak)l> dy)

C m— 4 A
(k—1),, Gy(k)m * (1) (k);; OyFIm
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Therefore the change we are looking for is:

L =Ly + Al [C’"+NTC"L+...+ N rCm 4+ N"N=Cm+

Y [Wa ()@, (k=1), (k) (1), (1D,.(3)s,
Nr N s+ Nr N=s+..4+ N "Ne+ N "N=| Cm+
(1), (k=2),  (2), (k=3), (k-2),(2),  (k=1), (1), /) (k).

o+t N"N=..NC| + A {C’"—f—N"C’"—k...—k
1 (1), Wk 2); L@a D 3)ir
————

(k=1)
+ N " Cm+ . .+N"-...-NC|+..+
(k=2); (k)i &8 1) (k)
—_——
(k=2)

Al [ C m+NrCm] + ArCm (k>2,keN),
(k=1); [(k=1)y W) (R)y]  (R);(R)y

C"=Cm+ A [Cmf+NTCmf+...+ N "Cm+ ..+
Wi Wy W [P (D3 (k=2); (k)i

SN NC |+t A { c ”L+N’"CM}+ A 1Cm (k>2,keN),
(0, (W) (k-2); [(E=1)y W (K] (-1, (R)y
—_———

C "= C g AiCm (k>2keN),
(k=1);;  (k=1)s;  (1);(k)y

™ = Cm (k>2keN).
(k)i (k) iy

(2.5)

So, we have proved:

Proposition 1. The transformation (2.1) of nonlinear connections imply the trans-
formations (2.5)for the coefficients
DI'(N) = (Lj.k, Ci ) (a=1k),(k>2keN).

(a)jk

Particular cases:
1. If we take k = 2 in (2.5) then we obtain a result given in [17]:
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L =L+ A <Cm + NTCM> + ACm,
W; XD (1) (2 (2);(2)a

Cm — Cm+ AlC’m, (26)
(1) D (D)2

cC"=Cm.

(2)i;  (2)yy

2.If we take k = 3 in (2.5), then we obtain the transformations for the
coefficients of an N-linear connection on Osc>M by a transformation of nonlinear

connections, result given in [18]:

L =17+ A (Cm + N Cm 4+ N'N*Cm + Nr) Cmet
O, \Da - M@ 00,0, @20/ @),

_|_Al (Om+NrOm) + ALCm,7
(2); \@a (1) (3 (3);3)u

6“1: C’"+ Al Cm—l—NrCm) + AI,C'rn? (27)
My Wy W) N\ 1)1 3)4sr (2);(3)a

C"=(Cm+ ALC™,

(2 @ (1);B3)a

o= Cm

(3)i; (3)i5

3. If we consider k¥ = 4 in (2.5), then we obtain the transformations for
the coefficients of an N-linear connection on Osc* M by a transformation of nonlinear
connections.
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L =L7p+ A <Om + N Cm+N"Cm+ N Cm +
MW; XMW W@ (2B 3) (4)r
+N7‘Ns Cvn + NrNa Cm + NrNs Cm+
W (WrB)is (V)1 (2)r (4 (21 (1) (4)5
+ NTNSNtC"") + A (C’"Jr Cm+ NrC™ +
(1) (1)) (4)s¢ (2); \@a @) (21 (4),
+NrNsCm>+Al (Cm_j’_NrC'm) AlCWL
(D (1),-(4)55 (3); \Bar (1)1 (4);, (4); (),
Cn=Crt A (Crnp N Gt NoCm o+ N"‘NSC’”L) v (29
Wy My W \XN@a 1B i@ (1) (1)r(4)ss
A <C’"+NTC ) sarcn
(2); )it 4);r ICON
C _CnL+Al (0171+N7 1n>+A Cm
(2)1] (2)11 (1)j (3 il (1)1 (4 ir (2) (4)zl
C"=Cm+4 AL O™,
3y @y (D;@y
c"=Cm.
(4)5 (4) 45

etc.

Now, we can prove:

Theorem 1. Let N and N be two nonlinear connections on Osc*M, (k > 2,
k € N) with coefficients

(N@ N, N) (Ni N, Nl), (a=1,k), (k>2keN)
(1) (2)j (k)] ( ) (2)j (k)]

respectively. If
DT (N) = (LZL, C’")
(O‘)ij
and

DI (N) = (L C ) (a=1,k),(k>2keN)

YR
(0)1]

are the local coefficients of two N-, respectively N —linear connections, D, respectively
D on the differentiable manifold Osc*M, (k > 2,k € N), then there exists only one

system of tensor fields <A At AL BE, D™ D™, D™ ) such that:
Wy @, )y Wi @i Ry

118
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N'=Ni— At (a=1k),(k>2,keN),
(Oé)j (a)j (O‘)j
L =L+ A [Cm+NrCm+...+ N rCm 4+ N*N=Cm+
W M W @r (k=1 ()i (1) (1), ()i,
.ot (N N *+N"N+*+..4 N "Ne+ N "N+ | Cmt
(1 (k=2),  (2); (k=3), (k=2),(2),  (k=1),(1),) ().,

o+ N"Ns.NC | + A! |:C7”—|—NTC"L + ...+
(D (1), (k) 2); L@ (113
—_———
(k—1)

N C"+..+N"-...-NC|+..+
(k=2)y (k)i (& (1D)(k)
—_———
(k—2)

A [ c m+NTCm] + AtCm - BP (k>2,k€N),
k=1 (k=D (D Rn] (k)

C"=Cm+4 A {Cm+NrCm+...+ N Crt+.4++N-...NC
Wi MWy W)y [P (1)) (k—2); (k) (1), (1) (k)
—
(k—2)

44 A [ C m+NTCm] + A'Cr—Dm (k>2keN),
(k—=2); [(k—1); (1) (k);, (k=1);(k); (D)4

C "= C m4+ AC™— Dm,(k‘ZQ,kEN),
(k=1); (k=1);; (1) (k)y (k=1)4;

Cc™ = m—Dm(k>2,keN).

By (K)iy  (K)yy

(2.9)

Proof. The first equality (2.9) determines uniquely the tensor fields

(é);, (a = ﬁ) , (k> 2,k eN). Since (g):, (a = 1,7) ,(k > 2,k € N) are ten-
sor fields, the second equation (2.9) determines uniquely the tensor field BJ7. Sim-
ilarly the third, the fourth,...and the last equation (2.9)determine the tensor fields

Dm D™ .. and D™, (k> 2,k € N) respectively. H
D (2 QO

We have immediately:
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Theorem 2. If DI'(N) = (L:’;, (C’)’") , (a = 1,7) ,(k>2,k eN) are the

local coefficients on an N-linear connection D on Osc*M (k > 2,k € N) and

(A At ., AV B D" D™, ., ) (k> 2,k € N)
(1)_] (2)] (k)] (1)7_] (2)77 (k)u

is a system of tensor fields on OsckM (k > 2,k € N) then

DI (N) = (L cr ) (a=1,k),(k>2keN)

77 @)y
given by (2.9) are the local coefficients of an N—linear connection, D, on OscFM;
(k>2,keN).
The system of tensor fields
(758 BBy G2 2kem
is called the difference tensor fields of DI" (N) to DI (N) and the mapping DI" (N) —
DT (N) given by (2.9) is called a transformation of N-linear connection to N —linear
connection on Osc*M (k > 2,k € N) and is noted by:
(75 B By B 22k
Theorem 3.The set T of the tmnsformations of N-linear connections to
N —linear connection on Osc*M (k > 2,k € N) together with the composition of map-

pings ist’t a group.
Proof. Let

t(Ai,Ai,..., A+ B, D™, D™, D) : DI'(N) — DT (N)
(l)j (2)j (k)j (1)1] (2)1] (k‘)LJ
and
(A A',.., A", BT, Dn, D ...,Dm) :Df(N)—>DF( ) (k> 2,k eN)
W, @; k), Wiy @5 (k)
be two transformations from 7, given by (2.9).

From (2.9) we have:
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We obtain for example:

6 C 7n+C77z (AI+AL) (DnzAl_i_ D 'm+ E m'>’
(k—=1); (k Dy (Ba \(1); Q) (R (D); (k=1 (k=1

So, (kﬁ hasn’t the form (2.9) . Result that the composition of two transfor-
mations from 7, 1sn’t a transformation from 7, so 7 together with the composition
of mappings isn’t a group. O

Remark 1. If we consider (A)i, (. =1,k), (k> 2,k € N) in (2.9) we obtain

@)j
the set 7 of transformations of N-linear connections corresponding to the same

nonlinear connection NV:

Iy =4110,0,..,0,B;;, D™, D™, ..., D™ €T (k>2,keN)
— (1)” (2)LJ (k)ij
(k)
We have:
Theorem 4.The set Ty of the transformations of N-linear connections to N-
linear connections on Osc*M (k > 2,k € N) together with the composition of map-
pings ist’t a group. This group 7y acts effectively and transitivelly on the set of

N-linear connections.

Proof. Let t | 0,0,...,0,B%, D™, D™, .., D™ [ : DI'(N) — DT (N), (k> 2,k € N)
‘/—’ (1)lj (2)7,3 (k)u
(k)

be a transformation from 7y given by (2.10) : O
Proof.

(N)i :(]V)ia(a:ﬁ)7(k227kEN)v

L™ =L}~ B, (2.10)

(a)u

cm = —~ Nm (a=1k),(k>2keN).

—
Q
=
by
—~
Q
=
<

()4
The composition of two transformations from 7y is a transformation from
TN, given by:
t10,0,..,0, Bw D", D™ ..,D™|ot]0,0,..,0, BZ‘,D’",D’“7 ,Dm | =
— Wiy @5 (k) — Wiy @ (k)
(k) (k)
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t|0,0,..,0,B2 +B,;, D"+ D", D"+ D", .., D"+ D"
h/—/ (1)i5 (1)7g (2)45 (2)i; (k)” (k)ij
(k)

The inverse of a transformation from 7y is the transformation:

t0,0,...0,—Bp,~Dm™ ~ D", ..,~Dm | : DI'(N) — DT (N).
h/)_/ (1)1] (2) (k)’L]
(k

The transformation (2.10) preserves all the N-linear connections D if B}} =
(D)”” =0, (a = 1,7) , (k> 2,k € N). Therefore Ty acts effectively on the set of N-
@)
linear connections. From the theorem 1. results that 7y acts transitively on this

set. O

Let be:

v =<{t|0,0,...,0,D" D" .. D" | € T, (k > 2,k € N)
H(/_/ (1)” (2)” (k)”
k)

)

)

Tne =<K1]0,0,. OB;?,O,D D™ ETN,(kZQ,k’EN)
(1) *W—‘ (2)17 (k)

(k)

Tve =4tlo0,0,..,0,B" D0, D", .. Dn| €Ty, (k>2keN)

(2) H/—/ ”’(1) (3)i; (k)i ’
(k)
Inc =<t]0,0,.., OBZL,Dm,D"‘ e, D ™0 ETN,(kJ>2 k‘EN) R
(k) — (L)i; (2)y (k- 1)ij
(k)
Tvoe =4t[0,0,.,0,B,0,0,...,0 | € Tn, (k>2,keN)
(@) NG NG

(k) (k)
Proposition 2. TNL,TN?,TN(Q; e TNC and TN(I; ¢...c are Abelian sub-
sroups of T M @ mE W
Proposition 3.The group 7y preserves the nonlinear connection N,7nr,
preserves the nonlinear connection N and the component L of the local coefficients

DI'(N),7n ¢ preserves the nonlinear connection N and the component (C’) of local
(1) 1
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coefficients DT" (N) , ..., Ty ¢ preserves the nonlinear connection N and the component
®)

(% of the local coefficients DT (N) and 7y ¢ ¢ ... ¢ preserves the nonlinear connection
H@ @

N and the components (%(QC) J ey (% of the local coefficients DI" (N).
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